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tract. This research focuses on implementing al-
gorithms to solve basic geometric problems on hypercube
computers which are recently introduced on the commer-
cial market. Two solutions for the planar convex hull prob-
lerm are presented, both in O(log?n) time which is the
best one can expect with existing sorting algorithms. An
O(log® n) Voronoi diagram algorithm is given. O(logn)
solutions for detecting and finding intersection of two con-
vex polygons, computing minimal distance between two
convex polygons and finding critical support lines of two
convex polygons and O(log® n) solutions to the diameter,
smallest enclosing box, width, minimax linear fit, vector
sum of two convex polygons, ECDF searching, 2.D and 3-
D maximal elements, 2-set dominance counting and closest
points problems are described. Several data communica-
tions techniques used to solve geometric problems are also

presented.
Introduction

A d-dimensional bypercube computer consists of n =
2¢ synchronized processing elements (or nodes), linked to-
gether in a d-dimensional binary cube network. Each
node has associated a constant size memory. FEach
node m is given a unique d-bit identification pumber
(m.{_;,'...,m;,mo) (henceforth referred as the node i.d.).
In the lexicographic order of nodes, node and its i.d. num-
ber are related by m = 2 mg g + . 2my 4+ me. Two
nodes in a hypercube are said to be neighboring if they
share a communicatjon link, i.e. iff their correspondin
i.d.’s differ in exactly one bit position. The notation ®,(m
will be used to denote the node m with k-th bit flipped (for
example, ®3(01001) = 00001). The neighbors of a node mn
are exactly @q(m), ®;(m), ..., ®¢-1(m). The communica-
tion diameter of hypercube networks is logarithmic,

¢ use a model of hypercubes in which communica-
tion time is assumed to Predominate. We ignore the time
for start-up and termination and the transfer rate when
sending messages. Thus, we assume that, in unit time,
each processor may send at most one message to one of
its neighbors or perform at most one operation (processor-
" bound model). Using the model described, we solve some
geometric problems, assuming that we are given one ele-
ment (point, edge,...) per processor (we suppose that in.
put/output procedures are done in constant time via a
processor with large memory connected with all other pro-
cessors). The next section describes data communication
techniques used in our solutions.

Data communication on hypercubes

Broadcasting. One node has to send the same mes-

sage to all the other nodes in the hypercube. A O(logn)
solution is presented in [20].

Paralle] prefix. Given an array bg,...,bn_;, one ele-
ment per processor, compute dg#by»...#d, for 1 < i <n-]1,
where ‘s’ is arbitrary binary associative operation. We im-
plement the standard parallel prefix algorithm (cf. [Fyona

hypercube, to run in O(logn) time. Each node m of hyper- .

cube stores three data: t,r and c, where ¢ is initially equal
to b and finally to boudy»...xb,.. We use 'a —i¥'('b—; a")
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to denote sending data b from ®i(m)(m, resp.) to node

m(®i(m), resp.) which receives it and stores as data a.

! 1={ is used for assignements made in node ®;(m). The

algorithm runs for each node z in parallel.

FORi=0TOd~1DOIFz+1= 0(mod 2'+!) THEN
BEGIN r e, t:t :=r at END;

FORi=d-2 DOWNTO 0 DO . )
IF z +1 = O(mod 2°+!) and =z # 2¢+! — 1 THEN

BEGIN ¢ «~—; t;r —,; r; ¢ =;rat;r:=rec END

Maximum. For 's’ being maz the first step of our

algorithm will report (in node n —1) the maximal element.
Ranking. Some nodes are selected. The rank of a node

ig the number of selected nodes with a smaller index. A
(log n) ranking algorithm has been presented in [15]. Our

parallel prefix algorithm solves also the ranking problem
- (for 's’ being '+’ and b,, being 0 or 1) with less number of

data movenment operations than in [15].
Sorting. Given an element per processor, the sorting

can be done in O(log?n) time [4,22). After sorting the
elements are kept in nodes in the lexicographic order.
Merging. Given two sorted arrays A and B each

stored in a hypercube of size n/2, their merging can be
done in O(logn) time [22]. We: present an iterative and
simple code of merging procedure from [22].
FORi=0TOd-2DO IF:<n/2THEN:—o®.'(z))
FORi{=d-1DOWNTO 0 DO
IF z; = 0 THEN order(z, ®i(z))
If the data in z is less than the data in ®:(z) then
z and ®(z) will exchange data as the effect of function
order(z, ®(z)). . The symbol * —' is used for passing data
from one node to the other.
he cousins of a € A in B are two consecutive ele-
ments in B 5o that a is between them in sorted list AU B
he cousins in B of each element in A can be determined
in O(logn) time on a bypercube by merging and inter-
val broadcasting operations. The ranks of two cousins bl
and b2 from B for an element ¢ € A are determined by
(b1, B) = r(a, AUB) —r(a, A) and r(b2, B) = (b1, B)—1,
where (e, X) denote the rank of an element e jn the sorted
set X (the rank of the first element being 0). :
Reversing. The eflect of the first step in the merging
procedure is to reverse data in nodes 0,...n/2—-1. It means
that a list of data can be reversed in O(log n) time.
istribution. We assume that some nodes m of the
hypercube store a record 7w and a node destination ad-
dress h,, such that if § < J then A; < h;. The distribution
operation consists of routing, for each m the record Tm to
the node h,,. It can be performed in O(logn) time [15].
Translation. Node z has to send a message to the
node z + 5 (mod n) concurrently for several nodes z. This
can be done in O(logn) time by two distributions (ones for
nodes with z + s < n and ones for the remaining nodes).
For s = 1 it gives an access for each node to the data in
its succesor in the lexicographic order. -
Comipression. Some nodes of hypercube contain "ac-
tive” elements while others do not, Compress the active
clements, i.e. store them in nodes 0,1,2,...,s-1 where s is

e m—————




the number of active elements. After nnkiné active ele-

ments compression became inverse distribution operation
and a solution is presented in [15).

Unmerging. Given a sorted list of elements so that half
of elements belong to a set A.(thus the remaining belong

to A, the complement of A) and each element knows the .

corresponding rank in 4 or A, permute the list to return
cach A and A to a hypercube of size n/2. The problem
can be solved by running the merging algorithm in reverse
order, or by two compressions and a translation.

Interval broadcasting. Certain of nodes 0,1,...n — 1
arc leaders; they possess data that they must share with
all the higher numbered nodes, up to but not including the
next leader (the interval of nodes between two leaders).
Interval broadcasting can be done in O(logn) time on &
hypercube ({22, Theorem 6.9), and [15, Theorem 1]).

Many — one routing. Both origin and destination
nodes have keys, with keys of origin nodes being different

between each other. Each destination node should receive
data from the origin with the same key. The problem can

be solved in O(log® n) time on a hypercube[22], by apply-
ing sorting and interval broadcasting techniques. .

Pairing elements. Given two sets A and B each con-
taining /n data distributed one per node of a hypercube of
size n, broadcast these data in such a way that each node
of the hypercube contains exactly one pair of data (taken
one from each 4 and B) and all pairs are distributed. First
we compress data from A. These data will be stored in
2 sub-hypercube A’ baving nodes 0y 0,24/23, 0y Zo).
Also we compress data from B and translate them to
the sub-hypercube B’ having nodes (Zd=1y s 2442, 0,...,0).
Now, we broadcast data from each node of 4' and B'

to all nodes of a hypercube of size \/n. As a result, .

each node (z4_,,...,2¢) of hypercube receives a pair of
data by broadcasting from -modes (0y+ey0,24/2_1, o0y o)
" and (zd-1, .y 24/2, 0, ..., 0). ’

Planar convex bull algorithms

. We present two O(log®n) solutions for planar con-
vex hull problem on a hypercube model of computation.
One uses merging slopes technique (indenpendently used
in {10,14,18] for solving several problems on mesh comput-
ers and in 18] for solving all problems mentioned in the
section on CREW PRAM; the corresponding sequential
technique is presented in {21,5]) while the other is based
on CREW PRAM algorithm of [2).

Divide-and-conquer is a common strategy to find
the convex hull H(S) of a set of points S sorted by z-

coordinate: Partition the points of S into two separated -

sets P and Q of half the size, each stored in a hypercube of
. Size n/2, recursively compute H(P) and H(Q) and merge

H(P) and H(Q) to form H(S) by computing common tan-
gents of H(P) and H(Q). Two proposed solutions differ
in the way to merge H(P) and H(Q).

Merging slopes technique. a-distance of a point to an
oriented edge p is its distance to the an edge p' obtained
by rotating p for the angle o (with distances of points to
the left (right) of p' being positive (negative, resp.)). .

Let A and B be two convex polygons in the plane,
each containing O(n) edges given in counterclockwise or-
der. Given an angle a, consider the following problem
(we call it the extremal search problem ES(A, B, a)): For
each edge p € 4 find a vertex P € B with the smallest o-
distance to p among vertices from B (P is associated point
of p in direction a). It is easy to see that for a=0 (a=m)
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P is the vertex with the smaliest (greatest, resp.) distance
from p among vertices of B. For o = 7/2(a = 3n/2) P is
the easternmost (westernmost, resp.) point of p. .

To describe the procedure ES(A,B,a), we first in-
crease slopes of edges of A by a. The edges with minimal
slopes in A and B are recognized and by some translations
they are moved to first nodes of corresponding hypercubes.
Since slopes of edges of both polygons are then given in in-
creasing order, the sets A and B can be merged (by their
slopes) in O(logn) time. Now sets A, B and A U B are
sorted and each edge e of 4 can find its cousins in B, the
common elements of which is associated point of e. We use
unmerge technique to return all edges to initial positions.

In order to to merge H(P) and H(Q), we decide for
each their edge whether it is an external or internal edge,
i.e. if it is convex hull edge of H(S) as well. To judge
if an edge is external,-we need to test if H(P) and H(Q)
arc in the same half-plane bounded by the edge. Bow-

- ever, instead of testing all the vertices of H(Q) with an

edge e of H(P), we only test two representatives (associ-

- ated points of e) such that if they are in the same hali-

plane bounded by e as H(P), every point in H(Q) is.

These two representatives for e in H(P)(H(Q)) are nearest
and furthest extreme points from H(Q)(H(P), resp.) and
are obtained by calling procedures ES(H(P),H(Q),0),
ES(H(P),B(Q) ), ES(H(Q),H(P),0) and ES(H(Q),
H(P),r). Now each edge can decide in constant time if it
is external or not. Then each extreme point of H(P) or
H(Q) can learn if it is an extreme point of H(S) (trans-
lation by 1 can be used to find the neccesary data). Two
of them in both H(P) and H(Q) share an external and an
internal edge. These four points determine two common
tangents of H(P) and H(Q). Then the computation of the
circular edge list of H(S) can be done in O(logn) time by

some transiations. . = . )
The time complexity of all procedures in merge step

is O(log n). Because of O(log n) recursive calls, the overall
time complexity of presented algorithm is O(log® n).

Using the merging slopes technique the diameter, .

smallest enclosing box, width and minimax linear fit of
a set of n points and vector sum and critical support lines
of two convex polygons (see [21,5,16,18,19] for definitions)
can be-found on a hypercube. The details of these solutions
are presented in a full version of the article [19).

Another convex hull algorithm on a hypercube can be
derived by using Atallah and Goodrich [2] CREW PRAM
solution. The main point in the algorithm [2] is to divide P
and Q into /n equal portions by considering V7 vertices
and, by examining each pair of considered vertices, to find

common tangent of polygons of size \/n obtained in this .

way. Then one of polygons P or-Q can be reduced to size
/1 and, in one more iteration, the common tangent of P
and Q will be constructed [2]. The pairing elements and
the broadcasting (to construct the tangent passing through
& point) techniques are applied. A similar approach was

used in [6) to solve the convex hull problem in Of(log? n).

time on CREW PRAM and cybe connected cycle models.
The later one is directly imprcmentnble on hypercube in
O(log® n) time.

The problem of computing minimal distance between
two convex polygons involves similar techniques, and is

‘solved in {2] for CREW PRAM model of computation.
Using pairing elements and other techniques a O(logn) - -

hypercube solution can be obtained. i
Planar point location and Voronoi diagram b

el

N




In order to locate O(n) points into the planar sub-
division defined by O(n) edges we use the chain method
described by Lee and Preparata [11], a parallelization of
which for mesh-connected computers is given in [12]. We

 slightly modify both methods in order to get an O(log? n)

planar point location algorithm on a hypercube.

First we sort regions by z-coordinate of selected in-
terior points (called centers). Then a monotone complete
set of chains is defined as in (11,16,12]. These chains are

nodes of a balanced binary tree the leaves of which corre-

spond to regions of subdivision. Each chain has its level
and index (the rank of the chain in the chains of given
level). Chains may share common edges. If an edge e be-
longs to more than one chain jt belongs to all members of
& set (an interval) of consecutive chains. We assign e to
hierarchically the highest chain to which e belongs. The
level and index of the chain is determined in constant time

by the

rule described in [12]. Now we sort all edges by

their level as the primary key, their index as the secondary
and the y-coordinate of the endpoint of edge as the ternary -
key (endpoint with less y-coordinate among two endpoints
of an edge is chosen). Also, we sort all query points by
their y-coordinates, Initially, all query points are assigned
highest level [log n] and index 0. Then, for each level 4,

from i = [logn] to 1 = 0 do the following:

(3) Merge the set of edges and query points {note that

all query points have the same level, equal to 1),

(i) Perform interval broadcasting to find, for each
query point Z, the corresponding edge e the query point

should be discriminated against. If t

¢ y-coordinate of Z

is not between y-coordinates of endpoints of e then Z has

been discriminated at level before.

Depending on which

side of e-the query point Z is, Z calculates the index of

chain at the next jevel it should be discriminated,

(iii) Unmerge edges and query points (using former

indices of query points),

(iv) Re-sort query points by new indices, by compress-

ing query points with answer "left” of corresponding edge
. in Step (ii) (query points with answer "right” will be also
compressed) and (since both subsets of query points are
sorted by new indices after compressing) merging "left”
and "right” query points by their new indices. Give next

level to all query points.

All query points will be located in the Step (ii) when
i = 0. Since all steps (i)-(iv) take O(log n) time, the time

complexity of planar point location algorithm s O(log? n)

An O(log® n) algorithm to construct Voronoi diagram
ofaset Sofn planar points on a hypercube with n proces-

sors can be obtained by using Jeong and Lee [10] algorithm
to solve the problem on mesh-connected computers, planar

point location technique and presented data communica-
tion techniques. In (19] it is shown that all operations in

the merge step of the algorithm can be implermented in

O(log? n) time. .
Finding intersection of two convex polygons

We give a parallel algorithm for finding the intersec-

tion of two convex polygons P and Q with O(n) vertices
all together by modifying the sequential method of [17].
_ By drawing a vertical line through each vertex of P
and Q we divide P and Q into slabs. The leftmost and
the rightmost vertices of P and Q (they can be found
in O(logn) time) divide both P and Q into two chains:
the upper and the lower chain of vertjces (denote them
up,lp,ug and lg respectively). The intersections Al, A2
and A3 of a vertical line passing through a vertex 4 of a
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chain with remaining three chains can be obtained jn paral-

lel (one processor per each vertex 4) by computing nearest -

points A’ and A" of A to the left and to the right respec-
tively in the considered chain and finding the intersection
of 4'A" with vertical line through A. Clearly 4' and 4"

- Then desired intersections can be ob-
tained by merging upUuQ,upUIQ, upUIp,lpUuQ, IpUlQ,
and ugUlq and unmerging between two steps. Let P u@
denote the list of vertices of P and Q sorted together by
z-coordinate (it can be constructed in O(logn) time by
merging upper and lower chains of P and Q). Consider
each slab defined by two neighboring points A and B. Ogn
the basis of the coordinates of points 4, A1, A2, 43, B,
Bl, B2 and B3 (translation by 1 can be used to exchange
the data) one can decide in O(1) time in paralle] whether
P and Q intersect within the slab and determine (at most
two) points of PN Q which are located in the slab (these .

far we have detected all vertices of intersection of P and
@ in O(log n) time. However, we should order them to ob-

tain their convex hull. For each vertex of intersection we
decide whether it is an vertex .of upper or lower chain of

PNQ (this can be done in constant time). Also, we assj

chain (and similarly for lower convex hull chain). Now, up-

per chain of PN Q can be obtained by simply compressing

points of P U Q, assuming that active points of P U Q are
those having assigned a vertex of PN Q. Similarly we find
lower convex hull chain and finally order vertices of P Q
by some translations and reverse steps.

This algorithm solves also the problem of detecting
intersection of two convex Ppolygons in parallel (linear sep- -
arability). Clearly they intersect if at least one vertex of
PN Q is found. The time complexity is still O(log n).

The described lgorithm can be also implemented in
optimal time on a mesh computer and in O(log n) time on
a CREW PRAM. .

ECDF searching problem

-Given a set § = '{pl',...,p,.} of n points in 2-

dimensional space. A point p; dominates a point p;(p; >
p;) iff pilk] > pjlk)] for k = 1,2, where plk] denotes the
k-tk coordinate of a point p. The 2-dimensional ECDF
searching problem consists of computing for each PpES

~ the number D(p, S) of points of S dominated by p.

Let the rank B(p,S) of a point P in the set § con-
taining n points be the position of p in the set S sorted
according to the y-coordinate of points, the rank of bot-
tommost and uppermost points being 0 and n — 1, resp.

Asa preprocessing step of ECDF searching algorithm,
we sort points by z-coordinate. The rest of algorithm
is best described recursively. Suppose § is divided into
two subsets L and R of equal size with [[1] < r[1] for
all € Land r ¢ R, both sorted by y-coordinate, Af- .
ter the recursive calls for L and R in paralle]l we will
have D(l, L), D(r, R),B(l, L) and B(r, R)forallle I and
r € R. The main point is that the number of points from
L which are below r. € R js max{B(l, L)|l[2] < ri2]} =
B(r,S) — B(r,R). Therefore the final result will be ob.
tained directly from the relations:

D(1,8):= D(I,L)for all | € L, B

D(r,S) := D(r,R)+ B(r,S) - B(r,R) for all r ¢ R.



Unfolding resursion yields the iterative solution. Ini-
tislly B = D = P = ¢ for each node T of hypercube.
FORi=0TOd-2DO

BEGIN

MERGE consecutive blocks of size 2 in pairs;
IF z, = 1 THEN D:=D+ P- B,

END B , -

In the merge procedure values B,D and P are ex-
changed whenever c{;ta are exchanged between nodes. The
ranks of elements after merging are denoted by P and are
casily obtained as the relafjve node’s i.d. in the corre-
sponding block of size 2147,

The running time of merging step is O(logn) which
give a total O(log? n) time for ECDF searching problem.

The same algorithm solves also the maximal elements
problem, i.e. the problem of determining points which are
dominated by no other point. We replace the sign > by <
in the definition of dominatjon and look for points p with
D(p,S) = 0. Maximal clements can also be determined
directly by sorting and paralle! prefix (with * = maz) op-
eration, as suggested in [3] for CREW PRAM model.

The 2-set dominance counting problem (computing for
each point from A4 the number of points from B dominated
by the point) and the maximal element problem for point
s¢ts in three-dimensional space can be solved on bypercube
in O(log’n) time by a similar iterative algorithm, using
labeled functions from I3}

Closest points problem

A O(log®n) bypercube solution to the problem of
computing two points with the smallest distance among
R given points based on a sequential method presented in
[16] will be described. We again apply iterative approach
rather than recursive one.

First we sort n points from given set S of points by z- _
coordinate. At astage i (where § ranges from 0 to d—1), Jet
L and R be left and right halves of points in a given block
of size 2¢, respectively. Suppose L and R are both sorted
by y-coordinate, and 61(62) (the smallest distance between
points in L(R, resp.)) are found. Let active elements of §
be those with distance from a line separating I and R less
than $=min(§,,6,). Compress a copy of active elements
in both I and R and merge them to form list S of active
elements. Each active element from L(R) should calecu-
late its distance to constant number of active elements jn

(at most six, as shown in [16]). By repeating inter-
val broadcasting technique constant number of times-(six)
we inform each active element about neighboring elements

in other set. Then actjve elements choose the nearest ele-
mimimurn over obtained distances
ow broadcast new value of

the next stage.
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