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ABSTRACT

Many-valued logic symmetric functions appearing in var-
jous applications are investigated from the standpoint of
determining the number of n-ary functions belonging to
a considered set (called the spectrum of the set). We
give respective spectra of k-valued functions that are p-
symmetric, self-dual and self-dual p-symmetric, where p is
a partition of {1,...,n}. We prove that there exist self-
dual totally symmetric n-ary k-valued logic functions if
and only if the greatest common divisor of k and n is equal
to 1. A test for detecting self-dual symmetry property is
also described. We also give respective spectra of k-valued
symmetric functions that are threshold, multithreshold,
monotone and unate (for the monotone and unate func-
tions k = 3 only).

1. Introduction

The symmetry of logical functions usually simplifies the
synthesis of switching functions. Moreover, symmetric func-
tions have algebraic properties which make it desirable to
treat them as a separate class. Simplification, identifica-
tion and synthesis problems (cf. [7,14,20,24]), circuit or
computational complexity [9,10,12,17,32] and construction
of decision trees [21,31] for symmetric (mostly switching)
functions have been subjects of investigations. Recently,
many-valued logic is considered as one of the solutions
to overcome various limitations of information density of
VLSI (cf. [6]). The many-valuezation of the signals in-
creases information density of a circuit without increasing
the size or complexity of the circuit. Many-valued logic
symmetric functions and their algebraic properties have
been also investigated (cf. [3,4,20,24,30]). In this paper we
consider various many-valued symmetric functions appear-
ing in practical applications from algebraic standpoint and
present in most cases exact numbers of n-ary functions be-
longing to them (called spectra). Among them we include

many-valued functions that are partially symmetric, self-
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dual and self-dual partially symmetric functions, and multi-
valued symmetric functions that are threshold, multithresh-
old, monotone and unate. A graphical interpretation of
three-valued monotone symmetric functions is also pre-
sented since it is directly related to the unate and threshold
functions.

Self-dual multi-valued functions are considered from func-
tional completeness theory point of view [13,16]. Mullin
[22] initiated the study of symmetric self-dual functions
by presenting an exact condition for a symmetric Boolean
function to be self-dual. The spectra of self-dual totally as
well as partially symmetric Boolean functions are shown
in [2]. In [29] the spectrum of three-valued self-dual sym-
metric functions are given. Here we prove that there exist
a k-valued n-ary symmetric self-dual function if and only
if the greatest common divisor (ged) of n and k is equal
to 1. The spectrum of totally symmetric k-valued logical
functions is given in [14). By using a technique different
from one used in [2] we establish formulas for the spectra of
p-symmetric (i.e. partially symmetric) k-valued functions,
self-dual symmetric and p-symmetric functions for a given
partition p of {1,...,n}.

The 2-valued threshold and unate functions have been
extensively studied during the past twenty years for their
hardware superiority, their theoretical appeal due to their
nature (continuous versus discrete, i.e. linearity versus 0-
1), and their relation to 0-1 linear programming. Synthe-
sis of symmetric switching functions using threshold logic
elements are discussed (cf. [11]). Enumeration of these

functions has been tried in e.g. [23,1].

2. Preliminaries

Let & be a fixed positive integer. Set Ej; := {0,1...,k — 1}.

The set of k-valued logic functions, i.e. maps



{f:Ef - Exforn=1,2,...}

is denoted by Py. A function f(z,,...,2,) € Py is said to ,

be symmeitric or totally symmetric if

f(zly'-'sxn)=f(xr(l)’---,zw(n)) (1)

holds for all z,,...,z, € E; and every permutation 7 on
{1,...,n}. A function f(zi,...,,) is said to be partially
symmetric or p-symmetric if and only if the set {z;,...,2,}
is divided into subsets (partition p) such that the function
is totally symmetric in each subset. It is shown that a
function is partially symmetric if and only if there exists
a transposition o satisfying (1). This result from [2] for
Boolean functions is valid also for k-valued logical func-

tions.
For each assignment z := (zy,...,z,) we define an a-
vector @ = [ao,a1,...,a5-1] (@0 + 01 + ... + ap_y = n)

associated with this assignment, where a; is the number of
i’s in the assignment. A function is symmetric if and only
if the values of the function for all the assignments having
the same a-vector are the same [28]. Therefore, if o is a-
vector for z then we can define f(a) := f(z). Thereis a
one-to-one correspondence between the set of all a-vectors
and the set of all monotone vectors {(zi,...,z,)] 71 <
Zy...Tymy < 2,}. A symmetric function is determined

by its values on all a-vectors, i.e. on the its values on all

n+k—-1
k-1
{0,1,...,k — 1} the number of n-ary symmetric k-valued

onotone vectors. The number of the monotone vectors is
‘( 5 Since each of these vectors is mapped into

functions is given [14] by
(n+k—1)
ANt

(n+2)

Therefore, there are 2*! and 3 2 n-ary symmetric
functions in the sets of Boolean and 3-valued functions,
respectively.

Let S:={f| f(z1 +1,...,za+ 1) = f(21,...,20) + 1
(mod k)} be the set of self-dual functions in k-valued logic.
Note that there are some other types of self-dual functions
(cf. [16]). It is easy to check that there are k*"™ n-ary k-
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valued self-dual functions. We will determine the number
of self-dual symmetric functions.

A k-valued n-ary function f is threshold or linearly sepa-
rable if there exist a real n-vector w and a real (k—1)-vector
T such that fori =0,...,k—1 and =z € E} we have

fe) =1 & Ti<ws< Ty 2)

where Ty = —00 , Ty = 00 and wz = wyz; + ... + WyTy,
a real sum (some authors require T; < wz < Tiy, in (2)).
Thus f is threshold if the k" lattice or integer points of the
n-dimensional cube [0, k—1]" are separated by k—1 parallel
hyperplanes into layers so that f is constant on each layer
and its values do not decrease as we move in a direction
perpendicular to the hyperplanes. The vectors w and T
may be assumed to be integers. Clearly f is a monotone
function with respect to the order 0 < 1.+ < k —1 (cf.
[26,15]).

Multithreshold Boolean functions are defined as a gen-
eralization of Boolean threshold functions. We give a def-
inition of k-valued multithreshold functions from [8]. A
k-valued m-multithreshold function f is defined by setting

f(zy,...,2,) := H(e),

where e = X%, w;z; (called escitation), w; is a weight
associated with input x;, H(e) is the output value when the
excitation is € and defined in the following way (f, H, z; €
{0,1,...,k—1}). The function H has real m+ 1 threshold
TosThy ooy Tty Ton (To = —00, Ty = 00, t; < iy, ¢ =
0,...,m — 1) which determine the values of H. Clearly
m < emar < (K — 1) T2, lw;|. Thus f is multithreshold if
the former lattice is separated by m—1 parallel hyperplanes
into layers so that f is constant on each layer. However,

there is no monotonicity conditions.

3. p-symmetric functions

We are going to determine the number of partially sym-
metric functions.

For each partially symmetric function f there exists a
partition p on {1,2,...,n} such that for a transposition
o = (,7), f is p-symmetric if and only if ¢ and j are in the
same equivalence class of p.



For instance, let f(z1, 22, T3, T4, x5) = (£1VZ3)T224V Ts.
Then (1,3) € p, (2,4) € p and p = {{1,3}, {2,4},{5}}. If
p is the partition which corresponds to a partially sym-
metric function then f is said to be p-symmetric. The
corresponding a-vectors for p-symmetric functions can be
composed from a-vectors of their totally symmetric parts
in the following way: a = [a!,...,a’], where o’ is the a-
vector with respect to variables in the i-th class induced
by p(1<i<s)

For example, a-vector for partition p defined by {{1,3},
{2,4},{5}} and a 3-valued vector (0,1,1,1,2) is [[1,1,0],
[0,2,0] and [0,0,1]].

Theorem 3.1. The number of p-symmetric functions is

i+k-1
n:.(“
E 1 k-1

, where ry,...,r, is the numbers of el-
ements in s equivalence classes of partition p on {1,...,n}
(m+...+r,=n)

Proof Sum of the members in of is ;. Thus, recall-
ing the one-to-one correspondence between a-vectors and

monotone vectors, the number of a-vectors o' is given by

Ti :f 1_ 1 Therefore, the number of a-vectors « is
= ( Ti Zf 1_ 1 ), which implies the assertion of the the-
orem. O

For k = 2 this result is obtained in [2] using algebraic
techniques. Note that for s = 1 and s = n the last formula
gives the numbers of whole n-ary symmetric functions and

whole n-ary functions, respectively.

4. Self-dual symmetric functions

Let us consider self-dual symmetry conditions. From the
definition of S follows

f(@1 43,2341, ..., 8 +i) = f(@1, 32, ., @n) +i (mod k),
(3)
ie f(laoy. .. ak-1])

= f([a,-,a,-+1, veey Q1,000 .. ,a,‘_ll) -1 (mod IC) (4)

for each i, 0 < i < k — 1. Thus we classify all a-vectors so

that the set of all a-vectors {[ai, @is1, - - - Ok=1, X0y - - - > Xic1 ]|

i=0,...,k—1} forms exactly one class. The value for any
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a-vector in a class then uniquely determines the values for
the remaining k—1 a-vectors in this class. Using (3) and (4)

we will determine all symmetric self-dual logical functions.

Theorem 4.1.
greater then 1 then there is no n-ary k-valued symmetric

self-dual function.

If greatest common divisor ged(n, k) is

Proof. Let n = dn,, k = dk, and d > 1. Consider an
a-vector & = [(0%/4~1,n/d)?), where =™ denotes z---z (m
times). The a-vector a contains k£ members sum of which
is n. This is, in fact, the vector a = ((k/d — 1)™¢,(2k/d —
1™ ... (k=1)"/?%). Let b := a + k/d (a componentwise
addition), i.e. b= ((2k/d — 1)™%,(3k/d — 1)™/4,...,(k ~
1)™4 (k/d—1)™%). From (3) we have f(z; + k/d,..., 2.+
k/d) = f(z1,...,%,) + k/d. Substituting a for z, we have
f(b) = f(a) + k/d (mod k). Therefore f(a) # f(b). How-
ever a and b correspond to the same a-vector a. This

contradicts the symmetry of the function.O

For example, let £ = 4 and n = 6. Then f([0,3,0,3])
= f(l’ 17 1’ 3’ 3’ 3)=f(0’ 0’07 27 27 2) + 1= j(37 3, 37 1’ 1‘ 1) +
2=f([0,3,0,3]) + 2 (mod 4) and we have a contradiction.

Theorem 4.2. If gcd(n, k) = 1 then the number of n-ary
n+k-1

k-1 )“

symmetric self-dual functions in Py is n
Proof. 1t is sufficient to prove that if ged(n, k) = 1, then
)

is satisfied for none of ¢, 1 < i < k — 1. Suppose that the
equation (5) is valid for some 1 < i < k — 1. Then (5)
is valid for each number ri (r > 1) (recall that ¢ denotes
ri (mod k)). These numbers form a subgroup of (Ej,+)

[‘107 .. 7ak—-1] = [as'y Qip1yeevy Xp1,00y. ..y ai—l]

and from group theory it follows that for the minimal num-
ber d in this subgroup d | k is satisfied. Thus, from (5) and
the definition of a-vector, we have n = (ap+...+a4-1)k/d
and therefore gcd(n,k) > d. Thus d=1 and hence ap =
a; = ... = ay_1. We conclude n = kag which contradicts
to ged(n, k) =1. O

Corollary 4.1. If p is a prime number then there are
n+p-1

p—1

p

n # 0 (mod p) and 0 otherwise.

n-ary self-dual symmetric functions for



Let r1,...,r, be the numbers of the elements in the
equivalence classes of a partition p (r; +... + r, = n).

Then we can state the following theorem.

Theorem 4.3. The number of self-dual p-symmetric func-

tions is
ri+k—1 )

kV*H.L:( k—1

if ged(ry,...,7s, k) =1 and 0 otherwise.

Proof. A similar proof analogous to the last two theo-

rems can be given by using the following a-vector: a :
[[(0*/4=1 /)3, ..., [(O*%2,r,/d)?]] for ged(ry,...,Ts k)
> 1. In the other case it is sufficient to show that (5) is
not satisfied for any a-vector o* with respect to symmetry
group containing r; variables (1 < ¢ < s) and thus for any
a-vector a of a given p-symmetric function. We omit the
complete proof to avoid repeating the same considerations.
a

By using presented results a procedure for identifica-
tion of self-dual symmetric functions can be described. A
test for detection of self-dual and symmetric properties is
one which firstly examines symmetries of given function
using a well-known technique [7,14,20] and then checks
ged(ry, ..., 74, k). If the greatest common divisor is 1 then
(4) can be applied for totally or partially symmetric func-
tions in order to certify self-dual property. Note that it
is sufficient to verify (4) only for a representative (on the
right-hand side of (4)) in each class of a-vectors. As a rep-
resentative we can choose, for instance, the minimal one in

the lexicographic order.

5. Symmetric monotone and unate func-
tions

A function f is non-decreasing in z; if from z; < z! follows

f(z1,. oy @ity T Tig1y - -, T)
< flzry oy Ticyy T Tiga,y . ooy Tn)
where variables take the values from {0,1,...,k—1}. Sim-

ilarly we can define non-increasing in z; function by chang-
ing latter “<” into “>”. A function which is either non-

decreasing or non-increasing in z; is said to be unate in
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z;. Clearly if a function is both non-decreasing and non-
increasing in z; then z; is a fictitious variable in f.

A function which is either non-decreasing, non-increasing
or unate in all variables is said to be a non-decreasing, non-
increasing or unate function, respectively. A function is
monotone if it is either non-decreasing or non-increasing.

Symmetric unate or threshold functions will be proved
to be monotone. It is well-known that there are n +2 sym-
metric n-ary non-decreasing Boolean functions (cf. [2]).
We will present ternary non-decreasing symmetric func-
tions of n variables because they are related to the sym-

metric unate and threshold functions.

Theorem 5.1. The number of n-ary 3-valued non-decreasing
symmetric functions is 2:':]?
Proof. A graphical representation of non-decreasing sym-
metric 3-valued functions can be given as follows. For an
a-vector [ag, a1, @) let (z,y) := (ap,a2); &y =n—z —y.
Then all a-vectors of f can be represented as a set L,
of non-negative integer points in R? space. The set L,
consists of integer-points {(z,y)] z > 0,y > 0,z +y <
n (z,y integers)}. Figure 1 gives these points for n = 4.

We define a relation < in the set of points (z,y) in the

following way:
(z', yl) S (3}", y”) P z' > 2" A yl S y”.

For each symmetric function f we define a function F' on
L, by setting F(z,y) := f([z,n — z — y,y]). It is easy to
check that f is non-decreasing function if and only if

(',¥) < (" y") = F(,y) S F("y")  (6)

is satisfied for each (z',y’), (z",y") € Ln. Thus the number
of n-ary 3-valued non-decreasing symmetric functions is
equal to the number of non-decreasing functions F on L,
(F is non-decreasing function if it satisfies (6)).

Let A; be the set of points (z,y) € L, satisfying F(z,y)
=1 (i = 0,1,2). These sets completely determine the func-
tion F.

If F is a non-decreasing function, then the sets 4;, : =
0,1,2 can be separated at most by the following two paths
each of which is composed of n + 1-length segment (Fig-
ure.1): Starting from the point (-1/2,-1/2), each segment



[(0,4)
AN
AN
N\
AN
0,31 N(1,3)
A 5
(33 \i%'z’
N
(0,2) (1,2)  N2,2)
N
(0,1) (1,1 (2,10 N (3,1
i1 { N
(-2'2') (%'E) \\
\\
(0,0) {1,0) (2,0) {3,0) (4,0
[ [
(-5'"2') (2!2)

Figure 1: Representation of 3-valued monotone symmetric functions.

of the both paths connects the last point (u,v) of the prede-
cessor segment with point either (u,v+1) or (u+1, v). We
denote a segment connecting the points (u,v) and (u,v+ 1)
by 1 and segment connecting the points (u, v) and (u+1,v)
by 0.

For instance the two paths on Figure 1 can be denoted
by the sequences 10110 and.01100. Sequences a;az ... Gn41
and bybg ... by (@i, b; € {0,1}, 1 <i < n+1) separating
the sets Ao, A;, A, define a non-decreasing function if and
only if ay +az+...+a; < bi+ba+.. .+b; is satisfied for each
j,1<j<n+1. Letc :=2b+a. Thus ¢; € {0,1,2,3}.
We call this sequence characteristic sequence if and only if
the number of 2's in the sequence c; . .. ¢; is greater than or
equal to the number of 1's in the same sequence for each
jb1€j<n+1l ThenFisa non-decreasing function
if and only if ¢; . .. Cat1 is a characteristic sequence. Thus
the number of n-ary 3-valued non-decreasing symmetric
functions is equal to the number v(n + 1) of characteristic

SEqUENCes Cj - . . Cn4l-
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Let m-number m(c,n) for a characteristic sequence ¢ =
¢1...cn be the difference between the number of 2’s and
the number of 1’s in the sequence and let vi(n) be the
number of characteristic sequences ¢ of the length n for
which m(c,n) = i is satisfied. Then y_1(n+1) = Yut1(n) =
Tn+2(2) = 0.

We have

Yi(n + 1) = %21 (n) + 2%(n) + Tira(n)

for 0 < i < n+ 1. Because m(c,n + 1) = 4 if and only if

one of the following conditions is satisfied:

m(c,n) =i —1 and cay1 = 2 (m-number increases),
m(c,n) =i and cqy1 = 0 or 3 (m-number is the same),
m(c,n) =i+ 1 and cpyq = 1 (m-number decreases).

) for 0 < i < n. Proof is omitted since it

2n+1
n .

) is the number of n-ary 3-

2n

By induction on n we can prove that v(n) = ( nti

2n
n+i+2
is standard one. Then ¥(n) = Li,%(n) = (

Finally v(n + 1) = ( 2::3

valued non-decreasing symmetric functions. O

Note that the characteristic sequences can be interpreted
as paths in the square plane tessellation starting from (0,0)
so that a point (—1,y) will never be reached. Therefore
there are one-to-one correspondence between n-ary 3-valued
non-decreasing symmetric functions and such paths with
n + 1 segments.

The set of threshold functions has been shown to be a
proper subset of the set of unate functions. The problem
of unate function enumeration is similar to the problem
of monotone function enumeration. Consider symmetric

unate functions.

Theorem 5.2. A symmetric function is unate function if

and only if it is a monotone function.

Proof Clearly monotone functions are unate functions.
Suppose f is non-decreasing in z;. We prove that f is
non-decreasing in z; for each j, 1 < j < n. Without
loss of generality we can assume ¢ = 1,j = 2 and zy <
z4. Then f(z1,%4,%3,...,%a) = f(zh, 21,23, .., Tn) <

f(zl, z1,23,.. ., &a) = f(z1,24,23,...,2n) which verifies



our assertion. The same result holds for non-increasing
f. Thus a unate function is either non-decreasing or non-

increasing for all variables. O

Thus there are 2n + 2 Boolean unate symmetric func-

tions.

Corollary 5.1. The number of 9-valued unate symmetric

functions is 2 2n+3 ) -3.

n+1
Proof. The number of n-ary symmetric non-decreasing 3-

2n 4+ 3
nt1 ) Only the constant

functions 0,1,2 are non-increasing and non-decreasing at

valued logical functions is

the same time among them. O

Enumeration of k-valued unate functions is an open

combinatorial problem.

6. Symmetric threshold functions

We are interested in the k-valued threshold functions re-
alizable with integer weights and integer thresholds only
(thus we assume some scale factor on the unit of E; to
guarantee this). We will determine all symmetric thresh-

old functions in P;.

Theorem 8.1. The number of n-ary k-valued symmeiric

threshold functions is
)-k

d

Proof. Suppose f is a symmetric threshold function. Then

kn—n+k
k-1

from (2) we conclude

A

< T,
< Ti'+1 ]
< Tli'+1 )

< w1xy + -0+ WeTy
< wWiT2+ Wiz + o0 + Wn 1Ty + WaTy
< w1Z3+ WaTq+ ¢+ Wa-1T1 + WrT2

T; W1 Ty + WaTy + W3Ta + -+ WnTno1 < Tiga,

because f(€j, Tj41y. vesTnyT1,T2y+0 3 Tjm1) = f(Z1,. ., Tn)
1, 1 £ j £ n (definition of symmetric functions). Sum of

A

the above inequalities gives

nT; < (z ’UJJ')(Z :l:j) < nT.-H, i.e.

=1 j=1
TS z+-+z.a <Tf,or (M
T;< —(za+--+za) <Tiy (8
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where T{ = nT:/|(Z g w;)].
Therefore, the value of symmetric threshold function de-

pends only on the sum z, + --- 4+ z,. It follows from
0L z1+---4z, < (k—1)n that there are (k—1)n+1 pos-
sible values for z;+- - -+, and we have only to settle k—1
values Ty < T; - T{_, < T;_, among them (recall that we

assume all T} integers). It is easy to see that this thresh-

kn k_ _'nl-l- k ) different

ways. Bearing in mind positive case (7) and negative case

old configuration can be done in (

(8) we conclude that the number of symmetric threshold
kn—n+k
k-1
functions can be expressed in both (7) and (8) ways. O

functions is 2 ( —k because only the constant

In [15] a similar construction is used in order to prove
that for a Boolean partially symmetric function there are
separating hyperplanes with equal coefficients w; for vari-

ables in the same symmetry group.

Corollary 6.1. All monotone non-decreasing or non-

tncreasing Boolean symmetric funciions are threshold.

Proof. For k = 2 there are 2(n +2) —2 = 2n + 2 n-
ary symmetric Boolean threshold functions. This coincides
with the number of Boolean monotone non-decreasing and

non-increasing symmetric functions. 0

For k = 3 there are 2(2n + 3)(n + 1) — 3 3-valued sym-
metric n-ary threshold functions. But the number of n-

ary symmetric monotone nondecreasing 3-valued functions
2n+3
n+1
symmetric nonthreshold functions. The same conclusion

can be stated for any k > 2.

and we conclude that there are monotone

Theorem 6.2. There are k*~V"*1 n_ary k-valued sym-

metric multithreshold functions.

Proof. Similarly as for threshold symmetric functions we
can prove that a symmetric function is multithreshold if
and only if from z; + - -+ 2, = y; + -++ + y, follows
f(x1y..,20) = f(y1,-..,Yn)- Since 0 < z3 + -+ + 2, <
(k — 1)n we conclude that there are at most (k — 1)n +
1 different values for z, + --- + z, and hence there are
k(=041 gymimetric n-ary multithreshold functions in -

valued logic. O



All 2™} symmetric Boolean functions are multithresh-
old because z; + --- + z, is the number of 1’s (ie. a-
number). For k > 2 there exist symmetric functions that
are not multithreshold. An example is a function satisfying
f(0,1,2,z3,...,2,) # f(1,1,1,23,...,2,).

A similarity between symmetric and multithreshold func-
tions are discussed in [5]. In [25] an algorithm based on a
possibility of assigning equal weights (coordinates w;) to
variables in a symmetry group of a given Boolean func-
tion (for totally or partially symmetric Boolean functions)
for multithreshold element synthesis is presented. But, no
proof for this possibility is given.

7. Concluding remarks

Symmetric functions are of special practical importance,
because any function can be constructed from symmet-
ric “gates” (e.g. NAND(z,y)) and only symmetric gates
are usually used in practice (nonsymmetry complicates the
situation, e.g. delays and so on). We have determined
the spectra (the numbers of n-ary functions) ) for several
kinds of symmetric functions which arise in applications.
They include p-symmetric functions, self-dual functions,
self-dual p-symmetric functions, symmetric monotone or
unate 3-valued functions, symmetric threshold functions
and symmetric multithreshold functions.

Some other studies of symmetric functions include the
following. The size of PLA’s (programmable logic arrays)
with two-bit decoders which are sufficient to realize a sym-
metric function is far less than that for an arbitrary func-
tion [27]. Symmetric property of the minimal covering
problem is used to reduce the search space in branch-and-
bound method [33]. As an application of this technique to
the design of minimal PLA’s, the minimal sum derivation
of symmetric switching functions is considered there. Re-
alization of symmetric Boolean monotone non-decreasing
functions (called voting functions) by networks have been
studied in literature (cf. [15]).
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