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ABSTRACT

The functions in a closed subset C of P, may be classi-
fied by their membership in the maximal subsets of C, lead-
ing to a natural classification of bases of C into equivalence
classes (called aggregates). This paper presents clasifica-
tions of functions and enumerations of aggregates for the
sets Py, Ps, their maximal sets, several modifications of
algebra of logic and some closed subsets of Pi. Sheffer
functions for these sets are also considered. Finally this
paper states some problems and provides an extensive bib-
liography.

1.

Functional completeness problem and
classification in P;

Let k be a fixed positive integer and let E, = {0,1....,k —
1}. The set of k-valued (logical) functions (i.e. maps f :
E} - E forn=1,2,..)1is denoted by P;. A subset F
of P, is said to be closed if it contains all compositions {or
superpositions) of its members (cf. [21,67]). More precisely,
for f € P, m-aryand g € Py n-aryput r :=m+n—1 and
define the r-ary h = f * g by setting

(1)

Ry - ey Ze) == F(9(Z1, -+ > Tn)s Tnt1s e -3 Tr)
for all zy,...,, € E). Further, for m > 1 put

(?f)(zx,...,zm) flzaye o s Ty T1),
(Tf)(xl,. ..,Im) =

(Af)(.‘lil, sy Im—]) =

f(zhzl’ Zg,..- 1xm)’

f(zlazla o wxm—l)

for all z,...,zm € By and ¢f = 7f = Af = f for f unary
(m = 1). Now F is closed if fxg, ¢f, 7fand Af € F
whenever f,g € F.
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For closed sets F and H such that F C H (proper inclu-
sion), F is H-mazimal set if there is no closed set G such
that F C G C H (i.e. H covers F in the set of closed sets
ordered by C). A subset X of H is complete in Hif H is
the least closed set containing X. In the sequel we always
assume that H has the following property: Each proper
closed subset of H extends to an H-maximal set. (This
property need not hold, in fact there is an example of such
Pg-maximal set {45, 97]). It is known that then there are
finitely many H-maximal sets, say Hy,..., Hn. It is known
and easy to see that a subset of functions in H is complete
in H if and only if it is contained in no H-maximal set
(completeness condition)(cf. [67]).

Investigations of completeness and related topics, usu-
ally called functional completeness problems, are mathe-
matically importnat and have a wide range of applications
including their direct relationship to logical circuit design.
A complete set X in H is called a base of H if no proper
subset of X is complete in H. The rank of a base is the
number of its elements. A function f is Sheffer for H if
{f} is a base (of rank 1) of H. In other words, a function f
is Sheffer for H if and only if every ¢ € H is a composition
of a finite number of copies of f. Clearly f is Sheffer for
H if and only if it belongs to no H-maximal sets. Typi-
cal examples of binary functions (i.e. Boolean two-variable
functions) that are Sheffer for P, are the Sheffer (or better
Nicode’s) strokes NAND and NOR of the algebra of logic.
A Shefer stroke describes the “operation” of a two-input
one-output gate (or element) G such that every Boolean
function f(z,...,z,) may be represented by the output
of a combinatorial (i.e. feedback-free) circuit with inputs
Z1,-...,Zn and built solely from copies of G (however, the

number of the gates needed for the representation may be




large}. A comprehensive survey on Sheffer functions can be
found in [67]. A variation of the definition of completeness
is the concept of “complete with constants”, abbreviated
¢-complete, which assumes that for composition besides f
one can freely utilize constant-valued functions. More pre-
cisely, let Q denote the set of unary constant functions from
H. A subset X of H is c-complete in H if X U Q is com-
plete in H. This makes sense in real combinatorial circuits,
since the constant-valued functions (i.e. constant signals)
are usually obtained with no extra cost. In particular, f is
c-Shefer for H means {f} is c-complete in H.

The functions from H may be classified by their mem-
bership in the H-maximal sets. Let H,,...,Hn be the
H-maximal sets. As mentioned above, a subset X of H
is complete in H if and only if for each 1 < ¢ < m there
is fi € XN (H \ H;) (the fi’s need not be distinct). This
leads to the following: Define the map ¢ : H — {0,1}"
by setting ©(f) = @1...am where a; = 0 if f € H; and
a; = 1if f & H; (here a,...a, stands for the more cus-
tomary (aj...am) OF < a1...am >). We call p(f) the
characteristic vector of f. We put f = g if f,g € H
have the same characteristic vector, i.e. if p(f) = ©(g)-
Clearly = is an equivalence relation on H (it is the stan-
dard kernel of ) and so it partitions H into pairwise dis-
joint nonempty sets called (equivalence) classes. Note that
for f = g we have either f,g € H; or f,g ¢ H; for all
i=1,...,m. We write AB for An B, A' for A and A°
for H\ A (A, B subsets of H). Clearly each class is of
the form H{*...H® where (1 —a;)...(1 — ap) is a char-
acteristic vector (i.e. it is a non-empty set of the form
H® .. H® with a;...am € {O,1}"). H fE X CH
and f = g then clearly X is complete in H if and only if
(X \ {f}) U {g} is complete in H. In other words, it suf-
fices to study the completeness in H up to the equivalence
=. It is easy to see that X C H is complete in H if and
only if s = Tsex ©(f) (the usual componentwise sum of
real m-vectors) is positive (i.e. has all coordinates > 1).
Once we know all the characteristic vectors, we can find all
complete sets in H and all bases by a direct combinatorial
check (which may be done by a simple computer program).
If to ay ... am € {0,1}™ we associate A = {i : a; = 1} and

if Aj,...,A are the subsets of {1,...,m} corresponding
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to the characteristic vectors, the completeness problem is
reduced to the listing of {4,,..., A} covering {1,...,m}
and the basis problem to the listing of such coverings which
are irredundant (no proper subset covers {1,...,m}). The
study of classes also provides information on the closed sets
which are the intersections of families of H-maximal sets,
which is of independent interest (e.g. for H = Ps with one
exception the least nontrivial intersections are all minimal
clones). The characteristic vectors can also be applied to
seek the set of classes of functions which makes a given

incomplete set complete.

For the description of closed sets containing all projec-
tions (i.e. functions e} defined by setting €(z1,. .. yIp) 1=
z; for all 3, ...,2n € Ex, 1 <1 < n) called clones, we need
the following essential concept of “functions preserving a
relation” [cf. 67].

Let h > 1. An h-ary relation p on E; is a subset of
E} (i.e. a set of h-tuples over E;) whose elements are
written as columns. Given row n-vectors a; = (@i1,.. ., @in)
(t = 1,...,h) we write (ay,... ,a,)7 € p" to indicate that
(@rjs---,an;)T € p for all § = 1,...,n, where T denotes
the transpose (this means that the i X n matrix with rows
a,,...,a, has all columns in p). We say that an n-ary
f € P; preserves p if

(f(a1),...,f(an))T € p whenever (ay,...,an)" € p".

Then the set of functions preserving p is denoted by Pol p:

Polp={f|(a1,...,an)T € " = (f(a1),..., f(an)T € p}.

It is known that each Pol p is a clone and conversely to each
clone C there are relations py,ps,... such that Pol p; 2
Pol p; 2...2C and C = N2, Pol pi. In particular, if H
is a clone, then all H-maximal sets are of the form Pol p
for some relation p.

Throughout this paper by z + y and zy we denote = +
y (mod k) and zy (mod k), respectively. Intersection of sets
Xi,..., X, will be denoted by X;...X,. Finally, let z" denote
...z (r times) whenever z is a component of a vector. A
relation p is often written as matrix whose columns list all

the elements of p (in some order).

Let f € P, be n-ary. The dual f* of f is defined by




setting
fHz, s z0) = flm+ 1,02, +1) + 1

for all zy,...,z, € E,. We say that f is self-dual if f = f*.
Again, we say that f is linear if there are ap,...,a, €
Ey so that f(zy,...,2,) = ag + a3y + -+ + a,z, holds
for all z;,...,z, € Ei. Finally, f is monotone (isotone,
order-preserving) if f(zy,...,2,) < f(y1,.-.,¥n) Wwhenever
;1 £ Y1,.--3%n < yn (here < denotes the natural order
0<1<...<k=-1).

Theorem 1.1. [62] P, has ezactly the following 5 mazrimal

sets:
To = Pol(0)={f] fl0,...,0) =0}
(the set of functions preserving 0),
T, = Pol(1)={f]r(,..,1)=1}
(the set of functions preserving 1),
S = Pol (1)(1) (the set of selfdual functions),
L = Pol({(a,b,c,d)T € E} |a+b=c+d})
(the set of linear functions),
M = Pol ( gi(l) (the set of monotone functions).

The Py-maximal sets for £ > 2 are known [21,64] and

some of them are discussed in Sections 4-6.

2, Classifications of functions and bases

in P2
There are 15 classes of functions of P, [20,16,27]. We
present them by their characteristic vectors. The com-

ponents of the characteristic vectors are given with respect
to the order T, Ty, S, L, M of the P,-maximal sets.

1.11111  2.11011 3.01111 4.10111 5. 11001
6.10101 7.01101 8.00111 9.10100 10. 01100
11. 00110 12. 00011 13. 00010 14. 00001 15. 00000

For instance, the class 6 represents the set T, T\SLM,
where X denotes P, \ X. The class 9 (10) consists only
of the constant function 1 (0).

There are two conditions for X C P, to be a base: com-
pleteness and irredundancy. As mentioned above, X is
complete iff = (cx ©(f) is a positive integer vector and X
is irredundant iff for each ¢ € X the sum ¥ ex\(g @ (/)
has at least one O coordinate. An aggregate is the set of all

bases having the same set of characteristic vectors.
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There are 42 aggregates for P, [16,27]:

1 aggregate of rank 1: (1);

17 aggregates of rank 2:

(2.3),(2,4),(2.6),(27),(2:8),(2.9),
(2,10),(2,11),(3,4),(3,5),(3,6),(3,9),
(4,5),(4,7),(4,10),(5,8),(5,11);

22 aggregates of rank 3:
(5,6,12),(5,6,13),(5,7,12),(5,7,13),(5,9,12),
(5,9,13),(5,10,12),(5,10,13),(6,7,8),(6,7,11),
(6,7,12),(6,7,13),(6,8,10),(6,10,11),(6,10,12),
(6,10,13),(7,8,9),(7,9,11),(7,9,12),(7,9,13),
(8,9,10),(9,10,12);

2 aggregates of rank 4: (9,10,11,14),(9,10,13,14).

Note that there are only three aggregates containing con-
stant functions: (9,10,12), (9,10,11,13) and (9,10,13,14).

The number of bases of P, consisting of n-ary functions
(functions with at most n variables) in an aggregate can be
calculated as a product of the numbers of n-ary functions in
the classes determined by the characteristic vectors. Sum-
ming these numbers for all aggregates for a rank we obtain
corresponding data for the bases of the rank and finally
the number of all bases containing n-ary functions.

Each function of the class 1 (i.e.ToT;SLM) is a base of
P, i.e. a Sheffer function. There is a well-known condition
for a function to be Sheffer function in P, (cf. [67,13]).
A function f is Sheffer if and only if f ¢ T, U T\uUsSs.
The number of Sheffer functions of n variables is 22" -2 —
28771 (ef, [67,13]). Thus for large n almost 25% of n-ary
operations are Sheffer.

The c-completeness in P, is sometimes called complete-
ness in ES-algebra, where ES stands for extended super-
position. Clearly X is c-complete if and only if X £ M
and X ¢ L. There are four classes of functions and two
aggregates in ES-algebra {71]. A function f is c-Sheffer for
P, if and only if f ¢ M U L [20,15]. Thus the number of
Boolean c-Sheffer functions is 22" —2"+! + n+2—¥(n) {15],
where ¥(n) denotes the number of monotone functions of
n variables and called the Dedekind number. When n is
large, almost all Boolean functions are c-Sheffer [15].

The set M contains four maximal sets [93,13]: M° =
MTy,M' = MT,,D and C, where D = [{0,1,V}] (the




</ 7

4

set of constants and disjunctions) and C = [{0,1,A}] (the
set of constants and conjunctions). There are 6 classes of
functions and two aggregates in M [71]. There is no Sheffer
function for the set M.

The set Ty contain 4 maximal sets [93,13]: LT,, M°,
ToT, and Ny, where

010
No=Pol<100).

There are 10 classes of functions and 14 aggregates [71].
The map f — f* (introduced in Section 1) respects
composition (i.e. is compatible with #,¢,7 and A). In
particular, it induces an (order) automorphism of closed
sets (i.e. A C B & AT C Bt where A" := {f*: f € A})
and carries complete sets and bases onto complete sets and
bases. As Ty = T}, all statements concerning 7p translate

to Ty. For example, the Tj-maximal sets are LTy, M, ToT)

and N, = Pol ( 101 (for the latter: given an h-ary re-

011
lation p put p* = {(a1 + 1,...,a, + 1)|(a1,-..,an) € p},
then (Pol p)* = Pol p*).

The sets L and S will be considered in Section 5 as

subsets of P;.

3. Classifications for various modifications
of algebra of logic

In Section 1 we have defined composition and closed sets
in a way suitable for propositional logic and universal alge-
bra. There are several variations of composition depending
on the method of constructing a network from gates or re-
We list
them mostly by names and references. The correspond-
ing classifications are given in [78,71,52,17,18] and Sheffer
(c-Sheffer) functions in {71,56].

The operation * defined by (1) in Section 1 was replaced

strictions imposed by real circuit requirements.

by a special composition in the Algebra ®° {7,8]. The no-
tions of composition under r-line coding and up-to-coding
completeness were introduced in [12]. A similar complete-
ness was studied in {17,25]. This is also related to the
so-called SP algebra described in [13].

So far we have considered gates with the output imme-

diately reacting to changes on the inputs. Real gates react
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with a certain delay. The completeness for the gates hav-
ing unit-delay or having positive-integer-delays was studied
in [30] and its modifications for the unit-delay in [17,18].
Still another construction method for unit-delay called se-
quential circust completeness was introduced in {60]. The
notion of GS-algebra described in [13] is also related to the
above concept. The situation is complex and cannot be
adequately explained here (a short survey can be found in
[56]). We refer the reader to [30,88,59,14] for more details.

4. Classifications of P; and its maximal
sets

Determination of maximal sets for the set P, and its closed
sets has been the subject of investigation in a large number
of papers [62,93,20,21,64,65,39,1,10,31,33-36].

Theorem 4.1. [21] P; has ezactly 18 mazimal sets.

The first attempt to derive classes of functions of P,
was done in [46]. But, it counted several characteristic
vectors twice as different classes, consequently the number
of classes of functions reported there was incorrect; this was
corrected in [69]. The numbers of classes of functions and
aggregates for P, and for all Ps-maximal sets are reported
in [53] (the numbers of irredundant incomplete sets are
also given there). Two algorithms for the enumeration of
aggregates are given in [47,51] and [69,51,75,77]. They are
compared in [51,75].

The set P; has exactly 6,239,721 aggregates {69]. The
number of aggregates containing the constant functions
{0,1,2} is exactly 1,391 [47): There are 2 such aggregates
of rank 4, 633 of rank 5 and 756 of rank 6. There are two
proofs that the maximal rank of a base of P; is 6: com-
putational [47] and theoretical {79]. Note that there is no
base of rank 7 while there exist irredundant incomplete
Also note that there is no Sheffer
function in some maximal sets of P3 (cf. {87,94]).

Sheffer functions in P; have been studied (cf. [67,82]).

The number of n-ary (n > 2) Sheffer functions in P is [82]:
n
)

sets with 7 elements.

8.33"-8 _9.33" 7 -1 _ 92-1g37-2" _ 6H?=—11(22-' + 1)

( i )
n—1(52¢-1 :
+ 6 =1 (2 + 1)




Thus the number of Sheffer functions with 2 and 3 variables
are 3,774 and 2,110,663,244,298, respectively [42,82]. The
corresponding formula for the number of symmetric Sheffer

functions is given in [95].

Classifications of the functions for some
closed subsets of P;

5.

There are several classification results for closed sets in P;
[74,71,54,55]. A function is linear if there are aq,...,a, €
E} so that

flz1,.ooyzn) =ag + a1z1 + ... + 6,7,

holds for all z;,...,z, € E;. The set of linear functions
has been investigated (cf. [1,2,36]). It is Pi-maximal if and
only if k is a prime number {21]. Let L be the set of linear
functions of Py and T, = {f | f(m,...

of functions preserving m (0 < m < k —1).

,m) = m} the set

Theorem 5.1. [1,2] There are ezactly p + 2 mazimal sets

of L in prime-valued logic Pp:

L=
Ls =

LT,, 0<m<p-1,
LS ={ap+a1z;+ ...+ a,z, |ay+...+a, =1}
(the set of linear selfdual functions),
LM = {ay + ayz; | ag,a1 € {0,1,...,p~ 1}, ¢ > 0}
(the set of essentially unary linear functions).
There are exactly 2p + 4 classes of functions of the set
L [74]. Their characteristic vectors listed with respect to

the above order of maximal sets are:

1: 0°*% (j.e. p+ 2 zeros)
2: 011
3<r<p+3: 17730174370

p+4<r<2p+4: 177P401%¥ET,

Let f(z1,...,%Zn) = a0 + a1%1 + ... + anz, be a linear
function in P,. The function z is in the class 1, and the
function ajz; + ... + anz, is in the class 2 for n > 2 and
a; + ...+ a, = 1. The functions ey + z are in the class
p + 3 for ap # 0, and the functions ap + a1z +... + anz,
for ag # 0 and @; + ...+ a, = 1, n > 2 are in the class
2p + 4. The constant function f = ¢ belongs to the class
t1+3(0<i<p-1). Let a;+...+a, # 1 and let a be the
number determined uniquely by a¢(1 —a; — ... — a,) = aq,
i.e. g+ aya+ ... +a,a =a (a € E,). Then the function
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f(Z1,-. .1 2,) = ag + @121 + ... + a,z, belongs to the class
p+ 4 + a, because it preserves a.

No Sheffer function for L exists. However, each f €
L\ LW is c-Sheffer as 0 ¢ Ty, (m > 1),1 ¢ T,0 ¢ S. The
number of such n-ary functions is p"*! —np(p—1)—p (n >
2). As n — oo the proportion of c-Sheffer n-ary linear
functions (among n-ary linear functions) goes rapidly to 1.

Bases of rank 2 are composed of any two functions of
classes ¢ and j, where 7 and j satisfy the condition

a) p+4<i<j<2p+4,or
b) 3<i<p+3<j<2p+4dandj#i+p+1.
Bases of rank 3 contain a function of the class 2 and two

functions, one each from the classes ¢ and j, where 3 <
p ; 1 ) aggre-

) of rank 3. The

t <7 < p+3. Thus L contains exactly 4 (

p-;l ofrank2a.nd<

maximal rank of a base of L is 3.

p+1
2

gates; 3 (
The H-maximal sets for the above p+ 2 L-maximal sets
H (p prime) are determined in [1] and their classification
is in [74].
01 k-2 k-1
1 2 k-1 0
verify that S is a set of selfdual functions in k-valued logic

(i.e. fsuchthat f(z1+1,...,2,+1) = f(21,...,Zn) + 1).
Note that there are another types of selfdual functions (cf.
[65]).

Let S = Pol . It is easy to

Theorem 5.2. [96] There are ezactly two S-mazimal sets

in prime-valued logic P,:
Sy =SL and Sy = STp.

A linear function ag + a1z, + ... + a,z, is selfdual if
a; + ...+ a, = 1. If this holds, the function a;z; + ... +
a,z, belongs to the set S..S; (class 00) and the functions
ap+ a1z1 + ... + anz, for ap # 0 belong to the set S5,
(class 01).

The number of n-ary Sheffer functions in S is (p —
1)p"1(p*""'~! — 1). Note that c-Sheffer is the same as
Sheffer because no constant function belongs to S. There
are exactly two aggregates for S; one each for ranks 1 and
2.

Let P, be the set of functions with domain E; and

range E;. Let f and g be n-ary functions such that f € P,




and g € P,. Then pr f = g if and only if f(a) = g(a) for
all a € E}. For X C P,, the inverse image of X is the

subset
X :i=pr}(X)={f € Pia|pr fE X}

Theorem 5.3. [5,31,36] Py 2 has 5+ (k —2)(k+1)/2 maz-
imal sets:
T, 11,8, L',M' and

01:
Z,"g = PmPol ( oLt

), 0<t<i<k—1,i>2,
where Ty, T1,S,L and M are the P;-mazimal sets.

For each function f € P, ; define a binary relation Qs

on the set Ey :
011

Goeare((5)e(o)=r@=rm
for0<t<i<k-1,1i>2(abe€ E}). Then we have
[54]:

f€Zi & (1,t) € Qg and
f is a constant on the set Ef & (0,1) € Q;.

. a 01:
In fact, if b | € 01: then ¢ = (ay,...,as) and
b= (by,...,bs) satisfy b; = a; for a; € {0,1} and b; = ¢

f(a)

ﬂw)e

o ) ie. f(a)=f(b) = 0,f(a) = f(b) = 1 or f(a) =
i, f(b) = t. However, from {i,t} € E the last case is not
possible. Therefore f(a) = f(b) and (¢,2) € Q. Qs isan

equivalence relation. This equivalence relation describes in

for a; =i (1 < j < n). From f € Z;, follows (

a way the structure of P, ; , because classes of functions of
Py 2 directly correspond to equivalence relations. More pre-
cisely, for each function of P, ; we associate an equivalence
relation Q according to its characteristic vector. Then the
relation is determined uniquely by the class of functions.
Conversely, for each Q there corresponds exactly one char-
acteristic vector of P, 3 up to the maximal sets {Z;;}. The
remaining part (“P,”-part) of it is determined by the 15
classes of functions of P; described in Section 1. Recall
that among 15 classes of functions of P; two classes con-
tain constant functions only (the case (0,1) € Q). The
remaining 13 classes of functions correspond to the case
(0,1) ¢ Q. Thus, we have 13 or 2 classes of functions of
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P, ; for each Q, depending on (0,1) € Q. Hence the num-
ber of classes of functions of Pz is 134, — 114,14, where
A, denotes the number of equivalence relations on the set
of k elements. Although the number of maximal sets of Py 2
is O(k?) and the number of classes of functions is O(k!),
the maximal rank of a base of P2 is k + 2 [54]. Similar
investigations for all the 6 families of maximal sets of P2
were done except M' (the monotone set). The maximal
rank of a base for each of the above maximal sets of Py
is also O(k) [55]. The enumeration of Sheffer functions in
Py 3 is an open problem as well as the classification of M'.

6. An overview and some open problems

The number of P;-maximal sets was approximated in [83,84]

and the exact formula for it was determined in [66]:

k l2 3 4 5 6 7
maximal sets [ 5 18 82 643 15,182 7,848,984

Classification of P; is barely possible for k = 4. We give
some subsets of P, whose maximal sets are known. Perhaps
the most interesting Py-maximal set is the set L of linear
functions. Let k = pJ'...p2", oy,...,0m > 1,p1,...,Pm’
prime numbers. All the maximal sets of L are described as
follows [36]:

1) 2™ — 1 maximal sets

Ti:=LiUUp>1{f € L|3b,a0,...,8,:
bld A b#1 A f(x)=ao+bXL, ez},
where x = (z,,...,%,) and
Li:=Ups1{f € L|3ao,...,an,7 :
f(x) =ap + a;z; + dz?:l,i;éj a,.~:c.»}, d= Di; - - Dies
{pl'n' ")pl'g} g {pla"'apm}’ 1 S t .<_ m.
2) m maximal sets of type

L.,p.. = UnZl{f €L | an,. coy@p € Ey:
f(x)=ao+ T @ziAay+ ... +a, =1 (mod p;)},
1 <1< m.

3) pr + ... + pm maximal sets
LN Pol(4,pi +5,2pi + 7.,k —p; + 5) for all j
satisfying0<j7<p;—1,1<i < m.

The special caseof k = p™ork=2-p(m>1, p>2,p:
prime) is also investigated in {36].

Another interesting maximal set is the set of special self-
dual functions S (cf. Section 4) for k not a prime number




[35]. All 272, (; + 1) — 3 maximal sets of S are described

as

{SNPol~, SNPolp, | reT\{1}, t € T\{1,k}},
where T := {z | k=0(mod z)}, v, ;= {z € Ex |z =
0 (mod r)} and p; := {(z,y) € E} | y ~ £ = 0 (mod £)}.
Some cases of selfdual functions are also described in [40].

Compositions of partial k-valued functions are investi-

gated in [11,37,63]. Define Piy := Uns1{f(z1,...,Za)|f :
{0,1,...,k=1}* = {0,...,k,..., — 1}}, I > k, with the
operation of composition defined by:

_ ] fxq iftW(g) C{0,...,k—1},
fog= I otherwise,

where W(g) denotes the range of g. Py, is a generalization
of the partial k-valued logic. P;; has exactly the following

8 maximal sets [89):

{f € Py | W(f)| <11}, Pol(0), Pol*(1),

.[ 0 .[ 01 .{ 001
Pol(l),Pol<lo),Pol(0u),

000111 00011011
. | oo1101 .| oo110101
Pol* | 010011 |* P | 01001101 |°
011001 01100011

where Pol*p := {f € Py | (a1,...,as)T € p" = (f(ai1),-- -,
f(a)T € pu ({0,...,0 — 1}*\ {0,1}*)T}. P, is being
classified. Besides, it is known that Ps;, ! > 3 has exactly
58 maximal sets ([89], a slightly different number of the
maximal sets is reported in [63]).

Define Ps(2) := Ups:1{f(21,.-.,2.) € Ps | W(f)] <
2}. Ps(2) has exactly the following 13 maximal sets [89]:
Un»1{f | 3fo,..., fa € P}(2)(the set of unary functions) :
f(z1,-. . 20) = fo(fi(z1) + fa(z2) + ... + fa(zn) mod 2)}
and the classes P3(2) N p where p €

{ 012001 012112 012220 01201
012122 }° 012200 }° 012011 }° 01210 /°
01202 01212 0120102
(oiz2g ) (t2ar ) 0. 021 2, ( Gy ).
0120121 0120212 }
0121012 }° 0122021 :

Define Pyg 1} (a3} := Un.mzl{f”'"" | from i {0,1}*x{a,3}™
— {0,1}}, @ € {0,2}, and with a similar generalization of
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superposition. Pg}, (4,5} has exactly 10 maximal sets for
a = 0 and 21 maximal ones for a = 2 ([85] also cf. [32]).
The maximal sets for Pol (0) are also known [33].

Finding maximal sets for other subsets of P, and un-
der various modifications of compesition are open prob-
lems. Among them we find part of automata theory [9,30],
where some maximal sets are given. Uniform delay com-
position with unit-delay for P; was solved in [58), and with
positive-integer-delays for Py in [14] (30 and 49 maximal
sets). Composition with delay was also treated in the gen-
eral case in [41,68].

The enumeration of Sheffer functions as well as c-Sheffer
may be considered in many of the above cases (cf. [67]).
For example, the number of n-ary 3-valued c-Sheffer func-
tions is known only for n=2 [57].

Maximal rank of a base is an open problem in many
cases. The problem is mentioned early in [21,6] especially
for P;. It is known that some closed subsets of Py, k > 3
have an infinite base or no base [24]. Also it is known that
for k > 8 some P,-maximal sets have no finite basis [45].

The classification and basis enumeration can be used to
calculate the number of n-ary bases [75,81,29,61,3,4]. In
many cases, this has not yet been done. The corresponding
classifications and basis enumerations for the symmetric
functions are surveyed in [76].

Acknowledgement. We are indebted to Professors T. Hikita and
H. Machida for giving valuable comments. This survey was initiated
during the second author’s stay at the Electrotechnical Laboratory
(Nov. 1985 — Feb. 1986).

References

[ 1] Bagyinszki J., Demetrovics J., The lattice of linear classes in
prime-valued logics, Banach center Publications, Warsaw, PWN,
8/1979.

| 2] Bagyinszki J., Demetrovics J., The structure of the maximal
linear classes in prime-valued logics, C.R. Math. Rep. Acad.
Sci. Canada, Vol. IT (1980) No.4, 209-213.

[ 3] Berman J., Algebraic properties of k-valued logics, Proc. Int.
Symp. MVL, Evanston, Ilinois, 1980, 195-204.

[ 4] Berman J., Free spectra of 3-element algebras, Univ. Alg. and
Lattice Theory, Springer-Verlag, 1983, Lecture Notes 1004.

[ 6] Burosch G., Dassow W., Harnau W. and Lau D., On subalge-
bras of an algebra of predicates, Elektron. Informationsverarb.
Kybernet. 21 (1985), 1/2, 9-22.

| 6] Butler J.W., On complete and independent sets of operations in
finite algebras, Pacific J. Math. 10 (1960) 1169-1179.

[ 7) Cejtlin G.E., Questions of functional completeness for a certain
modification of the algebra of logic, Cybernetics, 4 (1969), 400-
407.




[ 8] Cejtlin G.E., The structure of a modified Post algebra and its
properties (Russian), Kibernetika 4, 1970, 39-54.

{ 9] Dassow W., Completeness problems in the structural theory of
automata, Akademie-Verlag, Berlin 1981.

[10] Demetrovics J., Hanndk L., Marchenkov $.S., Some remarks on
structure of Ps, C. R. Math. Rep. Acad. Sci. Canada, Vol. I
(1980) No.4, 215-219.

[11] Freivald R.V., Completeness criteria for partial functions of al-
gebra logic and many-valued logics (in Russian), Dokl. Akad.
Nauk SSSR, 167 (1966), 1249-1250.

[12] Freivald R.V., Completeness up to coding of systems of functions
of k-valued logic and the complexity of its determination {in
Russian), Dokl. Akad. Nauk SSSR, 180 (1968), 803-805; English
translation in Soviet Math. Dokl., 9 (1968), 699-702.

{13] Gindikin S.G., Algebraic Logic, Springer-Verlag, New York Inc.,
1985.

[14] Hikita T., Completeness criterion for functions with delay defined
over a domain of three elements, Proc. of the Japan Academy,
B4, Ser. A, 10 (1978), 335-339.

[15] Hikita T., Enumeration of Boolean functions Sheffer with con-
stants, Trans. IECE of Japan, vol. E6, no. 12, Dec. 1982, pp.
714-7186.

[16] Ibuki K., Naemura K., Nosaki A., General theory of complete
sets of logical functions, IECE of Japan 46, 7 (1963).

[17] Tbuki K., A study of universal logical elements (Japanese), Res.
of Inst. of Electrocomm., no. 3747, 1968, pp. 1-144.

(18] Inagaki K., te-completeness of sets of delayed logic elements (in
Japanese), Trans. IECE Japan, J63-D (1982), 827-834.

[19] Ivas’kiv Y.L., Pospelov D.A., To#it Z., Representation in many-
valued logics (Russain), Kibernetika 2 (1969) 35-47.

[20] Jablonskij S.V., On the superpositions of the function of algebra
of logics (Russian), Mat. Sbornik 80(72),2,1952, 329-348.

[21] Jablonskij §.V., Functional constructions in a k-valued logic (Rus-
sian), Trudy Mat. Inst. Steklov 51 (1958), 5-142.

[22] Jablonskij S.V., Gavrilov G.P., Kudrjavcev V.B,. Functions in
algebraic logic and Post classes, Nauka, Moscow, 1966. German
translation Akademie Verlag, Berlin 1970.

[23] Jablonskij S.V., On some results in functional system, Int. Congress

Math. Helsinki, 1978, 963-970.

[24] Janov Y.I, Mutnik A.A., Existence of k-valued closed classes
without a finite basis (Russian), Dokl. Akad. Nauk. SSSR 127
(1959) 44-48.

[25] Karunanithi S. and Friedman A. D., Some new types of logical
completeness, IEEE Trans. Comput., C-27 (1978), 998-1005.

[26] Kabulov A.V., Synthesis of bases of complete systems of logical
functions (Russian), Dokl. Akad. Nauk UzSSR (1982), no. 4,
3-5.

[27) Krni¢ L., Types of bases in the algebra of logic (Russian), Glasnik
Mat.-fiz. i astr., 20, 1965, 1-2, 23-32.

[28] Krnié L., Cardinals of bases in the 3-valued logic -I-, Glasnik
Mat. ser. III, 8 (28)(1973), 169-174.

[29] Kudielka V. and Oliva P., Complete sets of functions of two and
three binary variables. IEEE Trans. Electronic Computers, EC-
15, 930-931d, 1966.

(30] Kudrjaveev V.B., Completeness theorem for a class of automata
without feedback couplings, Doklad. Akad. Nauk. SSSR, 132, 2
(1960), 272-274; also Soviet Mathematics Dokladi, A.M.S.,
vol. 1, pp. 537-539, 1960.

159

[31] Lau D., Pravollstindige klassen von Py, Elektron. Informa-
tionsverarb. Kybernet. 11 (1975), 10/12, 624-626.

[32] Lau D., Basen und Ordnungen der maximalen sweier mehrsor-
tiger Functionenalgebren, Rostock. Math, Kolloq. 15, 81-90,
1980.

[33] Lau D., Die maximalen Klassen von Polx(0), Rostock. Math.
Kolloq. 19, 29-47, 1982.

[34) Lau D., Submaximale klassen von Ps, Elektron. Informationsver-
arb. Kybernet. 18 (1982), 4/5, 227-243.

[35] Lau D., Die Maximalen Klassen von Polx{(z, z+ 1 mod k) [z €
EL}, Rostock. Math. Kollog. 25 (1984), 23-30.

[36] Lau D., Funktionenalgebren iiber endlichen mengen, Disserta-
tion, WPU Rostock, 1984.

[37] Lou Czukai, The classification of normal relations in many-valued
logics, J. of Xiangtan University, 2 {1984), 1-15.

[38] Loomis H.H. and Wyman J.R., On complete sets of logical prim-
itives, IEEE TR. EC-14 (2) (1965) 173-174.

[39] Machida H., On closed sets of three-valued monotone logical func-
tions, Coll. Soc. J. Bolyai 28 (1979), 441-467.

[40] Martenkov S.S., On closed classes of selfdual functions in many-
valued logics, Problemy Kibernet. 36 (1979), 5-22.

{41] Martin L., Reischer C., Rosenberg I.G., Problem de Complétude
pour les circuits aux éléments avec retard, Electron. Informa-
tionverarb. Kybernet. 19 (1983), 4/5, 171-186.

[42] Martin N.M., The Sheffer functions of 3-valued logic, J. Symb.
Logic, 19 (1954), 45-51.

[43] Martynjuk V.V., Investigation of certain classes of functions in
many-valued logics (Russian), Problemy Kibernet. 8(1960}), 45-
60.

[44] McColl W.F., Planar Crossover, IEEE C-30, 3, 1981, 223-225.

[45] Mikheeva E.A., Existence in k-valued logic of maximal classes
not having a finite basis (Russain), Dokl. Akad. Nauk SSSR,
287, 1986, 1, 49-52.

[46] Miyakawa M., Functional completenes and structure of three-
valued logics I - Classification of P; -, Res. of Electrotech. Lab.,
No.717, 1-85(1971).

[47] Miyakawa M., Enumerations of bases of three-valued logical func-
tions, Coll. Soc. J. Bolyai 28 (1979), 469-487.

(48] Miyakawa M., Enumeration of bases of a submaximal set of three-
valued logical functions, Rostock. Math. Kolloq., 19 (1982),
49-66.

[49] Miyakawa M., Enumeration of bases of maximal clones of three-
valued logical functions (I)- SD (Slupecki functions), L (linear
functions P, (self-dual functions)-, Bul. Electrotech. Lab., 47, 8
(1983), Ibaraki, 651-661., Corrigendum, Bul. Electrotech. Lab.,
48, 8 (1984), 739-740.

[50] Miyakawa M., Enumeration of bases of maximal clones of three-
valued logical functions (II) - I, (the functions preserving a con-
stant) —, Bul. Electrotech. Lab., 48, 3 (1984), Ibaraki, 169-204.

[51] Miyakawa M., A note to the classification and base enumeration
of three-valued logical functions, Bul. Electrotech. Lab., 49, 3
(1985), Tbaraki, 197-210.

[52] Miyakawa M., Ikeda K., Stojmenovi¢ 1., Bases of Boolean func-
tions under certain compositions, Rev. of Res., Fac. of Sci., Novi
Sad, to appear.

[53] Miyakawa M., Stojmenovié I, Classifications and base enumera-
tions of the maximal sets of three-valued logical functions, C. R.
Acad. Sci. Canada, to appear.

o x




[54] Miyakawa M., Stojmenovi¢ L., Classification of Py 2, Discr. Appl.
Math., to appear.

[55] Miyakawa M., Stojmenovié 1., Classification of the maximal sets
of Py 2, to be published.

[56] Miyakawa M., Stojmenovi¢ L., Hikita T., Machida H., Sheffer and
symmetric Sheffer Boolean functions under several compositions,
submitted to Electron. Informationsverarb. Kybernet.

[57] Muzio J.C., Ternary two-place functions that are complete with
constants, Proc. 1975 Int. Symp. MVL, 27-33, Bloomington,
Ind., 1975.

[58] Nozaki A., Realisation des fonctions definies dans un ensemble fini
a J'aides des organes elementaires d’entred sortie, Proc. Japan
Acad., 46, 6, 478-482 (1970).

[59] Nozaki A., Functional completeness of multi-valued logical func-
tions under uniform compositions, Rep. of Fac. of Eng. Ya-
manashi Univ. no. 29, Dec. 1978, pp. 61-67.

[60] Nozaki A., Completeness of logical gates based on sequential
circuits (in Japanese), Trans. IECE Japan, J65-D (1982), 171-
178.

[61] Petrick S.R., Sethares G.C., On the determination of complete
sets of logical functions, IEEE Trans. on Computers C-17, 3
(1968), 273.

{62] Post E.L., Introduction to a general theory of elementary propo-
sitions, Amer. J. Math. vol. 43, pp.163-185, 1921.

[63] Romov V. A., On maximal subalgebras of algebra of partial func-
tions of many-valued logic (Russian), Kibernetika 1 (1980), 28-
35.

[64] Rosenberg I.G., La structure des fonctions de plusieurs variables
sur un ensemble fini, C.R. Acad. Sci. Paris, Ser. A.B. 260
(1965), 3817-3819.

{65] Rosenberg I.G., Uber die funktionale Vollstandigkeit in den mehrw-
ertigen Logiken. Rospr. CSAV Rada Math. Prir. V&d. Praha
80 (4) (1970) 3-93.

[66] Rosenberg I.G., The number of maximal closed classes in the set
of functions over a finite domain, J. Combinatorial Theory, 14
(1973), 1-7.

[67] Rosenberg I.G., Completeness properties of multiple-valued logic
algebra, in Rine D.C.(ed.): Computer Science and Multiple-
valued logic: Theory and Applications, North-Holland 1977, 144-
186.

[68] Rosenberg I.G., Hikita T., Completeness for uniformly delayed
circuits, Proc. 13-th Int. Symp. MVL, 1983, 2-10.

[69] Stojmenovié I., Classification of P3 and the enumeration of base of
P3, Rev.of Res.,Fac of Sci.,math.ser., Novi Sad, 14, 1(1984),73-
80.

[70] Stojmenovié 1., Enumeration of the bases of three-valued mono-
tone logical functions, Rev.of Res.,Fac of Sci.,math.ser., Novi
Sad, 14, 1 (1984), 81-98.

[71] Stojmenovié 1., Classification problems of maximal sets of two
and three-valued logic (Serbo-Croatian), Ph.D. thesis, Univ. of
Zagreb, 1985.

[72] Stojmenovié 1., Classification of a maximal clone of three-valued
logical functions, Elektron. Informationsverarb. Kybernet. , 22
(10/11), 1986, 533-545.

(73] Stojmenovi¢ L, Classification of the set of three-valued logical
functions preserving the set {0,1}, Rostock. Math. Kolloq., 30,
19-36, 1986.

[74] Stojmenovi¢ I, A Classification of the set of linear functions in
prime-valued logics, Acta Sci. Math., to appear.

160

[75] Stojmenovi¢ 1., Miyakawa M., On base enumeration algorithms,
Bul. Electrotechn. Lab., Ibaraki,50, 4, (1986), 293-313.

[76] Stojmenovié I, Miyakawa M., Symmetric functions in many-
valued logics {extended abstracts), Note on multiple-valued logic
in Japan, 6,1, 1986, 1-26.

[77] Stojmenovié 1., Miyakawa M., Application of a subset generating
algorithm to base enumeration, knapsack and minimal covering
problems, The Computer J., to appear.

(78] Togi€ R., Classes of bases for a modification of propositional
algebra (Russian), Rev.of Res., Fac.of Sci., Novi Sad, 11 (1981),
287-295.

[79] Vukovié A., On the bases of the three-valued logic, Glasnik mat.,
19 (3) (1984), 3-11.

[80] Webb D.L., Generation of any N-valued logic by one binary op-
erator, Proc. Nat. Acad. Sci, vol. 21, pp. 252-254, 1935.

[81] Wernick W., Complete sets of logical functions, Trans. Amer.
Math. Soc. 51 (1942), 117-132.

[82] Wheeler R.F., Complete connectives for the 3-valued proposi-
tional calculus, Proc. London Math. Soc., 16 (1966), pp. 167-
192.

[83] Zacharova E.Ju., Kudrjavcev V.B., Jablonskij S.V., Precomplete
classes in k-valued logics (Russian), Dokl. Akad. Nauk. 186
(1969), 509-512; Soviet Math. Doklady 10 (1969), 618-622.

[84] Zacharova E.Ju., Kudrjavcev V.B., Jablonskij S.V., A correction,
Dokl. Akad. Nauk. 199 (1971}, 90.

[85] Blochina G.N., Burosch G., Kudrjavcev V.B., Vollstandigkeits-
bedingungen fiir 2 Algebren von Postschen Typ, Math. Balkan-
ica 8 (1973), 281-296.

[86] Emeljanov N.R., An approach to the construction of efficient
algoritms for the detection of completeness in many-valued logics
(Russian), Mat. Zametki, 39, 5, 1986, 766-770.

[87] Kudrjavcev V.B., The covering of precomplete classes of k-valued
logic (Russian). Diskret. Analiz., 17 (1970) 32-44.

[88] Kudrjavcev V.B., Functional systems (Russian), Monograph, Izd.
Moskow Univ. 1982, 157 pp.

[89] Lau D., Eigenshaften gewisser abgeschlossener Klassen in Postschen
Algebren, Ph.D. thesis, Rostock 1977.

[90] Lau D., Uber abgeschlossene Mengen von Py 3, submitted to
Electron. Informationsverarb. Kybernet.

[91] Lau D., Uber abgeschlossene Teilmengen von P; 2, submitted to
Electron. Informationsverarb. Kybernet.

[92] Lau D., Uber abgeschlossene Mengen von linearer Funktionen in
mehrwertigen Logiken, submitted to Electron. Informationsver-
arb. Kybernet.

[93] Post E.L., The two-valued iterative systems of mathematical
logic, Annals of Math. Studies No.5 (Princeton Univ. Press)
1941.

[94] Schofield P., Independent conditions for completeness of finite
algebras with a single generator. J. London Math. Soc. 44
(1969) 413-423.

[95] Stojmenovié 1., On Sheffer symmetric functions in three-valued
logic, Discr. Appl. Math., to appear.

[96] Szendrei A., Algebras of prime cardinality with a cyclic automor-
phism, Arch. math. (Basel) 39 (1982), 417-427.

[97] Tardos C., On finitely generated maximal clone of operations,
Preprint Edtvés Univ., Budapest 1985,




