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ABSTRACT

The functions in a closed subset C of P1 maf be classi-

fied by their membership in the ma:rimal subsets of C, lead-

ing to a natural classification of bases of C into equivalence

classes (called aggregates)' This paper presents clasifica-

tions of functions and enumerations of aggregates for the

sets P2, Ps, their maximal sets' several modifications of

algebra of logic and some closed subsets of P1' Sheffer

functions for these sets are also considered. Finally this

paper states some problems and provides an extensive bib-

liography.

1. Functional completeness problem and

classification in Pr

Let k be a fixed positive integer and let E1 : {0, 1"',& -

1). The set of &-uolued (logical) lunctions (i.e. maps / :

Ei - Er for n: L,2,...) is denoted by Pr' A subset 'tr '

of Pr is said to be closed if it contains all compositions (or

sup er po s;tions) of its members (cf. [21'67]). More precisely,

f o r / €  P 1 3 m - a r !  a n d g €  P 1 p * a r !  P u t r : : t n + 7 t - l a n d

define the r-ary h: f * g bY setting

h ( r r , .  .  . , s , )  i :  I k@r , .  .  .  ,  t n ) ,  x .+ r ,  . .  . , s , )  ( 1 )

for all c1, . . . , tr, e .81. Further, for rn ) 1 put

(C / ) ( " t ,  . . . , 8 ^ )  :=  I ( r r , . . . , x - , x t ) - ,

( ,  f ) ( r r , . . . , t * )  i :  f ( r r , " r , x s , . . . , x ^ ) ,

( A / ) ( " , ,  . . . , x ^ - r )  : :  f  ( " t , " , " ' , t ^ - r )

for all 21, .. .,xm € Zr and CI : rI - Lf : / for / unary

(m : 1). Now.F is closed if f * g, CI' r l and A/ € F

whenever f ,g€F.

For closed sets F a^nd .[I such that F c .tI (proper inclu-

sion), .F ls H-maximol set if there is no closed set G such

that F c G C Il (i.e. .f,l covers ,F in the set of closed sets

ordered by e ). A subset X of H is complete rn // if If is

the least closed set containing X. In the sequel we always

assume that /l has the following property: Each proper

closed subset of -6[ extends to an .El-ma:rimal set. (This

property need not hold, in fact there is an example of such

Pg-maximal set [45, 97]). It is known that then there are

finitely many l/-maximal sets, sa] I[11 ..., H*. It is known

and easy to see that a subset of functions in -tI is cornplete

in If if and only if it is contained in no ll-ma:<imal set

(completeness condition) (cf. [OZ]).
Investigations of completeness and related topics, usu-

ally called functional completeness problcms, are mathe'

matically importnat and have a wide range of applications

including their direct relationship to logical circuit design.

A complete set X in .E[ is called a base ol .[I if no proper

subset of X is complete in .H. The ronib of a base is the

number of its elements. A function f ls Shefrer for II if

i/) is a base (of rank 1) of II. In other words, a function /

is Sheffer for .tI if and only if every 9 € .[I is a composition

of a finite number of copies of /. Clearly / is Sheffer for

I/ if and only if it belongs to no -6[-ma>cimal sets. Typi-

cal examples of binary functions (i.e. Boolean two-variable

functions) that are Sheffer for Pz are the Sheffer (or better

Nicode's) strokes NAND and NOR of the algebra of logic.

A Shefer stroke describes the "operation" of a tweinput

one-output gate (or element) G such that every Boolean

function I(rr,...,ro) may be represented by the output

of a combinatorial (i.e. feedback-free) circuit with inputs

x1,.. , 1xv and built solely from copies of G (however, the

number of the gates needed for the representation may be
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large). A comprehensive survey on Sheffer functions can be

found in [67]. A variation of the definition of completeness

is the concept of "complete u;th constants', abbreviated

c-complete, which assumes that for composition besides /

one can freely utilize constant-valued functions. More pre'

cisely, let Q denote the set of unary constant functions from

.EI. A subset X of H is c-complete in If if X U Q is com-

plete in fl. This males sense in real combinatorial circuits,

since the constant-valued functions (i.e. constant signals)

are usually obtained with no extra cost. In particular, / is

c-Sheffer for -EI means {/} is c-complete in I[.

The functions from II may be classified by their mem-

bership in the .El-maximal sets. Let -f,I1, .. .,H^ be the

Il-maximal sets. As mentioned above, a subset X of .[I

is complete in I{ if and only if for each 1 < i S m there

is /r e Xn (fl \ II;) (the fi's need not be distinct)' This

leads to the following: Define the map I : H - {0' 1}-

by setting p(l) :: @r ' . . @m where a; : O if .f € I/i and

oi : 1 if f e 4 (here 41...o.m stands for the more cus-

tomary (or . . .o-)  or  (  o1 . . .@- >) '  We cal l  gr ( / )  the

chorocteristic uector of f . We put I = C if f,g € H

have the same characteristic vector, i.e. if gU) : g(C\'

Clearly = is an equivalence relation on Il (it is the stan-

dard kernel of 9) and so it partitions -E[ into pairwise dis-

joint nonempty sets called (cquivalcnce) classee' Note that

for f :9 we have either /,g € Ifd or f,C / Hi for all

i  :  1 , . . . ,m.  We wr i te  .AB for  , l {  n  B,  Ar  fot .A and'40

for If \ A (A,B subsets of Il). Clearly each class is of

the form Iff' .. .-Hff where (t - ot) ' . . (l - o*) is a char-

acteristic vector (i.e. it is a non-empty set of the form

I l f ' . . . I I f ;  w i t h  o1 . . . o^  €  {0 ,1 } - ) .  l f  I  e  x  c  H

and / = g then clearly X is complete in .tI if and only if

(X \ t/)) u {g} is complete in .[I. In other words, it suf-

fices to study the completeness in .H up to the equivalence

:. It is easy to see that X g H is complete in II if and

only if s = D.rex (p(t) (the usual componentwise sum of

real rn-vectors) is positive (i.e. has all coordinates 2 1)'

Once we know all the characteristic vectors, we can find all

complete sets in .EI and all bases by a direct combinatorial

check (which may be done by a simple computer program)'

I f  t o  a1  . . . a -€  {0 ,  1 } -  we  assoc ia te  ' q ' :  { i :  q :1 }  *6

i f  .41, . . . , r4 ,1 ote the subsets of  {1, . . . , rn}  corresponding

to the characteristic vectors, the completeness problem is

reduced to  the  l i s t ing  o f  { . r {1 , . . . ,Ar }  cover ing  {1 , . . . , rn }

and the basis problem to the listing of such coverings which

are irredundant (no proper subset covers {1,. . ',m}). The

study ofclasses also provides information on the closed sets

which are the intersections of families of -El-maximal sets,

which is of independent interest (e.g. for H : Ps with one

exception the least nontrivial intersections are all minimal

clones). The characteristic vectors can also be applied to

seek the set of classes of functions which makes a given

incomplete set comPlete.

For the description of closed sets containing all projec-

tions (i.e. functions ef defined by setting ei(xr.. . , r') ::

r ; fo r  a l l  x r , , , . , xn  € .81 ,  I  <  t  <  t )ca l led  c lones ,weneed

the following essential concept of "functions preserving a

relation" [cf. 67].

Let h > 1. An h-ary relation p ot Er is a subset of

.Of (i.e. a set of h-tuples over ,81) whose elements are

written as columns. Given row n-vectors Q : (o1, . . . ' oin)

(d :  1 , . . . , f t . )  we wr i te  (a1 , . . . ,a r . )?  €  pn  to  ind ica te  tha t

(o r i , . , . ,an i )T  €  p  fo r  a l l  i  :  L , . . . ,n ,  where  ?  denotes

the transpose (this means that the h x n matrix with rows

tr,. . . ,8,,  has al l  columns in p). We say that an n-a^ry

I e Pr prcscrues p if.

( / ( " r ) , . .  . , . f  ( " ^ ) ) t  €  p  whenever  ( " r ,  '  . .  ,a r ) r  €  p ' .

Then the set offunctions preserving p is denoted by Pol p:

P o I  p  : { /  |  ( a r , . . . , a r , ) "  e  p "  +  ( / ( " t ) , . . . , / ( " n ) ) t  e  p } '

It is known that each P ol p is a clone and conversely to each

clone C there are relat ions Pt,Pzt.. .  such that Pol p1 )

Pol p2 ) ... )- C and C : flpt Pol pi. In particular, if -[I

is a clone, then all Il-marcimal sets are of the form Pol p

for some relation p.

Throughout this paper by c * y and xy we denote z *

y (mod /c) and ey (mod fr), respectively. Intersection of sets

Xt,. . . ,X, wi l l  be denoted by Xt.. .X". Final ly, let r '  denote

r...r (r times) whenever o is a component of a vector. A

relation p is often written as matrix whose columns list all

the elements of p (in some order).

Let / € P1 be n-ary. The duol f* of f is defined by
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setting

f * ( r t , . . . , x n )  i :  f  ( r r + 1 , . . . , r n +  1 )  +  1

fo r  a l l  o1 ,  . . . , rn€  Ez .  We say tha t  f  i s  se l f -duo l i f  f  :  7+ .

Again, we say that /  ls l inear i f  there are @0, . . . ,an €

E r  s o  t h a t  f ( r r , , . . , a n )  :  o s *  a 1 x 1  + . . . +  a r r ^  h o l d s

for  a l l  c r , . . . , xn  € .81 .  F ina l l y ,  I  i s  monotonc  ( i so tone,

order -preserv ing)  i f  / ( r1 ,  . . . , xn)  <  f (y t , .  . . ,9 . )  whenever

rt 1 Urr.. . ,rn S g. (here ( denotes the natural order

o < 1 < . . . < f r - 1 ) .

Theorem f .f. [62] Pz has ezactly the lollowing 5 maximal

scts.'

To :  Por(0) :  { /  I  / (0, . . . ,0) :0}
(thc set ol lunctions preseruing 0),

T t  P o l ( l ) :  U l l $ , . . . , 1 )  : r )
(the set ol lunctions preserving 7),

,s t,, ( ?l ) 
no, set ol setlduat fvnctiona),

L Pol({(a,b,c,d)r € El I  a + b :  c + d\)
(the set of linear functions),
- . / o r o \M Pr, 

I Oii ] 1he set ol monotone functions).

The P1-maximal sets for k > 2 are known [21,64] and
some of them are discussed in Sections 4-6.

2. Classifications of functions and bases
in P2

There are 15 classes of functions of. P2 120,L6,271. We
present them by their characteristic vectors. 'Ihe com-
ponents of the characteristic vectors are given with respect
to the order Ts,T1, S, L, M of the P2-maximal sets.

1 .  11111  2 .  11011  3 .  01111  4 .  10111  5 .  11001
6.  10101 7.  01101 8.  00111 9.  10100 10.  01100

11.  00110 12.  00011 13.  00010 14.  00001 15.00000

For instance, the class 6 represents the set TyTLSLM,

rvhere X denotes & \ X. The class 9 (10) consists only

of the constant function I (0).

There are two conditions for X C P2 to be a base: com-

pleteness and irredundancy. As mentioned above, X is

complete iff Dfex e(/) is a positive integer vector and X

is irredundant iff for each g € X the sum !y61aq1ry rp(/)

has at least one 0 coordinate. An aggregate is the set of all

bases having the same set of characteristic vectors.

There are 42 aggregates for P2 [LA,ZZ]:

1 aggregate ofrank 1: (1);

17 aggregates of rank 2:

(2 ,3 ) , (2 ,4 ) , (2 ,6 ) , (2 ,2 ) , (2 ,8 ) , (2 ,9 ) ,

(2 ,10) , (2 ,11) , (9 ,4 ) , (B ,s ) , (a ,6 ) , (3 ,9 ) ,

(4 ,5 ) , (4 ,7 ) , (4 , r0 ) , (5 ,8 ) , (5 ,11)  ;
22 aggregates of rank 3:

(s ,6 ,12) , (5 ,6 , r3 ) , (5 ,2 ,12) , (s ,2 ,13) , (s ,9 ,12) ,

(5 ,9 ,13) , (5 ,10 ,12) , (5 ,10 ,13) , (6 ,7 ,8 ) , (6 ,7 ,11) ,

(6,7,L2),(6,7,13 ),  (6,8, 1 0), (6, 1 O, I  1 ),  (6, lO, I  2),

(6 ,10 ,13) , (7 ,8 ,9 ) , (7 ,9 ,11) , (7 ,9 ,12) , (7 ,9 ,13) ,

(8,9,10),(9,10,12) ;
2 aggregates of rank 4: (9,10,11,14),(9,10,13,14).

Note that there are only three aggregates containing con-

stant functions: (9,10,12), (9,10,11,13) and (9, l0, lB,t4).

The number of bases of P2 consisting of n-ary functions

(functions with at most n variables) in an aggregate can be
calculated as a product of the numbers of z-ary functions in
the classes determined by the characteristic vectors. Sum-
ming these numbers for all aggregates for a rank we obtain

corresponding data for the bases oi the rank and finally

the number of all ba^ses containing n-ary functions.

Each function of the class L (i.e.TsT$LTI) is a base of
P2 i.e. a Sheffer function. There is a well-known condition

for a function to be Sheffer function in & (cf. i6?,13J).
A function / is Sheffer if and only ,f f e A U "r U ,S.

The number of Sheffer functions of n variables is 22"-2 -

224-t-r (cf. [67,13]). Thus for large a almost 2STo of n-ary

operations are Sheffer.

The c-completeness in P2 is sometimes called complete-

ness in .ES-algebra, where ES stands for extended super-
position. Clearly X is c-compiete if and only if X ,i M

and X { L. There are four classes of functions ancl two

aggregates in ES-algebra [71]. A function / is c-Sheffer for

Pz if and only if I q M U L [20,15]. Thus rhe number of

Boolean c-Sheffer functions i"22 --2n+r +11.+z-�V(n) [rs],
where V(n) denotes the number of monotone functions of

n variables and called the Dedekind number. When n is

large, almost all Boolean functions are c-Sheffer [15].
The set M contains four maximal sets [g3,13]: M0 :

MTs,Mr : MT1,D and C, where D : i{0, l ,V}l  ( the
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set of constants and disjunctions) and C : [{O' f'n}] (the

set of constants and conjunctions). There are 6 classes of

functions and two aggregates in M [71]. There is no Sheffer

function for the set M.

The set ?q contain 4 ma:<imal sets [93,13]: LTs, Mo,

To?r and N6, where

No: pot l, gll ) .- ' - \ 1 o o / '

There are 10 classes of functions and 14 aggregates [71].

The map I - l* (introduced in Section 1) respects

composit ion ( i .e. is compatible with *,(,r  and A). In

particular, it induces an (order) automorphism of closed

sets ( i .e. A c B <+.4+ c .B+ where A+ ::  { f+ :  f  e A})

and carries complete sets and bases onto complete sets and

bases, As TJ : Tt, all statements concerning Ts translate

to fi. For example, the Q-maximal sets are LT1, Mr, TsTl

and Nl : ,, (i?l ) 
t.. the latter: given an h-ary re-

l a t i o n  p  p u t  p +  , :  { ( o r  +  1 , . . . , o "  *  1 ) l ( o r ,  . . . , a n )  €  p ) ,

then (Pol p)+ : Pol p+).

The sets .L and S will be considered in Section 5 a.s

subsets of Py.

3. Classifications for various modifications
of algebra of logic

In Section 1 we have defined composition and closed sets

in a way suitable for propositional logic and universal alge-

bra. There are several variations of composition depending

on the method of constructing a network from gates or re-

strictions imposed by real circuit requirements. We list

them mostly by names and references. The correspond-

ing classifications are given in 178,7I,52,17,18] and Sheffer

(c-Sheffer) functicns in [71,56].

The operation * defined by (1) in Section I was replaced

by a special composition in trhe Algebro O0 [?,8]. The no-

tions of composition under r-Jine coding and up-to-coding

complctencss were introduced in [f2]. A similar complete-

ness was studied in [17,25]. This is also related to the

so-called SP algebra described in [ta].

So far we have considered gates with the output i:mme-

diately reacting to changes on the inputs' Real gates react

with a certain delay. The completeness for the gates hav-

ing unit-delay or having positive-integer-delays was studied

in [30] and its modifications for the unit-delay in [17,18].
Still another construction method for unit-delay called se-

qucntial circuit completeness was introduced in [60]. The

notion of GS-algebro described in [fS] is also related to the

above concept. The situation is complex and cannot be

adequately explained here (a short survey can be found in

[S0]). We refer the reader to [S0,88,59,te] for more details.

4. Classifications of PB and its maximal
sets

Determination of maximal sets for the set P1 and its closed

sets has been the subject of investigation in a large number

of papers 162,93,20,2L,64,65,39, 1, 10,3 1,33-961.

Theorem 4.1. l2Ll Ps has exactly 78 marimol sets.

The first attempt to derive classes of functions of P3

was done in [a6]. But, it counted several characteristic

vectors twice as different classes, consequently the number

of classes of functions reported there wa^s incorrect; this was

corrected in [69]. The numbers of classes of functions and

aggregates for P3 and for all P3-maximal sets are reported

in [Sf] (the numbers of irredundant incomplete sets are

also given there). Two algorithms for the enumeration of

aggregates are given in [47,51] and [69,51,75,77]. They are

compared in [51,75].
The set Pg ha" exactly 6,239,72L aggregates [OO]. The

number of aggregates containing the constant functions

{0,1,2} is exactly 1,391 [47]: There are 2 such aggregates

of rank 4, 633 of rank 5 and 756 of rank 6. There are two

proofs that the maximal rank of a base of P3 is 6: com-

putational [47] and theoretical [79]. Note that there is no

base of rank 7 while there exist irredundant incomplete

sets with 7 elements. Also note that there is no Sheffer

function in some maximal sets of P3 (cf. [87,9a]).

Sheffer functions in P3 have been studied (cf. 167,82]).
The number of n-ary (" 2 Z) Sheffer functions in P3 is 

J82j:

i ? )
8 .93^ -3  _  2 .83 . - ' - 1  _  22^ - rB3  -2^  _  6 | I l = i ( 2 r ,  +  t )  \ ,  /

/ r )
+ 6[ l i : , t (zz'- '  + r ; \  t  /

t 5 5



D .

Thus the number of Sheffer functions with 2 and 3 variables

are 3,774 and 2,110,663,244,298, respectively [IZ,AZ]. The

corresponding formula for the number of symmetric Sheffer

functions is given in [eS].

Classifications of the functions for some
closed subsets of Pp

There are several classification results for closed sets in Pr

[74,71,54,55]. A function is l inear if there are rr0, .. .,an €

-81 so that

f ( , r , . ' . , r . n )  :  o s  *  a 1 z 1  *  "  '  I  a n t n

holds for al l  r1,. . . ,8n € E1. The set of l inear functions

has been investigated (cf. [1,2,36]). It is Pr-maximal if and

only if k is a prime number 1211. Let .L be the set of linear

func t ions  o f  Pr  and T^ :  { f  I  f  ( ^ , . . . ,m)  :  rn }  the  se t

of functions preserving rn (0 < rn < ,t - 1).

Theorem 5.f. [1,2] There are eroctly p * 2 maximal sets

of L in prime-valued logic Pr:

L * :  L T ^ , O 1 m 1 p - 1 ,
L s  :  t  S  :  { a o l o r r r + . . . +  o n s n  l @ r * . . . * a "  

-  1 }
(the set ol linear selldual fvnctions),

1 Q l  -  
{ o o +  o r " r l  o o , o ,  €  { 0 , 1 , . . . , p -  1 } ,  r  >  o }
(the set ol essentiolly unary linear functions).

There are exactly 2p * 4 classes of functions of the set

L [74]. Their characteristic vectors listed with respect to

the above order of maximal sets are:

t :
2 :
3 ( r ( p * 3 :

Or+2 ( i .e .  p*2zeros)
op+r 1
1'-3Olp+3-'O

P + 4 S r 1 2P * 4 :  I t-P-1Ol2P+6-r.

Le t  l (q , . . . ,on)  :  a 'o  +  a t ' x t  *  .  . .  *  &nxn be  a  l inear

function in P' The function r is in the class 1, and the

function a1a1 I . . .  * anrn is in the class 2 for n ) 2 and

ar * . .  .  * an : 1. The functions as * r are in the class

p  *  3  fo r  ao  *0 ,  and the  func t ions  as*  a1r1  -1  , , ,1anan

for  as  t '  0  and a1  + . . .  +  an  :  L ,  n  )  2  a re  in  the  c lass

2p * 4. The constant function / : i belongs to the class

t + 3  ( 0  < i  <  p - 1 ) .  L e t  a r l . . . * a ^ *  1  a n d  l e t  a  b e  t h e

number determined uniquely by o(f - a1 - . .. - o,n) : ao,

i . e .  a o  *  a y a *  . . . 1 a n a :  a  ( a  €  E o ) '  T h e n  t h e  f u n c t i o n

f ( r t , , , . , rn)  :  as *  a1z1+. . .  + o.c.  belongs to the c lass

p * 4 * a, because it preserves a.

No Sheffer function for .L exists. However, each / €

, \ , ( t )  i s  c -She f te r  asO/T^  ( -  >  l ) , l I Ts ,O  (S .  The

number of such z-ary functions is p'+ r - npb - 1) - p (" >

2). As z + oo the proportion of c-Sheffer n-ary linear

functions (among n-ary linear functiorrs) goes rapidly to 1.

Bases of rank 2 are composed of any two functions of

classes r a^nd 1, where r and 1 satisfy the condition

a )  p + 4 < r < 1 < 2 p l 4 , o r
b )  3 S  i < p + 3  <  j  < 2 p * 4  a n d  i  #  i + p + r .

Bases of rank 3 contain a function of the class 2 and two
functions, one each from the classes I and 1t, where 3 (

i  < j  Sp* 3.  Thus .L conta ins exact ly  n( ,  : t  )  .u* . " -

/  .  \  /  - . \  
-  /

g a t e s ; 3 {  
p : t  

I o f r a n k z a n d {  
p l t  

} o f r a n k 3 . T h e
\ r / \ z J

maximal rank of a base of tr is 3.

The,El-maximal sets for the above p*2 Lmaximal sets
11 (p prime) are determined in [1] and their classification

is in [7a].

L e t s :  r r ( ?  I  
" '  l - ?  e : t ) .  r t i s e a s y t or - 1  o  J "

verify that S is a set of selfdual functions in /c-valued logic

( i . e .  / s u c h  t h a t  l ( q * 1 , . . . , r . + 1 )  :  f ( a t , . . . , c " )  * l ) .
Note that there are another types of selfdual functions (cf.

[65 ] ) .

Theorem 5.2. [96] There are exactly two S-moximal sets

in prime-ualued logic Pr:

S t :  SL  and Ss  =  STo.

A linear function oo * alry + ... + anxn is selfdual if

a r  t  . . ,  *  an  :  1 .  I f  th is  ho lds ,  the  func t ion  a1x1 ! , . .  *

o,c^ belongs to the set S1,9q (class 0O) and the functions

ao + aLrl+ . . .  + anx,n for oo * O belong to the set S;S-s

(class 01).

The number of. n-ary Sheffer functions in S is (p -

1)p"-t1""- '- t  -  f) .  Note that c-Sheffer is the same as

Sheffer because no constant function belongs to ,9. There

are exactly two aggregates for S; one each for ranks I and

2 .

Let P1,2 be the set of functions with domain Ep and

range 82. Let / and g be n-ary functions such that f € h2
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and s € P2. Then pr I : s if and only if /(") : s(a) for

all a € Ei'. For X C P2, the inverse image of X is the

subset

Xt  : -  pr- r (X) :  { f  e  Pr ,z lpr  I  e  X} '

Theorem 5.3.  [5 ,31,361P1,2 has 5+(e-  \ (k+r)12 mot-

imol sets:

T3,Tl, S' , L' , M'� and
/  o r ;  \

z ; 3 : : P s , 2 P o ,  [  ; i ;  J ,  
o <  t < i s k - r ,  i > 2 ,

where T6,T1,S,t' o)a M ore the P2'matimal sets'

For each function I e Pr,z define a binary relation Q1

on the set Ep :

/ a \  / o r ; \( i , t ) ee1 *  ( l  ;  J  
.  ( ; i ;  ) t  r@ ' ,  =  / ( b ) )

for 0 S t < r S k - l, ;> 2 (a,b e Eil '  Then we have

Isa]:
I € Z;,, <+ (t,t) € Q1 ar.d

/ is a constant on the set Ei <+ (O' 1) € Qr.

r n  r a c t ,  r  ( ; )  .  ( 3 1  ) , n *  
o  : , ( a r , . . . , o . )  a n d

b :  (br , . . . , ; " )  la t is fy 'b i  : 'o i  for  o,  € {0,1}  and b i  :  t

for  a i ' ,  (1  < i  (  z) .  From !  € Z i , r fo l lows /  l ( " )  \ '
\ / ( b ) / -

(Si l  ) ,  
i .e. /(a): /(b) :  o,/(")  :  / (b):  r  or /(a) :

t,/(b) : t. However, from {i,t} S E2 lhe last case is not

possible. Therefore /(") : /(b) and (i,t) € Q1. Qy is arr

equivalence relation. This equivalence relation describes in

a way the srructure of P1,2 , because classes of functions of

Pr,z directly correspond to equivalence relations' More pre-

cisely, for each function of Pp,2 we associate an equivalence

relation Q according to its characteristic vector. Then the

relation is determined uniquely by the class of functions'

Conversely, for each Q there corresponds exactly one char-

acteristic vector of Pt,z uP to the marcimal sets {4,1}' The

remaining part ("Pzn-Part) of it is determined by the 15

classes of functions of P2 described in Section 1' Recall

that among 15 classes of functions of Pz two classes con-

tain constant functions only (the case (0, 1) e Q)' The

remaining 13 classes of functions correspond to the case

(0, 1) ( Q. Thus, we have 13 or 2 classes of functions of

P1,.2 for each Q, depending on (0, t) € Q. Hence the num-

ber of classes of functions of Pt,z is lSAh - 11u{1-1, where

.A1 denotes the number of equivalence relations on the set

of k elements. Although the number of maximal sets of P1,2

is O(,t2) and the number of classes of functions is O('t!)'

the maximal rank of a base of Pr.z is /c + 2 [Sa]. Simitar

investigations for all the 6 families of maximal sets of P1,2

were done except M' (the monotone set). The maximal

rank of a base for each of the above ma:<imal sets of P1,2

is also O(&) [55]. The enumeration of Sheffer functions in

P1.2 is an open problem as well as the classification of M''

6. An overview and some open problems

The number of Pr-maximal sets was approximated in [83,84]

and the exact formula for it was determined in [66]:

k  l 2  3  4  5  6  7

Classification of Pr is barely possible for /c : 4. We give

some subsets of Pr whose maximal sets are known. Perhaps

the most interesting P1-ma>rimal set is the set .L of linear

f u n c t i o n s .  L e t  k  =  p i t  . . . p * ,  d r , . . . r  a ^ )  1 , p 1 , . . , , P ^ l

prime numbers. All the ma><imal sets of .L are described as

follows [36]:

l) 2* - 1 maximal sets

T 4  i :  L 4  U  U r r { /  €  L  l ) b , o s , . . . ; o n  i
b l d  A  b l t  n / ( x ) : o o + 6 ! l ' a ; c ; ) ,
whe re  x :  ( r r r . , . , c r )  and
L a  : : U ^ > r U  €  L  l 1 a s , . . . , a n , i  i

/ ( * )  = as *  a ia;  + dD?=u* i  a ia; \ ,d  :  P i r ' . .P i , ,
{ P , , , '  '  . , P i , }  e  { P t ,  . . .  , P * } ,  L  1 t  1  m '

2) rn ma:<imal sets of tYPe

L' ,p:  i :  U^>r{ . f  €  t r  |  3os,  . . . ,an € Ev:

/ ( i )  :  co + DLr o; i i  A a1+ . . .  + on:  |  (mod p;) ) '
|  1 i  1 m .

3) p, + .. '* P^ ma:cimal sets

L n P o l ( j , p ; * i , 2 p i * J , . . . , k - p ;  * 1 )  f o r  a l l  1
satisfying 0 S f S P; - l, 1 < r < m.

The special case of k : P^ or k = 2'p (m > L, P ) 2,P i

prime) is also investigated in [36].

Another interesting ma>cimal set is the set of special self-

dual functions S (cf. Section 4) for /c not a prime number
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[35]. All 2 [IEt(o, + 1)- 3 maximal sets of ,9 are described

{ S n P o l . y , ,  , S o  P o l  h  I  r € ? \ { r } ,  t e T \ { 1 , e } } ,

where ?, :  { ,  l /c  :  0  (mod t ) } ,  t  : -  {c  € Ey I  x  =

0 (mod r ) )  and tu : :  { ( r ,c)  e Ol l  c- ,  :  0  (mod t ) } .

Some cases of selfdual functions are also described in [40].

Compositions of partial lc-valued functions are investi-
ga ted  i n  [ 11 ,37 ,63 ] .  De f i ne  P r , r : :  U "> rU( r r , . . . , o , ) l / :

{0, 1, . . . , ft - 1}' * {0, . . . , ft, . . . , ' - 1}}, I > ft, with the

operation of composition defined by:

|  ^  ̂  _  [  f  *  o  i f w ( s ) c  { 0 , . . . , f t  -  l } ,
/ "Y - 

I / otherwise,

where l7(9) denotes the range of. g. P21 is a generalization

of the partial /c-valued logic. P2; has exactly the following

8 ma><imal sets [89]:

{f e Pr,, I  |ry(t) l  . l  -  r},  pot.(o), pol.( l) ,

Pd. (  ? ) , ' r .  (  l i  ) ,  r r .  ( f f1  ) ,
/  000111 \  /  00011011 \",,. 1 8?ii?i l, "",'l tri;?iSi I
\ 011001 / \ 01100011 /

where Pol 'p , :  { /  €  Pz,r  |  (a1, .  .  . ,ar , ) r  €  p"  + ( / (ar) , .  .  . ,

/ (a , , ) ) r  e  p u ( {0, . . . , ,  -  t }^  \  {0,U^) . } .  P2;  is  being

cla.ssified. Besides, it is known that P3,1, I > 3 has exactly

58 maximal sets ([89], a slightly different number of the

maximal sets is reported in [63]).

Def ine Ps(2)  := Urr f f (cr , . . . ,xn)  € & |  lw( f ) l  <
2). &(2) has exactly the following 13 maximal sets [89]:
Urt{/ | l .fo,. ' .,fn € Psl(2)(the set of unary functions) :

f ( r t , . . . , r . )  :  f o ( f r ( r r )  +  f z ( r z )  + . . .  + / " ( r " )  mod  2 ) )

and the classes Ps(2) n p where p €

, (  o tzoot \  lorzr rz \  (o tzzzo\  /orzor \t \  orzrzz / '  \  orzzoo / '  l .  orzorr  / '  \  orzro / '

(3i3i3) , (liii?) , to,), (o 2), (1 ,), ( 3l;?133 ) ,
( orzotzt'.1 / orzozrz \,
\  orzrorz ) ,  \otzzon ) I '

Define P1o,ry,1o,3) :: Un,m)t {f",^ | f"'^ , {o,1}" x {o, 3}-
-+ {0, 1}}, o € {0,2}, and with a similar generalization of

superposition. P1o,r),{ot} has exactly 10 ma:<imal sets for
c : 0 and 21 morimal ones for o : 2 ([8S] also cf. [32]).
The maximal sets for Pol (O) are also known [33].

Finding maximal sets for other subsets of P1 and un-
der various modifications of compoeition are open prob-

lems. Among them we find part of automata theory [S,aOl,
where some ma:<imal sets are given. Uniform delay com-
position with unit-delay for P3 was solved in [58], and with
positive-integer-delays for Pe in [14] (30 and 49 mar<imal
sets). Composition with delay was also treated in the gen-

eral case in [41,68].
The enumeration of Sheffer functions as well as c-Sheffer

may be considered in many of the above cases (cf. [67]).
For example, the number of n-ary 3-valued c-Sheffer func-
tions is known only for n:Z ,.57]1.

Ma:<imal rank of a base is an open problem in many
cases. The problem is mentioned early in [21,6] especially
for P1. It is known that some closed subsets of P2, & ) B
have an infinite base or no base [24]. Also it is known that
for /c ) 8 some P1-maximal sets have no finite basis [lS].

The classification and basis enumeration can be used to
calculate the number of n-ary bases [25,81,29,61,3,4]. In
many cases, this has not yet been done. The corresponding
classifications and basis enumerations for the symmetric
functions are surveyed in [76].

Acknowledgement. We are indebted to Profeesorr T. Hikita and
H. Machida for giving valuable comments. This rurvey was initiated
during the eecond author's atay at the Electrotechnical Laboratory
(Nov. 19E5 - Feb. 1986).

References

[ 1] Bagyinazld J., Demetrovica J., The lattice of linear clasgeg in
prime-valued logica, Banach center Publications, Wa.rsaw, pWN,
8/7979.

[ 2] Bagyinezki J., Demetrovica J., The structure of the ma:<imal
linear classes in prime-valued logice, C.R. Math, Rep. Acad.
Sci. Canada, Vol. II (19E0) No.4,209-213.

[ 3] Berman J., Algebraic propertiee of *-valued logico, proc. Int.
Symp. MVL, Evanston, Illinoie, 19E0, 19S204.

[ 4] Berman J., tr]ee spectra of 3-element algebras, Univ. Alg. and
Lattice Theory, Springer-Verlag, 1983, Lecture Notes 1004.

[ 5] Buroech G., Dasaow W., Harnau W. and Lau D., On aubalge-
bras of an algebra of predicatea, Eleltron. Informationeverarb.
Kybernet. 2r (1985), t/2, UzZ.

[ 6] Butler J.W., On complete and independent gets of operatione in
finite algebras, Pacific J. Math. lO (1960) f16$tt79.

[ 7] Cejtlin G.E., Queations of functional completeneaa for a certain
modification of the algebra of logic, Cyberneticr, a (f969), {0G
407.

1 5 8



I a] Cejtlin G.8., The rtructure of a modified Poot algebra and its

propertiee (Russian), Kibernetila a' 1970' 3$5'41.

{ 9l Daseow W., Completenear problems in the structural theory of

automata, Akademia'Vcrlag, Bcrlin 19El'

[10] Demctrovic J., Hann{L L., Marchentov S.S., Somc remar}r on

ltructurc of Ps, C. R' Mdh. Rcp. Acad. Sci' Canada, Vol' II

(19E0) No.4, 2l*219.

[1f] l]civald R.V., Cornplctclce critcria for partial functions of al-

gcbrr logic end many-valuod logic! (in Rurrian), Dokl' ALad'

NauL SSSR, 1o7 (1966), 124s1250.

IfZ] F]eivald R.V., Cornpletenclr up to coding of systemg of functions

of t-valucd logic and thc complexity of itc determination (in

Burrian), Dotl. Atad' NauL SSSR, 1E0 (196E), E03-E05; English

tranrlation in Sovict Math. DoLl., I (f96E), 69$702.

{f3l Ginditin S.G., Algebraic Logic, Springer-Verlag, New York Inc.,

19E5.

[l4l Hitita T., Completeness critcrion for functions with delay defined

ovcr a domain of thrcc clcmcntr, Proc. of the Japan Academy,

61, Ser. A, l0 (1976), 335-339.

l15l Hikita T,, Enumeration of Boolean functions Sheffer with con-

rtanta, Tlans. IECE of Japan, vol. 86, no, 12, Dec. 19E2, pp'

7t+716.

[16l lbuki K., Nacmura K', Notaki A., Gcneral theory of complete

reta of logical functiona, IECE of Japan {6, 7 (1963).

{l7l Ibuti K., A rtudy of univcrsal logical elementa (Japaneae), Rea'

of Ingt. of Electrocomm., no. 3747,196E, pp. l-144.

[fS] Inagaki K., t6-complcteneu of cetc of delayed logic clementr (in

Japanere), Tbans. IECE Japan, J63-D (fgE2), E27'E31.

Itgl lvas'kiv Y.L., Pospelov D.A., Todil 2., Repreaentation in many'

valued logio (Rumain), Kibernetila 2 (f969) 35-47.

l20l Jablonskij S.V., On the auperpoaitions of the function of algebra

of logics (Ruasian), Mat. Sbornik EO(72),2,1952' 32$3'18.

[21] Jablons]ij S.V., F\nctiond conatructiong in a k'valued logic (Ru+

rian),Iludy Mat. Inat. Steklov 61 (1956), ef42.

[22] Jablonrkij S.V., Gavrilov G.P., Kudrjavcev V.8,. Functions in

algebraic logic and Post classea, Nauka, Moacow, 1966' German

tranalation Akademie Verlag, Berlin 1970.

[23] Jablonskij S.V., On rome results in functional syatem, Int. Congress

Math. Heleinki, 197E' 96&970.

[24] Janov Y.I, MuInik A.A., Exiatence of ,t-valued cloeed clasges

without a finite basis (Rueeian), Dokl. Akad' Nauk' SSSR 127

(1e5e) 44-46.

[25] Ka^runanithi S. and F]iedman A. D., Some n€w tyPes of logical

completeneae, IEEE I\ane. Comput., C-27 (197E), 99E-r005.

126l Kabulov A.V., Syntheeia of baseg of complete systems of logical

functions (Russian), Dokl. Akad. Nauk UaSSR (1982), no. 4'

3-5.

l27l Itrnie L., Typea of bases in the algebra of logic (Russian) ' Glasnik

Mat.- f i l .  i  astr . ,2O, l%5, l '2 '23 '32.

[2S] IGni6 L., Ca,rdinals of baseg in the 3-valued logic -I-, Glasnik

Mat. rer. III, E (2E)(1973), 16$174.

{291 Kudiel}a V. and Oliva P., Cornplete sets of functiona of two and

three binary variablea. IEEE tans. Electronic Computere, EC-

16, 93G93ld, 1966.

[30] Kudrjavcev V.8., Completeness theorem for a class of automata

without feedbackcouplings, Doklad. Akad' Nauk' SSSR' 182' 2

(Lgffi),272-274; also Soviet Mathematice Dokladi, A'M'S''

vol. 1, PP. 537-539' 1960.

l31l Lau D., Privollstindige klaaren von Ps,1, Elektron. Informa.
tionavera,rb. Kybernet. f f (f975), lO / 12, 621-826,

[32] Lau D., Bascn und Ordnungcn der maximalen rweier mehrsor-
tiger tr\nctionenalgebren, Rortocl. Math, Kolloq. 16, El-90,
19EO.

[33] Lau D., Die maximalen Klarsen von Po[(0), Rostocl. Math.
Kolloq. 19, 2*17,1982,

[3a] Lau D., Submaxirnale klassen von P3, Eleltron. Informationsver-
arb. Kybernct. 16 (1982), 4/5,227-243.

[35] Lau D., Die Maxirnalen Klareen von Pols{(c, z* I mod t) lr €
.Es), Rostocl. Math. Kolloq. 26 (r9E4), 23-30.

[36] Lau D., Funktionenalgebren flber endlichen mengcn, Disserta,
tion, WPU Roatoct, 19E4.

[37] Lou Crukai, The classification of normal relations in many-valued
logics, J. of Xiangtan Univeraity, 2 (19E4), f-f5.

[3E] Loomis II.H. and Wyman J.R., On complete seta of logical prim-
itivea, IEEE TR. EC-t{ (2) (1965) l7!r74.

[Se] Machida H., On clooed aets of three-valued monotone logical func-
tions, Coll. Soc. J. Bolyai2t (f979), 441-467.

[40] Ma,rlenkov S.S., On cloc€d classes of selfdual functions in many-
valued logicr, Problcmy Kibernct. EO (1979),5-22.

{1U Maftin L., Reischer C., Rorenberg I.G., Problem de Compl6tude
pour lea circuita aux 6ldmentr avec retard, Electron. Informa.
tionvera.rb. Kybernet. fg (1983), 4/5, L7L-tE6.

[42] Maftin N.M., The Shefrer functions of 3-valued logic, J. Symb.
Logic, 19 (f954), 4s-st.

l43l Mutynjuk V.V., Investigation of certain classes of functionc in
many-valued logics (Rursian), Problemy Kibernet. S(1960), 45-
60.

[a{] McOoll W.F., Plana.r Crosaover, IEEE C-SO, g, 1981, 2Zl2Z5.

[45] Milheeva 8.A., Exiatence in /c-valued logic of maximal clasaeg
not having a finite basia (Russain), Dokl. Akad. Naut SSSR,
2E7, 1986, l ,4$52.

146l Miyalawa M., Functional completenes and structure of three.
valued logice I - Classiffcation of Ps -, Rec. of Etectrotech. Lab.,
No.7r7,  1-E5(1971).

[47] Miyakawa M., Enumerationa of bases of three.valued logical func-
tions, Coll. Soc. J. Bolyai 2E (f929), 46*487.

[48] Miyakawa M., Enumeration of bases of a submaximal set of three.
valued logical functions, Rogtock. Math. Kolloq., f9 (1982),
49-66.

l49l Miyakawa M., Enumeration of bues of maximal clonea of three-
valued logical functions (I)- SD (Slupecki functione), L (linea.r
f.unctions P1 (self-dualfunctions)-, Bul. Electrotech. Lab., {7, E
(1983), Iba,raki, 651-661., Conigendum, Bul. Electrotech. Lab.,
4E, 8 (1984), 73$740.

[50] Miyakawa M., Enumeration of baseg of maxirnal clones of three-
valued logical functions (II) - .I" (the functione preaerving a con-
etant) -, Bul. Electrotech. Lab., {6, 3 (19E4), Ibaraki, 1692(X.

[51] Miyakawa M., A note to the classification and base enumeration
of three-valued logical functions, Bul. Electrotech. Lab., {9, 3
(r9E5), Ibaraki, 197-2r0.

152] Miyakawa M., Ikeda K., Stojmenovid I., Bases of Boolean func-
tions under certain compooitions, Rev. of Rea., Fac. of Sci., Novi
Sad, to appear.

[53j Miyakawa M., Stojmenovid I., Classifications and base enumera
tions of the maximal sets of three-valued logical functions, C. R.
Acad. Sci. Canada, to appear.



\ '

[54] Miyakawa M., Stojmenovid I., Classification of P6,2, Diacr. Appl.
Math., to appear.

[55] Miyakawa M., St,ojmenoviC I., Classi6cation of the marcimal gets

of P6,2, to be published.

[56] Miyakawa M., StojmenoviC I., Hi]ita T., Mrchida H., Sheffer and
symmetric Sheffer Boolean functions under several compoeitions,
submitted to Electron. Informationsveralb. Kybernet,

[57] Muzio J.C., Ternary two-place functione that are complete with
constants, Proc. 1975 Int. Symp. MVL, 27-33, Bloomington,
Ind. ,  1975.

[58] Nozaki A., Realisation des fonctiong definies dans un ensemble fini
a I'aidee des organes elementairee d'entrel eortie, Proc. Japan
Acad.,  46,  6,  47&482 (1970).

[59] Nozaki A., Functional completenees of multlvalued logical func-
tiong under uniform compositions, Rep. of Fac. of Eng. Ya-
manashi Univ. no. 29, Dec. 197E, pp. 61-67.

[60] Nozaki A., Completeness of logical gates based on sequential
circuits (in Japanese), Tians. IECE Japan, J66-D (fgE2), 171-
178.

161l Petrick S.R., Sethares G.C., On the determination of complete
sets of logical functions, IEEE Tlans. on Computers C-17, 3
( l e6E ) ,273 .

[62] Post E.L., Introduction to a general theory of elementary propo-
sitions, Amer. J. Math. vol. 43, pp.163-1E5, 1921.

[03] Romov V. A., On muimal eubalgebras of algebra of partial func-
tions of many-valued logic (Russian), Kibernetika 1 (1930), 2&
35.

164] Rosenberg I.G., La 8tructure dee fonctions de plusieurs variableg
eur un engemble fini, C.R. Acad. Sci. Pa,rir, Ser. A.B. 260
(1e65),3Er7-3Ele.

[65] Rosenberg I.G., 0ber die funktionale Vollsrindigkeir in den mehrw-
ertigen Logiken. Rorpr. dS.lV fraaa Math. Ptlr. VEd. Praha
80 (4) (1e70) 3-e3.

[66] Rosenberg I.G., The number of maximal cloeed classes in the set
of functions over a 6nite domain, J. Combinatorial Theory, ll
(1973), 1-7.

[67] Rosenberg LG., Completenees propertiea of multiple-valued logic
algebra, in Rine D.C.(ed.): Computer Science and Multiple-
valued logic: Theory and Applicationa, North-Holland 1977,144-
1E6.

[66] Rosenberg LG., Hikita T., Completeneas for uniformly delayed
circuits, Proc. 13-th Int. Symp. MVL, 19E3, 2-10.

[69] StojmenoviC I., Classification of P3 and the enumeration of base of
P3, Rev.of Res.,Fac of Sci.,math.aer., Novi Sad, f4, 1(1934),73-
E0.

[70] StojmenoviC I., Enumeration of the bases of three-valued mono
tone logical functiona, Rev,of Rea.,Fac of Sci.,math.eer., Novi
Sad, 14,  1 (19E4),  Er-gE.

[71] Stojmenovid I., Classification problems of maximal geta of two
and three-valued logic (Serbo-Croatian), Ph.D. thesis, Univ. of
Zagreb, 1985.

[72] Stojmenovid I., Classification of a ma;<irnal clone of three-valued
logical functions, Elektron. Informationsverarb. Kybernet. , 22
(10/11),  1986,53&545.

[73] Stojmenovid I., Classification of the set of three.valued logical
functions preeerving the set {0,1}, Rostock. Math. Kolloq., 30,
1$36, 19E6.

{Zll Stojmenovid I., A Classification of the set of linear functions in
prime-valued logics, Acta Sci. Math., to appear.

[75] StojmenoviC I., Miyakawa M., On base enumeration algorithmo,
Bul. Electrotechn. Lab., Ibaraki,6O,4, (1966), 299-9lg.

[76] Stojmenovid I., Miyakawa M., Symmetric functions in many-
valued logics (extended abstracts), Note on multiple-valued logic
in Japan,6, l ,  19E6, 1-26.

[77] StojmenoviC I., Miyakawa M., Application of a gubget generating
algorithm to baee enumeration, knapsack and minimal covering
problems, The Computer J., to appear.

l78l Tosie R., Classes of bases for a modification of propoeitional
algebra (Rueaian), Rev.of Res., Fac.of Sci., Novi Sad, ll (lgEf),
2E7-295.

[79] Vukovid A., On the bases of the three-valued logic, Glmnik mat.,
re (3) (1eE4), ell.

IEO] Webb D.L., Generation of any N-valued logic by one binary op-
erator, Proc. Nat. Acad. Sci., vol, 21, pp. 252-254, 1995.

[E1] Wernick W., Complete sets of logical functiona, Trans. Amer.
Math. Soc. 6r (19{2), tL7-L32.

[E2] Wheeler R.F., Complete connectives for the B-valued propooi.
tional calculue, Proc. London Math. Soc., lO (f966), pp. 162-
t92.

[83] Zacha^rova E.Ju., Kudrjavcev V.8., Jablonakii S.V., precomplete
clasees in /c-valued logics (Ruseian), Dokl. Akad. Nauk. 1E6
(1969), 50$sl2; Soviet Marh. Doklady rO (1969), 6tE-622.

[E4] Zacharova E.Ju., Kudrjavcev V.B., Jablonskij S.V., A correction,
Dokl .  Akad. Nauk.  lgg (19?r) ,90.

[E5] Blochina G.N., Buroech G., Kudrjavcev V.B., Vollstindigkeite-
bedingungen fir 2 Algebren von Poetschen Typ, Math. Balkan-
ica E (1973), 281-296.

186l Emeljanov N.R., An approach to the construction of efficient
algoritms for the detection of comptetenesa in many-valued logics
(Ruasian), Mat. Zametki, 99, 5, 19E6, 766770.

[87] Kudrjavcev V.8., The covering of prccornplete clasees of /c-valued
logic (Russian). Diskret. Analir., 17 (1920) g2_44.

[88] Kudrjavcev V.B., [\nctional aystems (Ruacian), Monograph, Izd.
Moskow Univ. 1982, 152 pp.

IE9] Lau D., Eigenshaften gewireer abgerchloagener Klassen in postechen
Algebren, Ph.D. theais, Rogtock 1922.

fSO] Lau D., Uber abgeschlosaene Mengen von p1,.2, submitted to
Electron. Informationeverarb. Kybernet,

[9f] Lau D., 0ber abgeschloasene Teilrnengen von p3,2, submitted to
Electron, Informationgvera.rb. Kybernet.

[92] Lau D., 0ber abgeschloasene Mengen von linearer f\nktionen in
mehrwertigen Logiken, submitted to Electron. Informationsver-
arb. Kybernet.

I93l Post 8.L., The two-valued iterative systems of mathematical
logic, Annala of Math. Studies No.S (princeton Univ. press)
1941.

[9a] Schofield P., Independent conditions for completeness of 6nite
algebras with a single generator. J. London Math. Soc. l{
(r96e) 413-423.

[95] Stojmenovid I., On Sheffer aymmetric functions in three.valued
logic, Discr. Appl. Math., to appear.

[96] Srendrei 4., Algebras of prime cardinality with a cyclic automor-
phism, Arch. math. (Basel) S9 (1982), 4t7_427.

[S7] Tardoe C., On finitety generated maximal clone of operations,
Preprint 96tv68 Univ., Budapest l9ES,

r60


