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A systolic algorithm is described for generating all permutations
of n elements in lexicographic order. The algorithm is designed to
be executed on a linear array of n processors, each having con-
stant size memory, and each being responsible for producing one
element of a given permutation. There is a constant delay per
permutation, leading to an O(a!) time solution. This is an im-
provement over the best previously known techniques in two re-
spects: the algorithm runs on the (arguably) weakest model of
parallel computation, and is cost optimal (assuming the time to
output the permutations is counted). The algorithm is extended to
run adaptively, i.e., when the number of available processors is
other than n. © 1994 Academic Press, Inc.

1. INTRODUCTION

An important branch of computer science is concerned
with the study of algorithms for combinatorial problems
[17]. In this paper we investigate one such problem,
namely the generation of permutations of an ordered set
of elements {p,, ps, ..., p,}, where p; < p; < -- < p,. The
long and distinguished history of this problem, along with
sequential algorithms for its solution, are surveyed in
{18]. More recently, a number of parallel algorithms for
generating permutations were proposed. In order to char-
acterize existing approaches, we begin by listing some
desirable properties of parallel permutation generation
techniques.

Property I. The permutations are listed in lexico-
graphic order, i.e., if A = (q;, a3, ..., a,) and B = (b, b,,
..., by) are permutations of {p|, p;, ..., p.}, then A pre-
cedes B lexicographically if and only if, for some j = 1,
a; = b; when i < j, and a; < b; [16].

Property 2. The algorithm is cost-optimal; i.e., the
number of processors it uses multiplied by its running
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time matches, up to a constant factor, a lower bound on
the number of operations required to solve the problem.

This property can be further specified according to the
way in which the lower bound is defined. We identify two
such definitions:

(a) The time required to ‘‘create’’ the permutations,
without actually outputting the n elements of each per-
mutation, is counted. Optimal sequential algorithms in
this sense generate permutations in O(n!) time, i.e., time
linear in the number of permutations of n elements. Ex-
amples of such algorithms are the ones based on inter-
changing adjacent elements (8, 10, 18, 20].

{b) The time to output each permutation in full is
counted. Here, optimal sequential algorithms run in
O(n * n!) time, since it takes O(n) time to produce a
permutation. In this paper we adopt this measure; design-
ing an optimal parallel permutation algorithm under mea-
sure (a) remains an open problem.

Property 3. The time required by the algorithm be-
tween any two consecutive permutations it produces is
constant. A constant time delay between outputs is par-
ticularly important in applications where the output of
one computation serves as input to another.

Property 4. The model of parallel computation should
be as simple as possible. Arguably, the simplest such
model is a linear array of m processors, indexed 1
through m, where each processori 2 =i=m — 1) is
connected by bidirectional links to its immediate left and
right neighbors, i — 1 and i + 1, and processors 1 and m
are each connected to one neighbor. This model is practi-
cal, as it is amenable to VLSI implementation [1].

Property 5. Each processor needs as little memory as
possible, preferably a constant number of words, each of
log n bits and hence capable of storing an integer no
larger than n. This implies that no processor can store an
array of size n, or a counter up to n!.
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Property 6. The algorithm should produce all permu-
tations of n elements for a given n.

We now review some existing parallel algorithms for
generating permutations, and provide a brief assessment
of each in light of the above properties. Two such algo-
rithms are described in [1, 2] for generating permutations
in lexicographic order. The first runs on a ‘‘farm’ of
processors, i.e., kK independent processors (1 < & = n!) all
connected to a master computer whose job is to start the
processors and distribute the tasks among them. The al-
gorithm is cost-optimal in our sense. However, it takes
O(n) memory space per processor since, in fact, each
processor produces a subset of the n! permutations. The
algorithm deals wiih large integers in order to find the
initial permutation for each processor. Furthermore, the
delay between permutations is nonconstant (since each
processor produces a full permutation at a time). The
second algorithm runs on the well-known Exclusive-
Read Exclusive-Write Parallel Random Access Machine
(EREW PRAM), a powerful theoretical model in which
processors share a common memory through which they
can communicate and exchange data. The algorithm uses
n processors and a memory of size O(n). Each processor
produces at every step one element of the current permu-
tation. The algorithm requires O(log n) time per permuta-
tion and, therefore, is not cost-optimal. It is interesting to
note, however, that this was the first permutation genera-
tion algorithm in which a given permutation is produced
by n processors rather than one only; we follow this para-
digm in the present paper.

In [5] the permutations of at most m out of n elements
are generated on a linear array of processors, also
equipped with a so-called selector. The algorithm is cost-
optimal. However, the permutations are not produced in
lexicographic order, each processor needs memory of
size O(m), again to produce a full permutation, and the
delay between permutations is nonconstant {(owing to the
fact that nonpermutations are produced during the gener-
ation process). The algorithm of [15] runs on a vector
computer. It is not cost optimal and deals with large inte-
gers. Furthermore, the delay between generating two
permutations is nonconstant, each processor requires
memory of size O(n), and the order of generation is not
lexicographic. Recently, algorithms were described in [6,
11] that satisfy Properties 4 and 6 only.

Algorithms enjoying one or more of Properties 1-6, but
not all, are described in [4]. Another algorithm for the
linear array, satisfying Properties 2—6, is given in [12, 13,
14]. However, the algorithm requires that the elements
be decimal numbers, i.e., drawn from the set {1, 2, ..., n},
since arithmetic is performed on the actual elements.

Finally, as observed in (2], the other known parallel
permutation generation methods ([9] and others cited in
[1, 2]) are restricted in at least one of the following two

ways: they are capable of generating only a subset of all
possible permutations; and/or they are not cost-optimal
in any sense.

In this paper, we describe a parallel algorithm for gen-
erating all permutations of {p|, p», ..., p.} on a linear array
of n processors. The algorithm satisfies Properties 1-6
listed above, and is therefore an improvement over all
existing parallel permutation generators. It should be em-
phasized that the algorithm, like previous algorithms for
the linear array, operates in systolic fashion: all proces-
sors execute the same algorithm simultaneously, with
each processor passing data to neighboring ones in a reg-
ular rhythmic pattern [21].

The remainder of the paper is organized as follows. In
Section 2, we focus on the property that has eluded pre-
vious algorithms for generating permutations on a linear
array, namely lexicographic order, and detail our ap-
proach for achieving it. The algorithm itself is described
in Section 3. It is shown in Section 4 how the algorithm
can be made to run adaptively, i.e., when a number of
processors other than » is available. In Section 5, we
briefly discuss the more general problem of generating
permutations of m out of n elements. Some open prob-
lems are suggested in Section 6.

2. GENERATING PERMUTATIONS
IN LEXICOGRAPHIC ORDER

The algorithm that we will describe generates permuta-
tions of the set {p;, p>, ..., p.}. However, for simplicity of
exposition we assume that the permutation are generated
from {1, 2, ..., n}. There is no loss of generality due to this
assumption since no arithmetic is performed on the ac-
tual elements in the algorithm (elements are rather shifted
in both directions). Our algorithm to generate the permu-
tations of {1, 2, ..., n} uses a linear array of n processors,
indexed 1 to n, and n variables D.1, D.2, ..., D.n, where
{D.1, D.2, ..., D.n} = {1, 2, ..., n}. Each processor i is
responsible for maintaining D.i by reading only data from
processors i — 1 and { + 1. The processors act in lock-
step fashion, and each step produces a new permutation.
We begin our description of the algorithm by showing
how lexicographic order of generation can be achieved.

Let s be the smallest natural number for which (s — 1)!
= 2n is satisfied. For example, when n = 9, we have s =
5. Thus s = o(log n). For a given n, and the corresponding
s, processors 1, 2, ..., s — | will be referred to as the
**small numbered’” (SN) processors, while processors s,
s+ 1,..., nwill be “‘large numbered’’ (LN). Our rationale
for this choice of s will become clear from the subsequent
analysis.

As a matter of convenience, we shall index the proces-
sors and their associated variables from right to left. This
is illustrated in Table I which shows the values of D.9,
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TABLE 1
A 4-Run of Permutations

n 54321 indices of processors

1) 439871256

2) 4398712635

3) 439871526

4) 439871562

5) 439871625

6) 4398716352

D 439872156 permutations 7)-12) make a 4-block
8) 439872165

9) 439872516

10) 439872561

1) 439872615

12) 439872651

13) 439875126 permutations 13)-18) make the next 4-block
14) 439875162

15) 439875216

16) 439875261

17) 439875612

18) 439875621

19) 4398761235

20) 439876152

2N 4398762135

22) 439876251

23) 439876512

24) 4398763521 this finishes a 4-run (24 permutations)
25) 4512367289

26) 451236798

D8, ..., D.1 for a subset of the permutations of 9 ele-
ments. As Table 1 also shows, LN processors will rarely
change the data they produce; on the other hand, SN
processors will do it more often. In fact, processor i will
always produce the same element (i — 1)! times.

In what follows we consider the permutation genera-
tion problem for LN and SN processors separately. Two
definitions will be useful. A k-block is defined as the (k —
1)! permutations obtained when elements in processors i
for i = k are fixed. A k-run is defined as a (k + 1)-block.
Table I illustrates four 4-blocks that constitute a 4-run.

2.1. k-Blocks/k-Runs of Large Numbered (LN)
Processors (k > s)

LN processors will always produce the same element
unless they are advised to change their output. Assume
that we know how to get permutations for the last s pro-
cessors (one s-run) (two procedures for doing this will be

described later: one is given at the beginning of Section 3
and requires o(log n) time between permutations, the sec-
ond is given in Section 3 and requires constant time be-
tween permutations). Thus, we should be able to handle
the major changes in the system, namely to set up a new
s-run. Each time a new s-run begins, it is, in fact, the
beginning of an i-block for each i, s =< i < k, but not the
beginning of a (k + 1)-block. Here, k is the smallest index
of a processor such that k > s and D.k < D.(k — 1). For
example, permutation (25) in Table I is the beginning of a
S-run and also the beginning of a 6-, 7-, and 8-block; k = 8
since it is not the beginning of a 9-block.

Our algorithm should be able to determine processor &,
called a turning point, and to update (on time) all the
values in processors i for i < k.

We decide that a search for the turning point starts
whenever SN processors recognize the beginning of the
last s-block. Processors s — 1, s — 2, ..., 2, 1 form a
“train”’. Initially, the train contains elements D.(s — 1),
D.(s — 2), ..., D.1. The train moves toward processor n,
advancing one step per permutation. When the end of the
train (element D.1) leaves processor s, element D.s is
appended to the train and becomes its new end. This
continues in the same fashion for processors s + 1, s + 2,
... k=1, withelements D.(s + 1), D.(s + 2), ..., D.(k —
1} appended in this order to the end of the train. When the
head of the train (i.e., element D.(s — 1)) reaches an
element D.k such that D.k < D.(k — 1), it recognizes k as
the turning point. Note that the elements in the train are
sorted in increasing order, i.e., D.(s — 1) < D.(s - 2) <
< DI<Ds<D(s+ 1< <D(k-1D.

Once the turning point has been reached, the train is
reflected and moves towards processor 1 with elements
D(s-1),D(s-2),....D1,Ds.,D(s+1),..,D.(k-
1) visiting the turning point in this order, and changing
direction at that point. The first element of the train, say
D.m, that is larger than D.k, is exchanged with D.k.

Now, the head of the train is dropped at processor k —
1 and becomes the new value of D.(k — 1). As the train
moves to the right, towards processor 1, its second,
third, ..., (k — 1)-st elements are dropped in processors
k—2,k—3,...,1, and become new values for elements
D.(k — 2), ..., D.1. For example, consider the permuta-
tion 439871256 as shown in Table 1I. The initial train
consists of elements 1256, and the turning point is ele-
ment 3. As it moves toward the turning point, the con-
tents of the train are 12567, 125678, and 1256789. When §
reaches processor 8, it is exchanged with 3, and the train
returns as 1236789. Elements dropped from the train are
shown in boldface.

Since each element in the train has to ‘‘travel’’ at most
2n steps, the correct placement requires 2n steps in the
worst case. Since the last s-block produces (s — 1)! per-
mutations, all elements will be placed on time for future
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TABLE I

Permutation Train
Processors 9 8 7 6 5 4 3 2 1
elements D.i 4 3 9 8 7 1 2 5 6
left 1 1 2 5 6 -
left 2 1 2 5 6
left3 1 2 5 6
left4 1 2 5 6
left 5 2 5 6 7 append 7 to train
right 5 2 1 - - lisdropped
left 6 5 6 7 - exchange 5 and 3
right 6 3 2 3 replaces 5 in train
left7 6 7 8 - append 8 to train
nght7 6 3 2 - - - - - drop2
left 8 7 8
right 8 -7 6 3 -
left9 8 9 - - - - - append9totrain
right 9 8 7 6 3 3 is dropped
left 10 9 -
right 10 9 8 7 6 -
right 11 - - 9 8 7 6 6 is dropped
right 12 - - - 9 8 7 -
right 13 - - 9 8 7 7 is dropped
right 14 - - 9 8
right 15 - - - 9 8 - 8isdropped
right 16
right 17 9 9isdropped
new D.i 4 51 2 3 6 7 8

use because of the relationship between s, and n, (s — 1)!
= 2n, as stated earlier.

It is important to note that once processori (1 =i = k)
receives the new value of D.i, it continues to produce the
old value of D.i as output until the changes become effec-
tive. Deciding exactly when to produce new element D.i
for i = k can be done by using a counter that is broadcast
by SN processors. They initialize the counter to (s — 1)!.
As the train moves, the counter decreases by 1 with each
step, and each LN processor i (i = k) receives the current
value of the counter. When the counter goes down to 0,
and this happens simultaneously for all processors i, 1 <
[ =< k, the new values D.i are produced.

A termination condition for the algorithm can be in-
cluded using the following approach. If a search for the
turning point does not find one (i.e., the head of the train
reaches processor n but D.n = n), then processor n sends
back a termination message to all processors. They will
terminate simultaneously at the appropriate time. This
completes our description of the algorithm for SN pro-
cessors. Summarizing, we obtain the following lemma.

LEMMA. The algorithm described above generates
the first permutations of k-blockslk-runs of LN proces-
sors in lexicographic order and with =(s — 1)! delay per
permutation on a linear array of n processors; further-
more, each processor has a memory of constant size.

3. CONSTANT DELAY LEXICOGRAPHIC GENERATION
OF PERMUTATIONS

A simplified version of our main algorithm (to be pre-
sented below) that enjoys all the required properties ex-
cept Property 3 (the delay between two permutations is
O(s) = o(log n) rather than constant) operates as follows.
The algorithm of Section 2.1 is used to produce k-blocks/
k-runs of large numbered processors (k > s5). An s-block
and an s-run are produced by adapting a sequential back-
tracking algorithm (cf. [1]) for generating permutations of
n elements in lexicographic order.

We are now ready to introduce our systolic algorithm
for generating permutations in lexicographic order and
constant time between permutations. The algorithm uses
the same procedure for generating k-blocks for LN pro-
cessors (Section 2.1); thus we only describe a new proce-
dure for producing an s-block and an s-run.

3.1. Producing an s-Block and an s-Run
with Constant Delay

We now describe how to produce an s-run assuming
the first permutation in the s-run is known. If k < 4, a new
k-block will be produced by a straightforward sequential
procedure. Thus, in what follows we assume k = 4.

For | = k = s it can be proved that k! = o(n log? n).
Thus we may use counters for repetitions, since these are
not very large numbers (k! requires O(log n) bits to be
represented). Processor & repeats the same element (k —
1)! times (1 = k& = s) and then starts to produce the next
element. The latter is determined as follows.

Each processor k has two counters, rc (repetition
counter) and bc (block counter), and both are initialized
to 1 with the first permutation 123 ... n. The repetition
counter is responsible for repeating the same element
(k — 1)! times and increases by 1 with each permutation,
i.e., rc < r¢c + 1 (mod (k — 1)!) while the block counter
counts blocks in a given k-run, i.e., if rc = 1 then bc «
b¢ + 1 (mod k). In particular, the first and last blocks in a
given k-run are recognized by bc = 1 and bc = 0, respec-
tively.

Whenever a new k-block begins (i.e., rc = 1), except
when it is the last block in a given 4-run (i.e., bc = 0),
processor k is the leader of a permutation D[k ... 1] that
should be stored, modified to D'[k ... 1] (which is the first
permutation of the next k-block), and replaced by D[k ...
I] at the time the new &-block begins.

For example, let a 7-block begin with D[7 ... 1] =
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7125689; D|7 ... 1] is stored, modified to D'[7 ... 1] =
8125679, and replaced by D’[7 ... 1] when a new 7-block
begins. Simultaneously, 6-, 5-, and 4-blocks begin with
D6 ... 1] = 125689, D[S ... 1] = 25689, and D{4 ... 1] =
5689, respectively. They are all stored separately (multi-
ple copies are made of the same element in several
blocks), and modified to D'[6 ... 1] = 215689, D'{5 ... 1} =
52689, and D'[4 ... 1] = 6589, respectively. The replace-
ments are, however, not simultaneous, since the block
size is different.

Consider also a 5-block that begins with D[5 ... 1] =
71246, which is the last S-block in a given S-run. This is
part of permutation ... 3871246, which is handled under
the 7-block starting with D[7 ... 1] = 3124678. Both the 7-
block and the 5-block terminate with the same permuta-
tion ... 3876421, and the next permutation ... 4123678 is
led by processor 7. Therefore the S-block will not be
processed separately since the new S-block will *‘arrive™
under the ‘“‘supervision’’ of the 7-block. This explains the
exception made above.

To avoid overloading the SN processors, storing
D{k ... 1] and retrieving D'[k ... 1] is performed using a
shifting operation (to the left for storing and to the right
for retrieving). One shift is always done together with one
production step (new permutation).

When a k-block starts, elements D[k ... 1] are stored in
another array M({k ... 1] (at this moment M.(k — 1) < .- <
M.1is valid). M[k ... 1] 1s shifted to the left and copied
into a stack Q. Processor £ is assigned its own interval in
Q containing & locations; i.e., k processors (from proces-
sor k(k + 1)/2-6 to processor k(k — 1)/2-5) serve as
storage for processor k. Whenever a new k-block begins,
new i-blocks aiso begin simultaneously for each i < k.
Thus there is a maximal ¢ such that all processors i for i =
t are leaders of a permutation to be processed. M{r ... 1]
serves then for M[i ... 1] for each i = ¢ at the same time.
During the left shift, the array M[r ... 1] will create a stack
Q by copying its contents at appropriate times. First M[4
... 1]is copied to Q4 ... 1] immediately. Then M[5 ... 1]is
copied into Qf9 ... 5] after doing 4 shifts to the left. Next,
Mi6 ... 1] will be copied into Q[15 ... 10] after 5 more
shifts. For a given ¢ such that 4 < &k < ¢, Mk ... 1] is
copied into Q[k(k + 1}/2—6 ... k(k — 1)/2-5] at the mo-
ment when M ‘‘covers’’ appropriate positions in Q.

Consider an example. Suppose that the permutation
... 7125689 has started to be produced. The contents
of stack @ and the position of M are shown in Ta-
ble 111.

Therefore one element M.k is copied + — k& + 1 times
into stack Q, at appropriate positions. Processor k does
not know ¢ when it decides to copy D.k into M.k and to
shift M.k. This can be resolved by setting a counter C.&
which (when k has initiated a left shift for M.k) will in-
form the next & — 1 incoming data M{k — 1 ... 1] that their

TABLE Il
The Contents of Stack Q and the Position
of M

Q initially 5689
M after 4 shifts 7125689

Q after 4 shifts 2568915689
M after 5 more shifts 7125689

Q after 5 more shifts 12568912568915689

M after 6 more shifts 7125689

Q afier 6 more shifts 7125689112568912568915689

copies are desired in the part of O that is responsible for
k. In this way the value of 7 is learned during the left shift.

While waiting in stack Q, the elements which origi-
nated from M{: ... 1] are modified to get the new ¢-block.
For t+ < k the block in the given t-run is obtained by
simply interchanging the elements in positions 7 and ¢ —
1. In the above example, 5689, 25689, and 125689 are
modified to 6589, 52689, and 215689, respectively. Pro-
cessor ¢ is looking for element M j such that M.(j — 1) <
M.t < M. j; M jis the first element of the next r-block, and
the elements M.t and M j are interchanged at the appro-
priate step during the shift operation. In Table 111, ¢ =
7 < s and a new 7-block started to be produced by permu-
tation 7125689; it is modified to 8125679. Clearly, the
modification requires ¢+ — 1 steps for a t-block (for in-
stance, shift M{r — 1 ... 1] = 125689 to the left to deter-
mine M j; simultaneously shift M.z = 7 to the right to find
its new position; other elements do not change their posi-
tion) and one step for a k-block when k < ¢. Thus stack O
is modified to 8125679|215689|52689|6589.

Each processor of stack O has a counter to decide
when to return data to the right. The counter is set to (k —
1)! — k(k — 1) + 12 when the processor receives the
corresponding datum from the left shift. When the count-
down reaches zero, the appropriate positions of Q (that
store a new k-block) are copied into an array R[k ... 1]
and shifted to the right back to desired positions. This
completes our description of the main algorithm. Summa-
rizing, we obtain the following theorem.

THEOREM. The algorithm described above generates
all permutations of n objects in lexicographic order and
with constant delay per permutation on a linear array of
n processors, thus achieving an optimal cost of O(n * n');
furthermore each processor has a memory of constant
size and can generate elements without the need to deal
with large integers such as n!.

Proof. The number of steps between two k-blocks is
(k — 1)!. Shifting to the stack Q requires k(k — 1)/2-6
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steps. Note that the positions in Q for storing and creat-
ing a new k-block are fixed, i.e., between positions k(k +
1)/2-6 and k(k — 1)/2-5. While waiting in the stack, the
block is modified, and just before the start of the new &-
block the appropriate positions of Q (that store a new -
block) are copied into an array Rk ... 1] and shifted to the
right back to desired positions. The shift to the right re-
quires another k(k — 1)/2-6 steps. Thus, the waiting time
isth — 1! — 2(k(k — 1)/2-6) = (k — D! — k(k — 1) + 12.
The waiting time must be at least & — 1 steps to allow the
modification of the k-block. Therefore (k — 1)! — k(k — 1)
+ 12=4k— 1, 0or (k — 1)! = k¥ — 13 which is satisfied for
k = 4. Thus there is enough time for shifting.

There is no memory conflict in Q since for a given &
there is exactly one acting permutation from a &-block in
the stack and it is assigned designated locations in Q.

There is no overshifting at any processor (i.e., no pro-
cessor is supposed to shift to the left more than one da-
tum, and analogously for the shift to the right). There is
no overlap in shifting to the left since the data from pre-
vious shifts have already ‘‘moved out’’ (one needs k
steps to shift completely out of the first & positions, and
the time to produce a k-block is (kK — 1)! steps, with (k —
I)! > k for k > 3; we use here the property that the
element in position & will not start shifting to the left
again before a k-block is produced). Conflicts in shifting
to the right do not occur for the following reason. Before
a right shift of a k-block the (k — I)-block was shifted
since it was supposed to start first (in fact, the (kK — 1)-
block changed & — 1 times while the &-block was waiting
in the stack).

We also note that while a left shift for a &-block is still
taking place, the contents of stack Q for some { < £ may
already be back to produce new i-blocks, and may be
shifting to the left or to the right. The size of stack Q is
s(s + 1)/2—6 < nfor all n = 15. Thus the stack ‘‘fits’’ into
the linear array of processors.

Finally, since the current block is modified in the stack
into the block that follows lexicographically, and accord-
ing to the Lemma s-runs are also in lexicographic order,
the algorithm produces permutations in lexicographic or-
der. The other statements in the Theorem (constant de-
lay, constant memory size, no large integers) are obvious
from the description of the algorithm. B

4. ADAPTIVE ALGORITHM

The algorithm of Section 3 can be made adaptive, i.c.,
to run on a linear array consisting of an arbitrary number
k of processors. There are three cases to consider:

(i) k < n: here each processor will do the job of n/k
processors in the original algorithm (with n/k rounded

appropriately if not an integer, so that the last processor
does slightly less work);

(ii) k > n, and r = k/n is an integer: here the array is
divided into r groups of n processors each, such that each
group produces an interval of consecutive permutations
of n elements;

(iii)) £ > n, and r = k/n is not an integer: this case is
handled by combining (i) and (ii).

Since (i) and (iii) are relatively straightforward, we now
elaborate on case (ii).

Each of the r groups will produce [n!/r] permutations
(may be less in the last group). One can use a numbering
system to find the initial and final permutation in each
group. However, all known numbering systems use large
integers (up to n') and are, for practical purposes, ineffi-
cient. Recall that we are looking for algorithms that take
constant memory per processor on a linear array of pro-
cessors. Here we suggest a new numbering system which
does not deal with large integers for a subset of permuta-
tions we need to decode.

The group ¢ (I = ¢ < r) will produce the permutations
numbered from (¢+ — 1) [n¥r] + 1 to t{nVr]. We use an
example to show how to find the permutation with ordi-
nal number (¢ — 1) {n!/r} + 1 without the use of large
integers. Letn =8, r=11,t=3;(t = 1) * |n¥r] = 2 *
{40320/11] + 1 = 2 % 3665 + 1 = 7331.

t—1=2,(2/11)*8 = 1 + 5/11; the first elementis | +
1 = 2; the remaining listis 1, 3, 4, 5,6, 7, 8 (7331 — 1 =
5040 = 2291; this step is for verification only, and is not
part of the procedure).

(5/11) * 7 =3 + 2/11; the second element is 3 + 1 = 4-th
one in the remaining list, which is §; the remaining list is
1,3,4,6,7,8(2291 — 3 = 720 = 131).

2/11)*6 =1+ 1/11; the 3-rd elementis 1 + 1 = 2-nd in
the remaining list, i.e., 3; the remaining listis 1, 4, 6, 7, 8
(131 = 1 %120 = 11).

/1) *5 =0 + §/11; the 4-th element is 0 + 1 = [-stin
the remaining list, i.e., 1; the remaining list is 4, 6, 7, 8.

(5/11) 4 =1 + 9/11; the 5-th elementis 1 + 1 = 2-nd in
the remaining list, i.e., 6; the remaining listis 4, 7, 8 (11 —
1x6=235).

9/11) %3 = 2 + §/11; the 6th element is 2 + 1 = 3-rd in
the remaining list, i.e., 8; the remaining list is 4, 7 (5 — 2 *
2=1).

(5/11) * 2 = 0 + 10/11; the 7th element is 0 + 1 = 1-st in
the remaining list, i.e., 4; now 7 is left, which is the last,
8-th element.

Therefore, the required permutation is 2, 5, 3, 1, 6, 8,
4, 7.

In general, the procedure for finding the first permuta-
tion D.n, D.(n — 1), ..., D.1 in a given group ¢ can be
formally written as follows.
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ge—t—1
wait < 0

for i=1 to n do remlist.i « i endfor

for j=nto I do

index « (g*j)/r + 1 {integer division}
g < (g#j) mod r {remainder}

D j < remlist.index

if j=<s then wait « wait+(index—1)*(j~1)!
if j=s then for i < s to 1 do D’'.s < remlist.i endfor
for i < index to j—1 do remlist.i <« remlist.(i+1) endfor

endfor

The above procedure is sequential and is supposed to
be done by one processor in each of the groups. To avoid
the need for more than constant space for this processor,
one can decide that the processor which normally should
produce the last element in any permutation (for a given
group) will find the initial permutation as described. As
soon as a new element of the initial permutation is found,
all currently known elements are shifted toward the first
element. In this way there is no need to store the full
permutation by the chosen processor. The other diffi-
culty is with storing the list of the remaining elements.
The list can be stored one element per processor, and the
desired element can be extracted by a shift operation.
This will require O(n) time per element, or G(n?) time to
find the initial permutation for a given group.

The first permutation generated by a given group of n
processors may not be the first permutation of an s-run.
For example, the permutation 2, 5, 3, 1, 6, 8, 4, 7 (ob-
tained in the above example) is not the first permutation
of a S-run (s = 5 for n = 8). However, to produce an s-
run, the main algorithm of this paper starts from the first
permutation of the s-run and updates the content of
stacks involved in the algorithm. To resolve the problem,
a given group indeed starts producing permutations from
the first permutation of the s-run but does not output
them until it arrives at the real beginning. In our example,
the 5-run starts from the permutation 2, 5,3, 1,4,6, 7, 8
and it is only 10 permutations later that the permutation
2,5,3,1,6,8,4, 7isoutput (10 = 0% 4! + 1 * 3! + 2 = 2!
+ 0 * 1!). The waiting period is already included in the
above algorithm through the calculation of the value
wait, which is propagated to all processors. The first per-
mutation in the corresponding s-run is memorized when
D.s is being determined, and is denoted by D.n, D.(n —
D, ...D{s+ 1),D'.s,D'.(s — 1), ..., D'.1 in the above
algorithm. The waiting period is at most O(s!) = O(n log
n).

Since the computation described is merely a prepro-
cessing step done once at the beginning, the time it takes
to start up can be neglected.

5. CONCLUSION

We succeeded in deriving a cost-optimal algorithm for
generating permutations of n objects on a linear array of
processors. The algorithm uses n processors and pro-
duces permutations in constant time per permutation.
This improves the previously known algorithms if the
time to output the permutations is counted.

One can design an algorithm for generating permuta-
tions of m out of n elements as follows: Generate all
combinations of m out of n elements [3], and for each
generated combination, generate the corresponding per-
mutations of m out of m elements (section 3). The algo-
rithm satisfies Properties 2-6. It is an interesting open
problem to describe an analogous cost-optimal algorithm
for enumerating permutations of m out of n objects, in
lexicographic order. Designing cost optimal algorithms
for generating permutations with repetitions and permu-
tations with some restrictions (cyclic, alternate, rosary,
reflection-free) are also open problems.
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