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Fourier Analysis- Tools

Input Time Signal Frequency spectrum
T :
Periodic Hiscrate ck = %.J’z(().e-lkw tat
Continuous{ (Pered ™) 0 —
Aperiodic FT  Continuous x(=[""z()-e ot
N-1 _j2mkn
o s . el Y znje N
Periodic DFS  Discrete k N &
(period N ) -
Discrete ¢ RN~ S |7/
DTFT Continuous * ("”)=n_z_:["] °
Aperiodic - pikn
* DFT  DpDiscrete  fm=y X «le N

n=0

time domain Jrequency domain
continnons, period T discrete z(t)= 3 z[k] r?”"%f-r‘ Ek] = %jT x(t) r—._"k%f-rt dt
k=—ac o
continuons continuons F(t) = ﬁ _3'; Fla)e™! dw #(w) = _]"_Tx r[r}ﬁ_"""“ dt
N-—1 e N-1 L
discrete, period & discrete, period WV z[n] = 3} E[k] 2T iaF ik]=% X r[n]ﬁ_z“‘*‘“
k=0 7 on=n
discrete continnons, period 27 zn] = 5= [T, F(E™)e™™ duw W)= 3 z[ne

uOttawa

uOttawa.ca




Université d'Ottawa | University of Ottawa

finite-length periodic
sequence sequence
periodic extension

DFS and DFT
First, the relationship between the DFS and DFT is quite clear — we merely apply the DFT to one
period [0...N-1] of x(n) and scale the output of the DFT by 1/N to get the DFS coefficients. e.g.

1

ap =—X(k)
DTET and DFT
To relate the DFT and DTFT, we will need to truncate the DTFT to a finite range of N samples.
—
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e Discrete Fourier Series (DFS) Pair for Periodic Signals

N-1 -1 B
SIS 303t I B (I 3 1 B Pt
N =0 =0 :

DFS/IDFES IDTFS/DTFS

%[n] ¢m—) X [I] =(N )} dmm—) 3[n]

e Discrete Fourier Transform (DFT) Pair

¥ [ﬂ]

#WM% x[n]_f ZX[A]W X[k = Z{; [n]w .‘l\;w;‘l. I e

*k[}

° X[ﬁ] and X[ff] are one period of 55[?’?] and X’[ff], respectively

e DFT is DTFT sampled at N equally spaced frequencies
between 0 and 27: X[k]|= X( ﬁlgzﬁ_ﬂ" 0<k<N-1

F[n]=x[n] * 5, 6(n — kN) X [] = X (e/2)-2,8(n — 2 &k/N)
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8.4. Consider the sequence x[n] given by x[n] = a"u[n]. Assume |a| < 1. A periodic sequence
%[n] 1s constructed from x[n] in the following way:
:x.

F[n] = Z x[n+rN1.

F=—00

(a) Determine the Fourier tl‘El[]SfDl‘mNX(ij} of x[n].
(b) Determine the DFS coefficients X [k] for the sequence ¥[n].
(¢) How is X [k] related to X (e/“)?

\@ 8.4
L I %Cw) - o(nu(,’n’) setoll < 4.

TPwedd c %7u&wce :L)f-n') B Z v + )’N'l ,\o(\<l

Y\:rw

® = : .
[ Xl )f 7 taera e) 2B )
nz-oe* Nzo
" \ o o) <4
S ¢
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(b) The DFS of [n]:

N-=1

XK = D zlnwpr
==}
N=1 oo

= Z Z z[n + rN|W*

n=0 r=—oo
N-1 oo

o= Z Z o™t Ny[n + rNJWY"

n=0 r==—o0

N=1 oo

Z Z &n+rN Wﬁ“

n=0 r=0

Rearranging the summations gives:

X [K]

(c) Comparing the results of part (a) and part (b):
X[k] = X ()| _ons e

uOttawa.ca

N-=1
Z nrN z a® Wkﬂ
r-l:I n=0
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8.6. Consider the complex sequence
{ejw@”. O<n<N-1,
x[n] =

0, otherwise.

(a) Find the Fourier transform X (¢/?) of x[n].
(b) Find the N-point DFT X [k] of the finite-length sequence x[n].
(¢) Find the DFT of x[n] for the case wy = 27k;/N, where k( 1s an integer.

(a) The Fourier transform of z[n]:

00 N-1
X@) = 3 el = Y euneion
n=-—o0o n=0
(e} = 1 — e~ Jw=wo)N a e—i(w=wo)(N/2) sin[(w—wo)(N/2)])
(e) = 1 —e—ilw=wo) — = e—i(w—wo)/2 sin [(w — wp)/2]

X(¥) = e Hw—wn)(N-1/2) (S‘zg‘i’(‘:fis;\;/ﬁ)])

(b) N-point DFT:

N-1 (c) Suppose wo = (2wko)/N, where ko is an integer:
X[k = Y z[n]WR, 0<k<(N-1) | :
n=0 X k _ 1 — e—J(k—ko)21r
N-1 k] = 1 — e—i(k—ko)(27)/N
— jwon kn .
- ,,z_% W = e~ i(2n/N)(k—ko)((N-1)/2) S m(k — ko)
1 — e=i((2xk/N)=wo)N sin(m(k — ko)/N)

1 — e—i((27k/N)=wo)
2nk

o33 —wo) (252) Sin [ — wo) 3]

sin [(%%* — wo) /2] Note that X[k] = X (e7)|u=(2xk)/n uOttawa
A
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8.7. Consider the finite-length sequence x[n] in Figure P8.7. Let X (z) be the z-transform of x[n].
If we sample X(z) atz = J2m/Ak (1,2, 3, we obtain

X1_[lc] = x{3]|z=eﬂh.ﬁ1!h s =ﬂ, 1,2,3. st
Sketch the sequence x[n] obtained as the inverse DFT of X ¢ [k].

-3-2-1 0 1 2 3 4 5 6 7T 8 9 " Figure P8.7

so two points are aliased.
The resulting time-domain signal is

2 2
z1[n]
1 1
R
01 2 3

4 5 6

Taking the inverse DFT by inspection, we note that there are six impulses
(one for each value of n). However,

Wfk =Wf* andek =Wf,

uOttawa.ca [ u Ottawa
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Circular Symmetries Properties

Circular Symmetries of a Sequence. As we have seen, the N-point DFT of a finite

durgtic_m sequence x(n), of length L < N, is equivalent to the N-point DFT of a
periodic sequence x,(n), of period &, which is obtained by periodically extending x(1) e
x(n}, that is,
‘in) | 3¢ ¥0)

)= Y x(n—IN) .
I=—to H2) 43 o) | 1 e ¥ ey /
w \—E--

@ Generally, the circular shift of the sequence can be represented as _
the index modulo N. #3) 0
x(n) = x(n — k, moduloN) = x((n — k))n

o Ex. if k=2 and N = 4, we have
x(0) = x(n — 2, modulo4) = x((n — 2))4

Circular shift of a sequence

which implies that

X(3) = x((1))s = x(1)
@ X(n) is simply x(n) circularly shifted by two units.

mif yOttawa
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8.10. The two eight-point sequences xj[n] and x3[n] shown in Figure P8.10 have DFTs X {[k] and
X 5 [k]. respectively. Determine the relationship between X {[k] and X ;[k].

b
: [n] c x12]
X0 3 1
. ; 1 ; x,[n b ;;1[1 sodee . Tl a
a (] c a Ir ] \\.
I ]I — o @ ] o o =& T . X1[4] Jr xl 0 ‘\|
1 2 3 4 5 6 7 8 0 0 1 2 3 4 5 6 7 8 N ; .H X F;
Figure P8.10 .
e a3

© x1[6]

From Fig P8.10 , the two 8-pt sequences are related through a circular shift. Specifically,
z2[n] = z1[((n — 4))s]

From property 5 in Table 8.2,
DFT{z:[((n - 4))s]} = Wg" X [K]

Thus,
Xaolk] = WEXik] = e X, [k] Xaolk] = (-1)*X[k]

>>x1=['0""a'"'b''c''d"'e"'0"''0"'0" ]
x1 =

'0abcde000'
>>x2 = circshift(x1,-4)

uOttawa.ca 'de0000abc' g u Ottawa
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660 Chapter 8 The Discrete Fourier Transform
TABLE8.2 SUMMARY OF PROPERTIES OF THE DFT
Finite-Length Sequence (Length &) N-point DFT (Length N)
1. x[n] X k]
2. xq[n]. x3[n] Xqlk]. X 5&]
3. axy|n]+ bxz|n] aX k] +bXalk]
4. X[n] Nx[((—k)N]
EEE) 5. (- m)y] WA X [k]
6. Wy'x[n] X[((k — £)x]
N—1
7.3 xlmlxl(n —m)y] X 4 [k]X 5[k]
m=0
1 N-1
8 xylnfxz(n] v 2 X1 [€1X 2 [k — £))N]
9. x*|n] X*[((—k)y]
10. x*[((—n))n] X*[k]
11. Relx[n]) X eplk] = HX 1(()N] + X*[(=k)N])
12, jTm{xnl) X oplk] = L(X[(k)N] = X*[((—k) ¥ ]}
13 xepln] = Lix[n] + x*[((=n) N1} RelX [k]}
14 xoplnl = L{x[n] — x*[((=n)) ¥ 1} JIm{X [k]}
Properties 15-17 apply only when x[n] is real.
X [k] = X*[((—k)n]
RelX [k]} = Re{X[((—k)y ]}
15. Symmetry properties Im{X [k]} = —Im{X[((—k)) ]}
[X [&]] = |XT((=k)p ]I
Z{X K]} = —L{XT((—k)N ]}
16, xepln] = Lixlal 4 x[(=m)w) RelX [k}
uOttaw 17. xoplnl = L(x[n] = x[((—m) 1} JZm{X K]} .@ u Ottawa
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8.24. Figure P8.24 shows a finite-length sequence x[n]. Sketch the sequences
xqln] = x[((n —=2))4].  0=n=3,
and
x2[n] = x[((—n))4], 0<n<3.

6 x[n]

0123 " Figure P8.24

We may approach this problem in two ways. First, the notion of modulo arithmetic may be simplified
if we utilize the implied periodic extension. That is, we redraw the original signal as if it were periodic
with period V = 4. A few periods are sufficient:

-4 -3-2-10 1 2 3 4 5 6 7

uOttawa.ca g u Ottawa




Université d'Ottawa | University of Ottawa

To obtain z,[n| = z[((n — 2))s], we shift by two (to the right) and only keep those points which lie in
the original domain of the signal (i.e. 0 < n < 3):

6 6 6
5 4 > 4 5 4 #[n]
6 [ 3 ] 3 [ 3
iR RRR S
z1[n] -4-3-2-10 1 2 3 4 5 6 7
Ti
—2—1 0o 1 2 3 45

To obtain z3[n] = z[((—n))4], we fold the pseudo-periodic version of z[n| over the origin (time-reversal),
and again we set all points outside 0 < n < 3 equal to zero. Hence,

-2-10 1
Note that z[((0))s] = z[0], etc.

In the second approach, we work with the given signal. The signal is confined to
0 < n < 3; therefore, the circular nature must be maintained by picturing the signal on the circumfer-

ence of a cylinder.

uOttawa.ca g u Ottawa
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Consider the finite-length sequence xz[n| in Fig. 1 below. The five-point DFT of x[n] is denoted by
X[k]. Plot the sequence y[n| whose DFT is

Y[k] = Wi 2*X [k], where W5 = =9 %

2 2

®
[o— ﬁ_;
N ﬁ_n
~0

1@
>0
~®

(5]

n

Figure 1: Sequence z[n]

x[n] cncolarly chifted Loy 2 4o (Bo Lokt [0,

Alend = 303 = 5[] = 2 [ (tns )]

‘ ! I ( EYL']
Ir2 2 I X[nj J I,/},
/

I | ( [

: 1 1 —--—> ] (
..'MTN | ] B

e o o o - & —

2 II() 1 2 3 4 5 6 7 (e ] v 3 G
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8.33. An FIR filter has a 10-point impulse response, i.e.,
hln] =0 forn <= Oand form = 9.

Given that the 10-point DFT of k[a] is given by

1 1
HIk] = <8k — 1] + Za[k —
[k] = 3alk — 1] + Falk — 7],

find Hie/™), the DTFT of k[a].

By computing the IDFT we find

1 /1 ; 1 .
— 2 J2u /10 G(2w/10)7n . .
hn] ) (563 +363 ) forn=0,1,...,9

9 9
, . 1 1 . 1. .
F{(ejw) — § :h[ﬂ]eywﬂ — T § : (563(2:7_/10}71 + 569(271',/10)?71) p—dwn
n=0

9 9
- 1 (l 3 /10 1 3 ej((zwfm)?—w)n)
10 5 n=0 3 n=0

1 (1 1— (ej((2'_’rf10)—u])lﬂ 1 11— (ej(mwfll]}?—w))lﬁ)

10\5 1@ "3 T1— @

1 /1 1 — g Jl10w 1 1 — g 310w
10 (E 1 — ei((@r/10)-w) + 31— Bj((ﬁw/lﬂ]?—w]) :

(Sampling H(e/) at wy, = 22E gives H|k|.)

uOttawa.ca @ u Ottawa
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From Final 2010 Uottawa-ELG4177

Omestion 3 DFT (/5)
Asequence x[n]=4.5,1.2,3.7 n=0,1.2.3,4.5 has a discrete time Fouger transform X(e?".':'} .

a) Find X (/%) .
b) ADFT X (k) of size N =4 is obtained by compnting samples of X(e/®) at frequencies
2

—kTJT 0<k<N-1 .Find an expression for X (k).
¢) What is the time domain sequence x;[#] obtained by computing a size N =4 inverse DFT from
X(k) inb) ? (no complicated computations required here)
d) How can we compute the linear convolution of x[n]=4.5,1,2.3.7 n=0,12,3 435 and
h[n]=1.3.1.4 n=012.3 naung the DFT domain ¢ {vou don't need to provide the convolition
result but you do need to provide the details of the process).

Qi -1 3w % L's
2 +3¢eY 4 3!

1 7e

4) Find X(e**). x (e - 35

3 N\‘G.

W
ln) eY ™ . 445 e9Y $e
&

b) A DFT X (k) of size N =4 is obtained by computing samples of X (e’®) at frequencics

o= kg{ 0<sk <N -1 .Find an expression for X (k).
y g e L SRS T -4 Sk
X (k) = X(eﬂ'))w:kg} Y4 Se ¥, e 1% 13e” €r43¢" V" -)e-) 5

- k| = ,

uOttawa.ca u Ottawa
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¢) What is the time domain sequence X;[n] obtained by computing a size N =4 inverse DFT from
X (k) in b) ? (no complicated computations required here)

camPlvl X(e%) (v Be cinv ps PRobucinb A PERIODIC SEQUENCE
o~
= - A " ASin 6.
ALm) = & Al KN]. (WHICH (M CRATE Time ALidsing
ke P IV THE TilE oomin,
x;[m) is /')}, [m) Cpwsibe e OVER ONE PEEIOD, ix THE INTEKVAL O &1 (4,

FOR W= l’/ THE SAmMPLES 5;1’72 will BfﬁLlASlb ovek SA®PLES I‘,IS-;/

_Leapiv 10 1 Im)= 7 B,1,a _ mwo/33, THS Qb 8506741:0‘8‘/ M1 iml
: ) =3DFT (Xi(K),

S BOT T TAKes
Low ek

€) How can we compute the linear convolution of x[n]=4,5,1,2,3,7 n=0,1,2,3,4,5 and
h[n]=1,3,,4 n=0,1,2,3 using the DFT domain ? (you don’t nced to provide the convolution
result but you do need to provide the details of the process).

x[ny Siwe Lz 6
It siz€ Lazy
YOl >1x () & Aoy (Liem ©awlron) wite Be oF Size = b4y-| = q
we weed q SAneus oF Y (e iw i1s DFT Y(K) To Fucy fecPeesent Y )
4
WiThoor Tim€ ALiASiVb. X(k) Awp H(Kk) MUST AlSo Be of <iar =g

(k)= pFr (~ca) + 2m3:/%bon (k)= 0FT (An) + Zecs Proving )
I3 1 S
()= X(W (k) yLm = 10f1 (Y(r)]

uOttawa.ca
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THE END
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