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Signal Flow Graph

Signal flow graph with the delay branch

indicated by z-1

wy[n] wo[n] By 38 7]

O > Q > O > > O
x|n] y[n]
wi[n] = awy[n] + x[n], (6.18a)
woln] = wyn], (6.18b)
wsn] = bow;[n] + by wyln], (6.18c)
wy[n] = waln — 1], (6.18d)

vin] = ws[n].

(6.18e)

uOttawa
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Transposed Form

Example 6.7 Transposed form

O >
(a) Flow graph of simple 1st-order system. x[n]
(b) Transposed form of (a).
(c) Structure of (b) redrawn with input on left.

a
(a)
o e S— - O -~
Vv [HI ,\‘[n]
=1
a
(b)
o - o, > < - o}
x[n] yln]

2

UOttawa (c) 6-28 u Ottawa
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lIR Filter Structure

6.3 Basic structures for IIR systems

e Direct forms
e (Cascade forms
e Parallel forms

uOttawa




Université d'Ottawa University of Ottawa

Direct Form | Structure
Signal flow graph of direct form I

structure for an Nth-order system &

M N
Zbk :_"
N M k=0
inl =Yyl —kl = bexln — kI, HE = (6.27)
k=1 L=0 fiss Z(lk;_k
k=1
by v[n]
x[n]
Z A
b, a
x[n-1] > G <
A
bz [15)
x[n-2] > | <I> -«
I I
I I
| |
by | ' an-1
x[n=N+1] > <

b 3 —_—
x[n-N]| - 2 y[n-N] T u Ottawa
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Transposed Direct Form | Structure

Figure 6.27 General flow graph resulting from
applying the transposition theorem to the dlreaM

form I structure of Figure 6.14 i
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Direct Form |l Structure

Signal flow graph of direct form II
structure for an Nth-order system

M
’ Zbk:"
N M : o
y[n] — Z(:k_\'{zz - k] = me[n — k], (6.2 H{z) = = (6.27)
k=1 L=0 — = Z(I}:Z—k
k=1
wn] by
o > O > O > O—> o)
XN H
[ ] A Yz! y[ ]
a b|
¢ < O r
A Z—l
a, I b,
Q - ‘el >
| | |
| | |
| | |
I | |
' a | by I
— N-1 N-1
- ol >
—_—,
-1
z m uOttawa
an by 6-17
— Ry ):




Université d'Ottawa | University of Ottawa

Transposed Direct Form |l Structure

resulting from applying the i J |ﬁ..
transposition theorem to the direct SR

Figure 6.28 General flow graph =1 |

form II structure of Figure 6.15 ( 2 . SRS
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Cascade Form

Cascade form

M)
Hﬂ - fiz™H

| Ifl — gz (- gtz
N 4 k= =1
H=AS

N2 V A ¥
-z ) [[Ad-—dea YA —dgz™h  yolnl = xlnl.
L t=]
wyln] = agweln — 1]+ azowg[n — 2] + v q1n].

Yeln] = bpgwr[n] + Bpwy[n — 11+ byyuyn — 2],

y[n] = ya. [n].

N

(6.30)

(6.31a)
(6.21b)
(6.31¢)
(6.31d)

u Ottawa
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Parallel form structure

Parallel form

We can express a rational system function as a partial fraction expansion in the
form
N

Bl — 'E:‘jfz_l

ZC‘M +Zlu = +Z 1-d;¢i“f}{1ﬂd};}z“l}’ (6.34)
where N = Ny +2N,. It M > N, then Np = M — N; otherwise, the first summation
in eq. (6.34) is not included. If the coefficients a; and by are real in eq. (6.27), then
the quantities Ay, By, C}, ¢, and e are all real. In this form, the system function
can be interpreted as representing a parallel combination of 15~ and 2"¢-order IIR
systems, with possibly IV, simple scaled delay paths. Alternatively, we may group
the real poles in pairs, so that

N k AR €0k T+ elkz_l
Hz) =Y Crz"+> . (6.35)
k=0 :

— 1= az™" = agz™?

Cp 2

where, Ny = |[(IN + 1)/2] is the largest integer contained in (N + 1}/2, and if
N, =M — N is negative, the first sum is not present.

uOttawa
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Parallel form structure

Parallel form structure for 6th-order system
(M = N = 6) with the real and complex poles grouped in pairs

The general difference equations for the
parallel form with 2"-order direct form
IT sections are

wi[n] = appwi [n—1]+agpwe[n—2]+z[n],
where k = 1,2,..., N, (6.36a).

yr[n] = egpwi[n] + erpwi[n — 1],
where k =1,2,..., N, (6.36b).

Np N,
y[n] = Z Cra[n—k]+ Z yi[n].(6.36¢)
k=0 k=1

O

C .('1

wy[n] €n1 yin]

x[n]

If M < N, then the first summation in
eq. (6.36¢) is not included.

uOttawa
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FIR Filter Structure

Direct form realization of an FIR system

For causal FIR systems, the system [unction has only zeros (except for poles at z = 0),
and since the coefficients a; are all zero, the difference equation of Eq. (6.9) reduces to

M
¥inl=) bixln — k. (6.46)

k=0

This can be recognized as the discrete convolution of x[a] with the impulse response

by n=0.1....,M,

)= {() otherwise. (6.:47)

This structure is also referred to as a fapped delay line structure or a fransversal filter structure.

71 71 7]
O > O > O > O—> s L O > Q
x[n]
= Y h[0] Yh|1] Yh|2] Yh|M-1| Yh|M]
O > e R o > O >

o uy Ottawa
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6

Structures for

Discrete-Time

Systems

Problems: 6.4, 6.5, 6.6, 6.9, 6.10, 6.11, 6.13, 6.18, 6.19, 6.27, 6.37, 6.38

uOttawa
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6.4. Consider the system in Figure P6.3(d).

(a) Determine the system function relating the z-transforms of the input and output.
(b) Write the difference equation that is satisfied by the input sequence x[n] and the output
sequence y[n].

2

O

x[n] y|[n]

¥ | =

= =R RIS §

(d) Figure P6.3

uOttawa
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(a) From the flow graph, we have:

Y{z} =2X (z) + l:iXI:z} — %Y{z} + g}’(z}z—sz—l

That is: 1 g 1
Y(z)(1+ Ez_l - Ez‘*} =X(2)(2+ Zz“}.

The system function is thus given by:

Yz 2+3z7!
S X(2) 1+ 3z -3z

Hiz)

(b) To get the difference equation, we just inverse Z—transform the equation in a. We get:

y[n] + %y[ﬂ -1] = gy{n = 2] =2z[n] + iﬂ-‘[ﬂ =1].

uOttawa
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6.5. An LTI system is realized by the flow graph shown in Figure P6.5.

(a)
(b)
(c)

(d)

Figure P6.5

Write the difference equation relating x[n] and y[n] for this flow graph.

What is the system function of the system?

In the realization of Figure P6.5, how many real multiplications and real additions are
required to compute each sample of the output? (Assume that x[n] is real, and assume
that multiplication by 1 does not count in the total.)

The realization of Figure P6.5 requires four storage registers (delay elements). Is it
possible to reduce the number of storage registers by using a different structure? If
so, draw the flow graph: if not, explain why the number of storage registers cannot be
reduced.

uOttawa




Université d’'Ottawa University of Ottawa

The flow graph for this system is drawn below.

w(n]

z[n] y[n]

(a)

w(n] = z[n] + 3wln — 1] + w[n — 2]

y[n] = win] + y[n = 1] + 2y[n — 2]

(b)
W(z) = X(2) + 327 'W(2) + z72W(z2)
Y(z) = W(z) +z7'Y(2) + 2z7%Y (2)
So
Y(2) _
X@ - 7
_ 1
T (1-2"1-22"2)(1-3z"!-2-2)

1
1—4z"1 4+ 7273 +22-¢

(c) Adds and multiplies are circled above: 4 real adds and 2 real multiplies per output point.

(d) It is not possible to reduce the number of storage registers. Note that implementing H(z) above
in the canonical direct form II (minimum storage registers) also requires 4 registers.

uOttawa
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6.6. Determine the impulse response of each of the systems in Figure Po.6.

¥
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4

x|n]

:l'|.rr] /ﬁ

¥In]

x|n]

" @ uOttawa

Figure P6.6
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The impulse responses of each system are shown below.

uOttawa
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6.9. Figure P6.9 shows the signal flow graph for a causal discrete-time LTT system. Branches
without gains explicitly indicated have a gain of unity.

(a) By tracing the path of an impulse through the flowgraph, determine i[1], the impulse
response at n = 1.

(b) Determine the difference equation relating x[n] and y[n].

Fi
x[n] y[n]
A z! 1
-1 2
. - o
L E-_I-
4 .
- 5 Figure P6.9

uOttawa
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3_'1

2ln] o—s 1 R i N D WY

(a) First we need to determine the transfer function. We have

wifn] = z[n] —wsln] + dwfn - 1]
wzln] = wyn]

wyfn] = wan-1]

wyln] = Zwsn]

y[ln] = waln]+ z[n — 1] + ws[n].

Taking the Z—transform of the above equations, rearranging and substituting terms, we get:

1+827" +27% - g0

HE) = o=

The difference equation is thus given by:

yln] + y[n = 1] — 8y[n — 2] = z[n] + 3z[n — 1] + z[n — 2] — Bz[n — 3.
The impulse response is the response to an impulse, therefore:

hin] + hfn — 1] — 8hn - 2] = b[n] + 38[n — 1) + 6[n — 2] — 85n - 3].
From the above equation, we have:

Al0] =1
A[l) = 3 — Af0] = 2.

(b) From part (a) we have:

y[n] +yln — 1) = 8y[n - 2] = z[n] + 3z[n — 1] + z[n — 2] — 8z[n — 3].
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6.10. Consider the signal flow graph shown in Figure P6.10.

(a) Using the node variables indicated, write the set of difference equations represented
by this flow graph.

(b) Draw the flow graph of an equivalent system that is the cascade of two 15t-order
systems.

(c) Isthe system stable? Explain.

L8 = i = £} = = ]
x|n] y[n]
Y JLZ_] 1
v|[n] 2
I 1= {F ==
2
Az 1
2
wn] Figure P6.10

uOttawa
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(2)

win] = Zyin]+ 2l

vfn] = %y[n] +2z[n] + wln — 1]
y[n] = wv[n—1]+zn].

(b) Using the Z—transform of the difference equations in part (a), we get the transfer function:

Y@ 1+227' 4277
H[z) -— X{x) — 1__%73"1_ %x-:‘

We can rewrite it as :

14z (1427
H(z) = 1+ 371 -2
We thus get the following cascade form:

z[“] & -

4

— -— e vn]

»
v

-1/2

(c) The system function has poles at z = — and z = 1. Since the second pole is on the unit circle,
the system is not stable.

o uy Ottawa
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6.11. Consider a causal LTT system with impulse response #[n] and system function

1 -2z — 4771
H < ) )

(a) Draw a direct form II flow graph for the system.
(b) Draw the transposed form of the flow graph in part (a).

uOttawa
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(a) H(z) can be rewritten as:

27l — 6272 4 B2z73
1-1:1

We thus get the following direct from IT flow graph :

“-'[“] o = .—-u--——--ﬂ[“]

H{z} =

(b) Ta get the transposed form, we just reverse the arrows and exchange the input and the onput. The
graph can then be redrawn as:

zn| g—p— 9 y[n]

+ -1

o uy Ottawa
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6.13. Draw the signal flow graph for the direct form I implementation of the LTI system with

system function

The solution ]_ 1,2
H(z) = 2

The direct form [ implementation is:

z[n] g $ - ¢ — *r— I & o ¥[n]
z7hy A i z~1
1/4
L 9 o——9
z7ly A 4 127!
1/8
*—+——@ *——>D
-1/2

uOttawa
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6.18. For some nonzero choices of the parameter a, the signal flow graph in Figure P6.18 can

be replaced by a 2nd_grder direct form 11 signal flow graph implementing the same system
function. Give one such choice for a and the system function H(z) that results.

Figure P6.18

uOttawa
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The flow graph is just a cascade of two transposed direct form II structures, the system function is
thus given by:

143270 - 327 1

H(I] = (1+ %Z"I _ %3_2){1 _

=)

az

Which can be rewritten as:

(1+227)(1- 2271

B = e

In order to implement this system function with a second-order direct form II signal flow graph, a
pole-zero cancellation has to occur, this happens if a = §,a= -2ora=0.lfa= §, the overall system

function is: -
+ 22"
H(z)= .
(z) 1+ %z"“ - %z*z
If a = -2, the overall system function is:
L
1 3%

H(z) = .
(2 144271 3772

And finally if a = 0, the overall system function is:

(1+2:74)(1- 227
141e-1- 32 7

H(z) =
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6.19. Consider the causal LTI system with the system function

(1-37) (e 37)

Draw a signal flow graph that implements this system as a parallel combination of 15!-order
transposed direct form II sections.

H(z) =

uOttawa




Université d’'Ottawa University of Ottawa

Using partial fraction expansion, the system function can be rewritten as:

Now we can draw the flow graph that implements this system as a parallel combination of first-order
transposed direct form Il sections:

9
¢ — T
|
-8
z[n] g— S » - r— o y[n]
=1
1/3
k |
3
*— - > ]
51
-2/3

uOttawa
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6.27. An LTI system with system function

0.2(1 +z71)0
(1 —2z71 4 %z—z) (1 +z 14 %3—2) (l — 2z 1+ 2_2)

H(z) =

is to be implemented using a flow graph of the form shown in Figure P6.27.

Figure P6.27

(a) Fillin all the coefficients in the diagram of Figure P6.27. Is your solution unique?
(b) Define appropriate node variables in Figure P6.27, and write the set of difference
equations that is represented by the flow graph.

uOttawa
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(a) We can rearrange H(z) this way:

(1+271)2 (142712 _ 1
M — . . iy2 . 0.
(2) =L 427 14214152 (1+2z7%) [~ 515 15 0.2
z[n] u[n) 0.2
[ —- Pt Pt H & yl[ﬂ']
¥ z-l ¥ 3_1
2 1 172 P o
[ e e
+——9
z71 \
T -1 ~7/8
— + T

The solution is not unique; the order of the denominator 2nd-order sections may be rearranged.

(b)
uln] = =z[n]+2zn -1+ z[n-2]+ %u{n —1] = u[n -2]

vi[n] = uln]-vRp-1]- %v[n - 2]

wn] = v[n]+2vn-1]+vRn-2]

y[n] = wn]+2wh-1)+wrn-2]+2yn-1]- —;—y[n - 2]. e,
uOttawa
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6.37. The flow graph shown in Figure P6.37 is noncomputable: 1.e., it 1s not possible to compute
the output using the difference equations represented by the flow graph because it contains

a closed loop having no delay elements.

. = {2 e > i
x[n] y[n]
b A Y

A=

4
L A

= oA
|

Figure P6.37

(a) Write the difference equations for the system of Figure P6.37, and from them, find the

system function of the flow graph.
(b) From the system function, obtain a flow graph that 1s computable.

uOttawa
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(a)

yln] = =z[n]+ abw(n] + bw[n — 1] + aby[n]
wln] = =yln].
Eliminate w[n]:
yln] = z[n] - aby[n] - by[n — 1] + aby[n]
y[r] = z[n] - by[n - 1]
So: 1
H(e) = -
(b)
z([n| y[n]
- - s
|
—b

uOttawa
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6.38. The impulse response of an LTI system is

a®, 0<=n <7,
hln] = i(}, otherwise.

(a) Draw the flow graph of a direct form nonrecursive implementation of the system.
(b) Show that the corresponding system function can be expressed as

1 —a8;78

H(2) = —

2| > lal.
—az

(¢) Draw the flow graph of an implementation of H(z), as expressed in part (b), corre-
sponding to a cascade of an FIR system (numerator) with an IIR system (denominator).

uOttawa
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a a? a® at a® a® a’
y[n]
I = i= = = T T
(b) From
Na k QNI' . aNg-i—I
2 =
k=N, @
it follows that .
1—afz"8
Z a"z7" = 1 -1
= —az
(c)
z[n] z—8
» = = = =
z~1 —ab
- ]

y[n]

uOttawa




