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Review Discrete-Time Fourier Transform

X(ejm) — Z x[n]e_f‘”” Fourier Transform
1 n=—a0
X[}’Z] — E 5 g X(ej(u)ejmdw? Inverse Fourier Transform
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2.6. (a) Determine the frequency response H (e/®) of the LTI system whose input and output
satisfy the difference equation

y[n] — %_v[n — 1] = x[n] + 2x[n — 1] + x[n — 2].
(b) Write a difference equation that characterizes a system whose frequency response is

%e—jw +e—j3w

H(ej(l)) = ' . .
1+ e + 3e~i20

uOttawa.ca

@ Ott
[ https://bookshelf.vitalsource.com/#/books/9780l33002287] =l u awd




Université d'Ottawa | University of Ottawa

2.6. (a) Determine the frequency response H (e/®) of the LTI system whose input and output
satisfy the difference equation

y[n] — %_\'[n — 11 =x[n]+2x[n — 1]+ x[n — 2].
(b) Write a difference equation that characterizes a system whose frequency response is

] %e—jw i e—J3®

H(ej(l)) = ' . .
1+ e + 3e~i20
(a) The difference equation: (b) A system with frequency response:
1 .
y[n] - :?—y[n — 1] = z[n] + 22[n — 1] + z[n — 2] H(e) Y(elv) = 1-—3e 3“4
T X(e) T 1+ jeiv 4 Feiw

Taking the Fourier transform of both sides,
. cross multiplying,
Y(e')[1l — ze™%] = X (e7¥)[1 + 2779 + ™72, . . , _ .
( )[ 26 ] ( )[ } Y(e”")[l + %e*—jw + _Ze—ﬂw} = X(ejw)[l _ %B-Jw +e—J3w]’
the fr i
Hence, the frequency response s and the inverse transform gives

; Y (e™) 1+ 2e™7 4 =72
H(e™ —= = , : 1
(e™) X(e) 1-le—dw yln] + %y[ﬂ -1+ gy[n =2 =aln] - 3z[n ~ 1] +2[n - 3].
@ uOttaw
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From Proakis & Manolakis Book

A linear time-invariant system is described by the following difference equation:
y(n) = ay(n — 1) + bx(n), O<a<l1
(a) Determine the magnitude and phase of the frequency response H(e’*) of the system.

(b) Choose the parameter b so that the maximum value of |H(e*)| is unity, and sketch |H(e’”)|
and X H(e*) for a =09,

(¢) Determine the output of the system to the input signal

. T
x(n) =5+ 12smn En — 20 cos (:fm + 1)
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From Proakis & Manolakis Book

and X H(e*) for a =09,

x(n) =54 12sin %n — 20 cos (;m + E)

A linear time-invariant system is described by the following difference equation:
y(n) = ay(n — 1) + bx(n),

(a) Determine the magnitude and phase of the frequency response H(e’*) of the system.

(b) Choose the parameter b so that the maximum value of |H(e*)| is unity, and sketch |H(e’”)|

D<a<1

(¢) Determine the output of the system to the input signal

4

(a) The frequency response is

oy y(e:‘w} _ b
HE) = X T 1—ae
Since : :
1-—ae™’“ =(—acosw)+ jasinw
it follows that

11 —ae | = /(1 —acosw)? + (asin w)?

=+1+a2—2acosw
1D _ 5]

HE) =

—ge V1 +a? -2acosw
X HE)= @)= £ b — tan”! — 0@
1l —acosw

(b) Since the parameter a is positive, the denominator of |H(e’)| attains
aminimum at w = () Therefore, |H(e/)| attains its maximum value

at @ = U. At this frequency we have,

b

IH0)] = —— =1

1—-a

which implies that b = +(1 — a) We choose b = 1 — g, so that

1l —a

|H(e')| =
1+ a2 —2acosw

and O(e) = —tan !

a sin w
1 —acosw
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1-09

'\/(1 +092-2-09- cos(x))

|Heg)

{-m<x<n}

J.‘ =

1

Phase
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\._..//
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g ==l H | H[k|e""

) Thé input signal consists of components at frequencies @ = 0, 7/2, and 7

‘ For o =0, —r } H(e) |= 1 and ©(0) = 0. For w =7/2,
w=1/2 C> } H(e) | = \}1__51_ - \/% —0.074
o (%) — _tanlq= —42°
Forow=m, C» ‘ H(ev) | = i ;Z = {1](_1; = 0.053
() =0

Therefore. the output of the system is

y(n) = SIH(O)| + 12| (%)‘ sin [ 2n+ © (%)] — 201H ()| cos | Tn + % +om|

uOttawa.ca g u Ottawa
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8. An LTI system has impulse response h[n] = 5(—1/2)"u[n]. Use the Fourier transform to
find the output of this system when the input is x[n] = (1/3)"u[n].

FT
v(eﬁ“')_ H(Cjw> X(Ca )
5
) _
9w )
X (¢77) = o
3
4 =
9w ,
{2 )is I#gle'ﬁ L+ &7
3 2
= & == Sy
|+ 4 i -3
n P
Y] - 2(£) ulx] + 3 () ubn) uOttawa
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2.9. Consider the difference equation
5 | 1 1 |
vin] — =y[n — 1]+ —y[n — 2] = —x[n — 1].
6 6 3

(a) What are the impulse response, frequency response, and step response for the causal
LTT system satisfying this difference equation?

2.9. (a) First the frequency response:

Y (e¥) — ge*f”}’{ei”) + %e—”"’ﬂe"“’} = %e‘”"’x ()
. Y (e7)
H{EJ ) X(ij}

1, —25w
3€

1—fe=dw 4+ Le~ 2w
Now we take the inverse Fourier transform to find the impulse response:

2 2
1-le-dv  1-Ze-iw

H(e™) =

Ml = =2(3)"uln] +2(3)"uln]

uOttawa.ca u Ottawa
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For the step response s[n}:

sin}

uOttawa.ca

i hlk]u[n — k]

k=—o0

D hlk]

k=—00
_ n+1
L 1(_1f13}3+ u[n]

(1+(3)" - 2(3)")ulr]

-2

+ 2

1-(1/2)7+?

1-1/2

u[n]
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Frequency Response For Rational System Functions

g <5 Transform Analysi... NS -7

Go to 5 Transform Analysis of
” : s
Linear Time-Invariant Systems

5.0 Introduction

Figure 5.8 Pole—zero plot for Example 5.5.

5.1 The Frequency Response of

LTI Systems >
5.2 System Functions—Linear
Constant-Coefficient Difference... > 5-3 FREQUENCY RESPONSE FOR RAT'ONAL SYSTEM
5.3 Frequency Response for 5 FUNCTIONS
Rational System Functions
< If a stable LTI system has a rational system function, i.e., if its input and output satisfy
5.4 Relationship between J

Magnitude and Phase a difference equation of the form of Eq. (5.19), then its frequency response (the system

function of Eq. (5.20) evaluated on the unit circle) has the form
5.5 All-Pass Systems

M
5.6 Minimum-Phase Systems > Z bke_jwk
5.7 Linear Systems with N ) k=0
Generalized Linear Phase H ((’" ) = (545)
5.8 Summary E ag ()_J(Uk
k=0
Problems
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A pole-zero plot is a useful way of expressing a transfer function.
Consider the following for H(z) = 1-2z" + 2z% - 77,

Imiz|A
POleS & Zeros 3 Poles: ,_’_,,__‘_ 3 Zeros:
H() — = \®<\ H(z) =0
Z_O | Z:laeijﬂ'/.)
s’ (3) “u 1
X O >
Y Re|z)

4 Transfer function
Unit Circle scale factor

MATLAB. zplane([1l -2 2 —]:_]__[_]:])
or zplane([l exp(j*pi/3) exp(-j*pi/3)1.',[0 0 0].")

NG
) 2
_1 _ -
4[] = 2{n-1] - 39(-2] + 2] + -l = | H(z)=—22 | || (7)= -z = i
4-27"43z 140.7225 2
Zeros: gl o : .,
z=0,z=-1.5 | l) L‘t Zeros: 0.5 -
Poles: x z=+] 0 e § @
2=0.886¢/ " Poles: g é :
; ‘-\ 0.5 z=0.85¢" :
19 | ? | Relz| 0.5 k - ’
-1¢ \ / 1 Z ‘Y - o
\ / /}'l‘ x \\“\
-1 ) SRR XA i
X -1 0 1
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Example (page#296): Second Order System
Example 5.6 2"4-Order IIR System
Consider the 28-order system 1
1 1 i
H(z) = — - = : s61)e® H(el®) = — o
( (1—relfz7 11 —re /9271y 1 —2rcosfz—1 4+ r2z2 (561) ( ) (1 —relfejo)(1 —re-ife-Jv)
The difference equation satisfied by the input and output of the system is
y[n] —2rcost@yln — 1]+ rz_\'[n — 2] = x[n]. 201ogqg |H (/)| = — 101ogyg[l + r2 — 2r cos(w — 6)] )
Using the partial fraction expansion technique, we can show that the impulse response — 101oggll + 72 — 2r cos(ew + 8)], (5.63a)
of a causal system with this system function is
rsin[f(n + 1)] oy |: rsin(w —8) ]_ |: rsin(w 4+ 6) ] o s
hin] = Tu[n], (5.62) /H(el®)y = —arctan T reos@—8) arctan T reos@18) (5.63b)
The system function in Eq. (5.61) has a pole at 7z = re/? and at the conjugate
location, z = re~ /7 and two zeros at z = 0. The pole—zero plot is shown in Figure 5.12. p|0tted forr=0.9 and 6= 7-[/4
20
Im z-plane
Unit circle —
15
10
/ 3 s
II
| 0
\
\ —6
-10 I | I
0 T T 3w 27
X 2 2

Figure 5.12 Pole-zero plot for Example 5.6.

uOttawa.ca

Radian frequency (w)

(a)

Figure 5.13 Frequency response for a complex-conjugate pair of poles as in

Example 5.6, with r = 0.9, # = /4. (a) Log magnitude.
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Second Order System (2 poles & 2 zeroes)

H(z)=

(1 —re/®z=h) (1 —reJ®oz=t)y 14+ byz7! +byz72

(1 — ReJwoz=1) (1 — Re=Jwoz=1) 1+ a,z7 ' +a,z72

where the filter coefficients are given in terms of the parameters r, R, and wy:

by

i

—2F CoS Wy

—2R cos wy

bgzrz

QQZRE

The corresponding magnitude squared response 1is:

|H(el®)| =

uOttawa.ca

(1 —2rcos(w — wq)+r?) (1 —2rcos(w + wq)+1?)

(1 — 2R cos(w — wp)+R2) (1 — 2R cos(w + wq) +R2)

| y Ottawa
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Notch and Comb Filters

® = poles H |2 A
O = zeros () - :
| r<R, (boost)
'\
J\
| —— . T
I 1 I.-I
W r>R, (cut)
unit ¥ 0 5 — (1)
circle | 0 n
Magnitude Response Magnitude Response
2.0 2.0
R=0.98 98¢ =1
wop=0.4m f ----- r=0.995 R=0.98
[ ' wop=0.4m
1.5} || 1.5}
|||
— | —
NP S N 3 1of — —
T Y S [
} |
D.5r ,: n.5F ”
i
0.0 : ! : - 0.0 - - !
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.8 0.8 1.0
@ in units of o @ in units of o

Copyright (c) 2010 by Sophocles J. Orfanidis, All Rights Reserved. The book is freely available in PDF format, for educational use only

uOttawa.ca u Ottawa


https://www.ece.rutgers.edu/~orfanidi/intro2sp/orfanidis-i2sp.pdf

Université d'Ottawa | University of Ottawa

Notch & Comb Filters

Notch filter: If zeros are closer than poles to unit circle
Comb Filter: If poles are closer than zeros to unit circle

H(z)— L2050 2714772 H(z) - LoL8c0s0 2 +0812°
Bl -1 -2 - _ 1, o2
1-1.8cos@z ~ +0.81z 1-2cosfz" +z
Frequency response with theta = 0.4* pi Frequency response with theta = 0.4* pi
10 : . . . . : : . . . . . . . . .
o o
=2 =2
@ o- 1]
=] =
2 2
£ _ =
[=2] [=]
] 4]
= - 2 ol
L L _‘|D 1 L
0 0.1 Dz 03 D4 05 Dﬁ D? DE- 0.9 1 0 0.1 Dz 03 04 05 DE D? Da 0.9 1
Normalized Frequenc s_l radfsample Normalized Frequencg B rad!sample)
Zero Pole P|DtWI t eta 0.4* pi Zero Pole Plot with t eta 0.4* pi
= i R = : o
S 05t : g 1 & o5t 5 :
= : =
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From Lab2: Remove certain frequency via Notch filter

Removing 60 Hz

f
0= E.Zﬂ' = 60/1000*2n

o Frequency Response of Notch Filter to Attenuate 60Hz Slnusnldal 60 Hz Slgnal sampled at’ 1I]'I]I] Hz samplmg rate
T T T T T T T T T 1 = i b

g o .
=

B 2

=2 -1 =

g E

o -

I -2

-30 1 1 1 1 1 1 1 1 1 I U - I -
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Parametric Resonators

As another example, consider the design of a simple second-order “resonator” filter whose frequency
response is dominated by a single narrow pole peak at some frequency wO0.

® = poles

A | Hw)
l 1

Z-plane —T

1/2 + | |+ A® = 3-dB width

= (D

0 (1’)0 /2 i

Fig. 6.4.2 Pole/zero pattern and frequency response of resonator filter.

Copyright (c) 2010 by Sophocles J. Orfanidis, All Rights Reserved. The book is freely available in PDF format, for educational use only
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G j G
(1 — Rewoz—1) (1 — Re—~Jwoz=1) 1 +qag,z7! +a,z2

H(z)= (6.4.3)

where a; and a» are related to R and wg by

ad; = —2R cos wqy, d» = R?

The gain G may be fixed so as to normalize the filter to unity at wy, thatis,|H (e/?)] =
1. The frequency response of the filter is obtained by the substitution z = /%

H(el®) - ¢ I 6 _
(1 — Re/@oe—Jw) (] — ReJWoe—J®) |+ geJ® + g,e-dJw

The normalization requirement |H (wg) | = 1 gives the condition:

G
H(wy)| = . : : : =1
H (wo) | | (1 — ReJ®@oe—J®o) (1 — Re~JWoe—J®Wo) |

which can be solved for G:

G = (1 — R)\/1 — 2R cos (2wg) +R2

Copyright (c) 2010 by Sophocles J. Orfanidis, All Rights Reserved. The book is freely available in PDF format, for educational use only
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» ‘ MATLAB

Introduction to Lab#2

uOttawa.ca u Ottawa



Université d'Ottawa | University of Ottawa

From Lab2: Resonators

1

H(z)=
(2) 1-2rcos@ 2zt +r?z7?

Magnitude Response with theta = 0.25* pi

Magnitude Response with r = 0.9 8.
18 ¢
r=0.75
theta =0.1 *pi r=0.8
18} theta =0.3 *pi r=0.85
theta =0.5 *pi r=0.9
14 b theta =0.7 *pi
theta =0.9 *pi
12t
[15]
5] =
5 107 £
£ =
g 8l £
E
.E L
4 L
2 .
- - 1 - - L | D 1 1 1 1 1 1 1
o 0 0.5 1 15 2 25 3 35
0 0.5 1 1.5 2 25 3 35

Frequency (rad/sample) Frequency (rad/sample)

The Gain G =|H(e)|= 1

1- r\/l— 2r cos(26) +r°
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27

Sinusoid Generator

1

H(z) =

- 1-2rcos@ zt+r%z?

Impulse Response

Let = 1 » » » *
Unit Sample Sequence
12 19
3
0.5}
08 %
) =]
k= = 0 - - - - - - -
Z 06 E
£ <L
<
0.4 0.5
02
_‘| F
10 5 0 5 ‘;B 15 20
Time ind 15 LJ LJ LJ L d
] 5 10 15 20 25
n (samples)
0.8 0
0.6 : — _—
- | Frequency = f =—.fs
; | 27
o 02 :
g-o.z
04
-0.6
0.8
-1
0.5 ] 0.5
| Part
P
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THE END
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