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THE LAPLACE TRANSFORM
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Laplace Transform

Laplace transform 1s often a rational of polynomials

2
X(S)ZN(S) 25" +5s5+2

= algebraic expression; X(s)=
D(s) ® d ) (s +55+10 )(s+2)

eN(s)=as"+..+as+a,
e D(s)=b,s" +...+bs+b,

|X(s)| will be larger when it
is closer to the poles

."'

e Poles (signularities) : s 3 D(s) = 0(So, X (5) = =)

e Zeroes:s3 N(s)=0(S0, X(s)=0)—__

e Poles and zeroes are complex

|X(s)| will be smaller when
it is closer to the zeros

e Order of X(s)1s the number of poles =m
e Poles & Zeros of X(s):
Completely characterize the algebraic expression of X(s)



x(1) = 3e Hu(t) — 2e "u(1). ja)
Solution: . t
e”'u(r) = —1—- Refs} > —1 i i
e 2u(t) «— Pt Rels} > —2 .

Laplace transforms of both terms converge 1s
Re{s} > -1, and thus, combining the two terms, we obtain

example| consider a signal that is the sum of two real exponentials:

95 . £ s — 1
3e “u(t) — 2e 'u(t) «— o Refst > —1.
Example: x(7) = e 2 u(f) — e u(~1) ] )
Solution: | | A
e u(t) < ,Re{s}>-2 : |
+5 : :
—t 1 | I
— —t)<>——,Re <—1
e u(=t) -y {s} KX 203
I
1 1 : :
X(s)= +—,—-2<R <-1
() 2+s l+s e{s}

As can be seen that ROC 1s a strip parallel to the jo axis.




Example : If the ROC is -2 < Re{s} < —1, what 1s the mverse L'T?

ﬂoluﬁon:
1 9m
Based on —e “u(—1)«*— o ,Re{s} < —a, we have i : -
1 |
—e 'u(—t) (%L,Re {s} <-1 i :
s+1 | I
—X—X
12 1 Re
Based on e “u(f)«~— ,Re{s} >—a, we have .
kS : I
1 |
L

e u(t) <+t ) 2,Re{s} > -2

S
1 1

s+1 s+2

\—> x(t) = —eu(—t) — e u(r)

X(s)=

~2<Refs} <-1

Example: Consider a system with impulse response.

i

h(t)=e

e o

Since /A(t) # 0 for r < 0, this system is not causal.

A
ht)y=e =e u(l) +eu(~r)
Considering

1 |
e u(r)«—>——:Re{s} > -1 —e’u(—f_)%)—l,l{e{s} <1
e

s+1
The LT transform of the system function:
1 1
Hs)= s+1 s—1 ks Re{s} <l Thus, H(s) is rational and has an ROC that is nof to the
2 —~l1<Re{s}<1 right of the rightmost pole. the system is not causal.

B

L




Example: A continuous-time causal LTI system has a transfer function given below :

101
——(s+ j10)(s — jl0
100(5 J10)(s — j10)

s7 +2s+101

H(s)=

(a) Find the poles and the zeros.
(b) Indicate the poles and the zeros on the s-plane. Indicate the region of convergence (ROC).

(¢) Write the differential equation of the system.
(d) Prove that the gain of the system at dc is unity (or the gain is | at dc).

Solution:
a) To fond the poles, we let s* + 25 +101 = 0, we have the solutions given by:

—b+b —dac 24422 —4x1x101  —24-400 -2+ ;20 14410

S =

phpz 2a 2x1 2 2

Then we have

M(s + 710)(s — j10) ﬂ(s + j10)(s — j10)
H(s)= 100 __100 Im
s +2s5+101 (s +1+10/)(s+1-10) |
-1+10j *:< 10
The zeros and the poles are shown in the figure. !
|
f » Re
b) The ROC 1s Re{s} > —1, considering the system is causal. I
|
-1-10j ¥
|

T -10j

M(S-~—j10)(s—j10) ﬂs2 +101
_ 100 _ 100
C) H(S)_ 2 - 2
s +2s+101 s +2s+101
101 ,
——s +101
Y(s) __ 100

X(s) sP+2s+101
Y(s)s® +2sY(s)+101Y(s) = %sﬁ){(s) +101.X(s)

dy=(1) +2dy(t) +101y(r) = 101 dx” (1) +101x(7)

dr* dt 100 dr’

ﬂ(ja)-o-jl())(ja)—jl())
d) Let s = jo, we have H(jow) = 100

(jo)’ +2jo+101

101, . . L
—(j0+ j10)(jO- ;10)

At dc, we have @ =0 H(j0) = 100 > =1, the gain at dc 1s 1.
(70)"+2;0+101




9.21. Determine the Laplace transform and the associated region of convergence and pole-
zero plot for each of the following functions of time:
(@) x(1) = e “'ulr) + e " ult) (b) x(r) = e Mulf) + e *(sin 31)ult)
(€) x() = eul—1) + eMu(=1)  (d) x(r) = re !

(e) x(r) = |f]e

@ e Muln) ai}ﬁ Re{s} > -2. & e "ult) = sj-E Re{s} > -3.
(b)  gthy(r) Ly 1 -
e 11[]1—}3+4, Re{s} > —4
Also, —5t _j5t L 1 _
50, e el u{i}i—bs_l_ﬁ_jﬁ, Re{s} > —5.
. 1
=5t =15t 14y Ly ————, Re{s}>-b
and e” eI ult) ST5+75 {s}

From this we obtain

1 : 5 i L D
e sin(5t)u(t) = E}[E_ﬁteﬂ — e e P u(t)

(s +5)2 +25°

where Re{s} > —5. Therefore,

g% + 155+ 70

. Rels} >4
53 4 14s% 4 90s + 100 el

e~ u(t) + e > sin(5bt)u(t) Ly

{c) The Laplace transform of z(t) is

0
j (e®* + e¥)e™*dt
=0

= [—el" (s = 2))" o + [—e /(s - 3)]|%00
1 1 _ 25— &

3-2+ s—3 s2-5s5+6
The region of convergence {ROC) is Re{s} < 2.

X(s)




(d)

u(t) AL .?T]fl—_ﬂ’ Re{s} > —2.

Using an approach along the lines of part (c), we obtain
e u(—t) & _3_%_2’ Re{s} < 2.

From these we obtain
e 2 = n:_ﬂul[t] + ez"“u{—t) £ 7 f 1

Using the differentiation in the s-domain property, we obtain

-2 < Re{s} <2.

o O

-2t £ _i -4 :_if_. =92« Rels}l < 2.
e e g [33—4] (82 — 4)2’ < Rels}

(e)

Using the differentiation in the s-domain property on eq. (59.21-1),
te~2u(t) = _i 512] = {3:2]2, Re{s} > -2.

Using the differentiation in the s-domain property on eq. (59.21-2),
—teXu{—t) «— % 3+2] = _(.s_—il_ﬁ}_?" Refs} <2

Therefore,

—d3

(s + 2)2(s — 2)?’ -2 < Re{s} < 2.

e~ = te~u(t) + —teHu(—t) +



(a) ,lﬂ-,r-@, m&{j‘} =0

9.22. Determine the function of time, x(¢), for each of the following Laplace transforms
and lhn:ir associated regions of convergence:

= 4 _
(h] m1 ':HE{S} = () ( } P RN = {R-E{s‘} = —3
© g Relp<-1 @ Sl Refs) > -1

(a) From Table 9.2, we have

z(t) = %sin{.‘it}u{t].

(b) From Table 9.2 we know that

r 5
coe(3t)ulf) +— oy Re{s} =0
Using the Lime scaling property, we obtain
£ &
coa{ 3t jul —t} +— “EIy Te{s} <0

Therefore, the inverse Laplace transform of X{s) is

zt) = — cos(3t)u(—t).

{c) From Table 9.2 we know that
s—1
(s=1)7+9
Using the time scaling property, we obtain
a+1
GEIELT

e cos(3thult) = Re{s} > 1.

~t cos(3t)ul ~1) +— —
Thersfore, the inverse Laplace transform of X(s) is

z(t) = —e " cos(3t)u(—t).

Re{s} < —L

{d) Using partial fraction expansion on X (4], we obtain
Z 1

i+4 s+3

From the given ROC, we know that =(t)

must be a two-sided signal. Thercfore,

X(s) =

o(t) = 2~ u(t) + e Hu(-t).

{gj We may rewrite X(s) as
Xisy=1-
From Table 9.2, we know that
L |
tult) +— —
utt) +£5 3,
Using the shifting property, we obtain
1
“tu(t) o
e tulth =
Using the differentiation property,
te~tult)

d, _ -
Elﬁ Ytut)] = e ult) =

Therefore,

3s
[#+ 1)%

Ref{s} =

2(t) = 8(8) — 3e ult) — Jte " uit).

Ref{s} = -1

&
W1 Refs) = =1
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