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THE DISCRETE-TIME FOURIER
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4, (Oppenheim&Willsky) Calculate the discrete time Fourier transform (DTFT) of the following sig-
nals

(a) z[n| = [%)n_lun —1].

(b) afn] = ()" "
(e) z[n| =d8n—1] +4d[n+1].
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fS.ﬁ. Given that x[n] has Fourier transform X(e/*), express the Fourier transforms of the

following signals in terms of X{e/*). You may use the Fourier transform properties
listed in Table 5.1.

@) xy[n] = x[1 =n] +x[=1=n]
(b) xa[n] = Zl=nltsdn

L {©) x3ln) = (n— 1)x[n]

x[n] has Fourier transform X (&’).
x[n] s X ()
(a)
Consider the signal x, [n]
x,[n]=x[1-n]+x[-1-n]
Consider the time shifting property of the Fourier transform.
x[n—n,] e X ()
Use time shifting property to obtain the Fourier transform of x[n+1],x[n-1].
x[n+1] e x (o)
x[n=1] «Tse X ()
Consider the time reversal property of the Fourier transform.
-] s X (e )
Apply time reversal property to x[n+1],x[n-1].
x[-n+1] «Toe X ()

I[—H — I] — e X (e'*"”}



Use linearity property to obtain the Fourier transform of x, [n]

x[n]e——e X [e'j“’] +e'" X (e""“]

.r,[n]{L;EX{e'”:}{E_m;EM}

x,[n] '!L}ZX[E_W:}CGS&J

Therefore, the Fourier transform of x, [n] is

Ecns[m]k'[e‘f”) .

(b)

Consider the signal x, [n]-

Y [_"11 +x[n]

1 . |
=5x [-n] +§I[H]
Consider the conjugation property of Fourier transform.
x [ﬂ'] ey X {E'*’"“)
Apply time reversal property to obtain the Fourier transform of x”[-n] -
x [—n]-tih-}'i" {E"'“')
Use linearity property to obtain the Fourier transform of x,[r].

1

: *[—n]+%x[n]{L>%X*(E*’”]+EX(E*‘”}

7%
o[ = [ () X (e)]
X, [n]&rﬂa{k’[e”‘)}

Therefore, the Fourier fransform of x, [n] is.

ﬂe{X(e”‘)} _




(c)
Consider the signal x, [n].
] = (1) o]
=(n" —2n+1)x[n]
x,[n] = n*x[n]-2nx[n]+ x[n]
Consider the Differentiation in frequency Property.

. dX (e
nx[n]e—— j jm }
, d*X (")
de’
()
daw’

Use linearity property 1o obtain the Fourier transform of x, [r.a' :

dSx(e”) E[j dx(e”)) x(e")

Hlx[n]-ti}{ J]

N .
n‘r[n] i L2 >

2 o FT
n’x[n]-2nx[n]+x[n]«—— T do
Fx(e”)  av(e”)

H:I[H]—EHI[H]-FI[H']{ B 2j

+ X(E*’”}

dw’ dew
i d xX(e™ dX (e™ _
ra[n]:: ET_ _ dil )—Zj }m )+X{€m]

Hence, the Fourier transform of x,_[n] is

d* X (e dX [e™™ _
IO T




Q1 For a discrete-time LTI system with an impulse

response of ﬁ[n] = [%J .

1) Ifasignal of x[n]= [%] is applied to the input,

find the output signal. (25%)

2) Ifasignal of x[n]= [%] 15 applied to the input,

find the output signal. (25%)
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Q2 Consider a causal LTI system described by the difference equation _1'[:'.']- %_‘l'[ﬂ - 1]: ZJr[n]

1) What is the impulse response h[,n]uf‘thi:-; system? (25%)

2) Ifan input to the system is _r[n] = [}IJ u[n] , what is the system response J-‘[n]? (25%))




5.13. An LTI system with impulse response h[n] = ( _%]“‘u[n] is connected in parallel N

with another causal LTI system with impulse response hz[n]. The resulting parallel
interconnection has the frequency response

—12 + Se i

HE™) = 5 FeTo s e

\ Determine fio[n]. y.

Considering two LTI systems that are connected in parallel the impulse response of the overall
system is the sum of the impulse responses of the individual system.

Er[r.r] =h, [n]-!- I, [n]
Form the linearly of the Fourier transform we can write
H(e™)=H, (e )+ H,(e")

We have the impulse response of J [n] is

wln)=(3 ] uln)

H, (EJN) -1

We can write

b o) =1 (e) -1, (")

. —12 457/
H(ei)=——12t3¢
12-T7¢ ™ 47/
Therefore
~12+5¢7® 1
H,(e"™)= — -
:(¢) 12-Te 4+ | 1 s

—1245¢" 1
)
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J=i)

H,(e")=

i,y (e) = ——2—

1= ! e

4

Taking the inverse Fourier transform we have

fila)==2(5 ] ulo]




fﬁ.ﬂ. (a) Consider a discrete-time LTT system with impulse response

h[n] = (%) uln].

Use Fourier transforms to determine the response to each of the following input
signals:

() x[n] = ()uln]
(i) x[n] = (n + 1)0(3)"uln]
L (iii) x[n] = (—1)" A

(a)

Consider the following impulse response of a discrete-time LTI (linear time-invariant) system:

l [
hlnl=|—| uln
(r1=(3] o
Refer to Table 5.2 in the textbook to find the Fourier transform of h[n].

. 1 - 1
(o) = . " DT .
(F—' ) —] —%e [smce,a uln] I _m?_m]

]

The output of the system _p[n] and its Fourier transform from convolution property of discrete-

time Fourier transform (DTFT) is,

V(e”)=x(e”)H (e")

(1)

Consider the following input of the system:

fnl=(3) uln)

The Fourier transform of input x[n] i

I = n nDrET I
since, a"u|n)« y —

X(e*)=—5—
l-—e
4

Cd
| —ae

'_I;M

Substitute the input and impulse response in the equation of output of the system.

v(e)=x(e”)H(e")

1—Leo |[1=3 o
2 4




Use partial fraction expansion to simplify the equation.

- A B
Y e )= +
{ } I—;e”‘” I—ie'*’”

Here,

Hence, the expression of the output function is,

-2 3
Y(e™)= +
( ) I-;e""” l—je_j”

Take the inverse Fourier transforms for }“[ef"“}_

y[n]:}[%]”n[ﬁ]—l(%]”H[H] [since‘a”u[n]: Zidd y—

1

Thus, the response y[n] of the system is 3(%

]" u[n]_z(%]"u[n] |

.




(ii) We have

- 1
X(e¥) = .
T E ey
Therefore,
e 1 1
Y(e'') = :
* - || [

4 . 3

1= le7 1=les (l-Je i)

Taking the inverse Fourier transform, we obtain
i Tt IR by
otol =4(3) uinl -2 (}) slal =30+ 1) (7) wln)

(iii) We have
X(e) =2 ) é(w— (2k + 1)7).

k=—00
Therefore,
, — 1
YY) = zﬂ'k;mts(w - (2k + 1)m) .IT%-E:J_“;

2 %" i §(w — (2k + 1)7)

k=-0o0

Taking the inverse Fourier transform, we obtain

z[n] = g(‘—l)”‘.



Problem 4

The discrete-time waveform z[n] is the input to a discrete-time LTI system with impulse
response h[n]. Both functions are given below. Find the Fourier transform (DTFT) of the
input, the frequency response H(e*) of the LTI system, and the DTFT Y (e/) of the output
of the LTI system. Using partial fraction techniques, find the output time function y[n] from
the DTFT of the output.

z[n] = 5(3/4)" uln]

hin] = 10(1/2)" u[n]
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Problem 1. Determine the Discrete Time Fourier Series (DTFS) coefficients of the periodic
discrete time sequence z[n] with one fundamental period defined as

z[n] = 0.5"u[n], 0<k < 14.
Plot the signal and its Fourier coefficients (both magnitude and phase) using MATLAB.

Problem 2. Determine the DTFS coefficients of the following periodic signal
m[ﬂ,] = A,ﬁj{?mek-‘-H}r

where the greatest common divisor between the fundamental period N and the integer con-
stant m is one. Using MATLAB plot the magnitude and phase spectra for the case when
A=2N=06,m=5, and ## = 7.



Amplitude

MATLAB code is given below in bold letters.

clc;
close all;
clear all;

% Problem (1)
n=0:14;
k=m;

M = length{n};
¥ =(0.5).%n;

for = 1:length{k)
for m = 1:length{n}
ak(m) = (1/N) * x(m) * exp(-1]*2*pi*k{l)y*n{m}/N);
end
XKil) = sumiak});
end -

figure;

subplot(211);stem({k,abs(Xk));grid;title(’Magnitude");xlabel{"K");ylabel{"’Amplitude");
subplot(212);stemik,angle(Xk)*57.3);qrid;title{'Phase angle');xlabel{'k');ylabel{'Degree’);
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% Problem (2)

A=2:N=6; m=5; theta = pi/d;
¥2 = A%exp(1/*(2*pi*fm*k/N+theta));

for 1 =1:length{k)
for m = 1:length({n)
ak(m) = (1/N) * x2({m) * exp(-1j*2*pi*k{l)*n{m)/N};
end
X2ZK(l) = sum{ak);
end

figure;
subplot(211);stem(k,abs({X2k));grid;title{'Magnitude');xlabel{'k");ylabel
("Amplitude’);

subplot(212);stem(k,angle(X2K)*57.3);grid;title('Phase angle');xlabel
{"K'vvlabel(’Dearee');
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