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2 
LINEAR TIME-INVARIANT SYSTEMS 



LTI - Systems 
= 

y [n] ~ L x[k]h, [n]. v[n] ~ I: .,· [k]" [n - k] 
1;=-00 

We dcno/,e COIlV Oi-lIliOll as u[n] = .r[",] * h[n] . 

• Equivil.lcllt form: Letting 1n = /I - k, we Cfln show that 

I: "[kl" [" - k] ~ I: ., [" - w ]" [", ] ~ I: "In - "]"[k]. 
k = - oo "'=-00 

How to Evaluate Convolution? 
To evaluate convolution, there are three basic steps: 

I. Flip 

2. Shift 

3. Mu ltiply and Add 

Example: 

Consi<.lcr the signal ~ [n 1 and 1he impulse r~"'pon'c hI n I shuwn below. 

'[b ""kula( (' y\l[ , wf'/j ip "lk) to g,,! hi - A [. ,hift "[-1'1 go g<'t /,(1 - t, ]. and mult iply-add 
to get l.:;:_,.,.r[kJl, [I - /.-]. Therdor<'. 

I , 

h[nl 1 1 

I I II I I , 
., 0 , • -2 0 2 • 

~t"s ('Q!Il I)\lIC the OHtput .'Ilu] 011(' [,r 011<:'. Fire!. ('(IlJ~id er .~ ~Ol: 

ro oc 

, [Or ~ L ,['y, [a - 'I ~ L ' [' 1"[- ' 1 ~ I. 

~Dt" thut j,[- k] is the flipped ycrsion of II [~'J , ami L::; __ oc J'lkj" j-A'j is the multiply­
add betwc<'ll .r[~"l llnd hi ~"l-

, " 
y[IJ = L ..- lk)" !1 - q = L J-[l.- j',[1 - k] = 1 )( 1- Z x I = 3. 

Pictorially. the c"lcuialion b bllo"'!! itllbe figure bdo"-, 

2 2 
1 

111 x ]kl I I 1 I , ., 0 , • 
h]-kl I I I I I , Y]DI ~ 1 ., 0 , • 

h]I - kl I I 11 I I I , Y]l ] ~ 1 + 2 ~ 3 ., 0 , • 
h]2 - kl I I I 11 I I • y]21 ~ 2 + 1 ~ 3 

. , 0 , • 
h]3 - kl I I I 11 I • y[3] ~ 1+2 ~ 3 ., 0 , • 
hi' - kl I I I 11 I • y]'1 ~ 2 ., 0 , • 



2.3. Consider an input x[nJ and a unit impulse response "[nJ given by 

x[nJ = G r2 

u[/I - 2J. 

"[IIJ = urn + 2]. 

If.'- -~ ....... ~- c- .c--" c ..... or - ... -- .-

12.3\ let' s ck~f. tk S:1~v\~\S ~\ (fI) =:; (1/2) n IUn1 

and 111 [I'll = Ll t,il 

- - W./I- yrcte ~ 
~ tI'I] '" ;t; Cn - !1.."] ~ -f, c.r."l = -hI [()t 21 

'd[)1) == lI::[:n1 * hCn) = Xl ~n-1J ;If- '},~ Cnt2] -= ~ 'X1 [fo;-2] -h,rn-k+2J 

'iC,n1= i. 'X,Ll'li'l-t.,tn-1'II1 == ", Cn1*-h,C.nl 
~11 .. ..0 

- -

lis;,,~ & '\'t.Su\-t;~ J ~x".,." r~ 2.3 -w. ~ ~ b k, ~~ch 
s/;:tf~ ~ nH 

~iJIJ = .[ 0.1<.:::; t - I{ f.< V\ ~ 0 

t<- \-~ 

~ 'Ill VI J ~Cl'l = (1- ~t\tl)"CYll 
\ - D( 

Sd: c(:: 111. -=;> ~C:rll.: 2. [ \_ ( ~ )'1-t1 ] 1.\("1 

\ 

• 

• 
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2.8. Determine and sketch the convolution of the following two signals: 

xU) 
I + 1, 
2 - I , 

0, 

° < t < 1 
l < t < 2, 
elsewhere 

h(t) = 5(t + 2) + 25(1 + 1). 

Using l b. convolution integral, 

x (t) • hIt) = L x(r)h(t - r)dT = f: h (r )x (t - r)dr. 

Given lbat hIt) = d(t + 2) + 2d(t + 1), the ahove integra.! reduces ro 

x(t) • yet) = x(t + 2) + 2x(t + 1) 

The signals x(t + 2) and 2x(t + I ) are plotted in Figure 82.8 . 

.. 
":(-1'+2.) ?(.(Ht) 

J. I 

-2. -I 0 1: 
- 1 I 

Figure S2.8 

x(tI"h(t) 4 

Using these plots, we can easily show that 

3 

{ 

' + 3. 

~ (t ) = ~~;, 
o. 2 

1 

-I I 

- 2 < t ::;; - 1 
- 1< ' :5 0 
0 < t :'5 1 
o therwise 
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To illustrate this step by step, let us fist
draw x[k] and h[n-k] and then see the cases for 
this convolution.
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Example of continuous-time convolution
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2.6. Compute and plot the convolution y [n] = x[n] * h[n], where 

(1)-" x[n] = 3 u[ - n - 1] and h[n] = urn - I]. 

From the given information, we have: 

Replacing k by p - I. 

.., 
y[n] = xln] _ hln) = L xlk)hln - k) 

= 

.\::= - 00 

'" L (~) -'U!-k -I)uln - k - t) 
,t-=-QO 

- I 

L (~) -'u ln - k - I) 
k :;:; - 0(1 

"" I 
- L (3)'uln + k -IJ 

t = l 

For n > 0 the above equation reduces to , 

For " < 0 eq. rod"""" to, 

Therefore, 

00 1 ,11 I 
yin) = 2)3>'"' = 31-1 = 2' 

p"",O 3 

{ 
(3" 12), 

Yin] = (1/2), 
n<O 
n <: 0 
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Consider X(/) = u(t - 2) and h(t) 

We wish to find y(t) = x(t)*h(t) 

- 3/ 
= e u(f) 

f'" - 3t 
y(t) = e U(T)U(t - T - 2)d, 

-00 

• To evaluate this integral we first need to consider how the 

step functions in the integrand control the limits of integra­

tIOn 

u(t -t-2) lf_2<o 1I(/-t-2)1/_ 2>0 
___ c........::....:..::.-,- _I I<- - - - , 

~_ I - 3t 

______ ~~+-_'-~:;' ;e~'~' (~t)~ ___ _ 
t 

1-2 a 1-2 

• For t - 2 < 0 or 1<2 there is no overlap in the product that 

comprises the integrand, so yet) = 0 

• For t - 2 > 0 or t > 2 there is overlap for T E [0, t - 2), so 

here 

y(t ) 

1-2 
y(t) = e dt f -3 t 

-

a 
1 - 2 

- 3t 
e 
- 3 a 

1[1 - 3(1 - 2)] ( 2) - 3 - e u t -

I 
3 ---------~~----

------~~--~-------- I a 2 



A causal discrete-lime L TI sysTem is described by a COllsLanl-coeffi cient dIfference equarion ' 
I 

!f"J = )" !f" - IJ +Ai"J · 
a) Find the impulse response 1~/I] . 

b) Is it a stable system? Jusli fy. 
c) Is it an im ertiblc system? Justify. 

d) For nn in put signal given by .'111 J (~J II [If] . find the output signal y[n J. 

a lIe.l= ? 

-I...... "en)' .>t.1 -:9 ~l.l. 
he",] ::. '~ \"(.1'I -\1 + %(. ... 1 

~ " .. 
1.(01 = 0 ... I 

\'1;.. :::;. \1 ( .1 - \ ( I ) +u 

\'1;::&.. ~ ), (., ~ I" (I~) .. . 
=? \, C·l = {If,)" ''In"\ 

c Inve;,Ue ? ,YeJ, P /$ 

l> 
~ 

1.<., 

s~,,~ Ie ? y~$/ it IJ 

i\hlnl \ 
? 
• .c.. ..., 

n. __ 

~ (~3) = - I = 3 -2-fl." 1- 1
'3-

3 <--.. ::i< 
• s.,,~Ie. \ 
" • 

~'.1= (~,l" ,,(n) 

"(-1 = (I,.\" IA (.) 
I. t,. i."erhtle ~'It"',t ~CnJ -*t[n}S\JI] ~ ~ 

~c...l='" :£'-"CI<1\'(n-\o.\ or = ~.xC.-.l\,\,l 
..... v 

\".'['1~? ~ %(,,1 = ~3:x.Cn-i) -I- 'j(..1 

". 1".,(.1= se,,) - I/~b c,,- (~ 

h(n1*"h..}"l= (P':I)"u.(nJ)-)i (~('l- II,H"-il) 

'" "wi = (~,)iI(") - ~ \~) I( [ ... -11 

):. .. --
<'II<) 
\ 

k 

= \ lt3Y' r u.[.,1 :vl.\ln-11) 
2. c:..1 

~ ... (~ lI'n J = (It,}":Z: (~) =- 1,3) 
1<.,. , - :%_ 

~("J; 3(1,)"(1 -(~r')4. (h) 0..-

:11 is (",vuhbIL ys.km 

'1 I I ; :"" : : : ! 
_1 0 1 2 l • ~ s , 

'j I L :"": : ; I 
-1 0 t 2l' ~ , 

" . fI n , (( I n) . -n) .' (n>-O, ; 
I> · @( n ) ((l/3) . - n ) . " (n >-O) : 

yaconv( x (n ) ,h (n )) : 

'" ~3("3)" - ~ (~ ... )',},[" 1 
, ytnJ- "'n 'hln! 

, 

, 

, T • , , , , • • 
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, 

, 

, 

A continuous-time L TI system has the following impulse response: 

17(1) = 2c"'1I(f) 
a) 1s it a causal system? Why? ( 12+3) 
b) Is it a stable system? Why? ( 12+3) 
c) Whatistheoutputwhenaninputsignalx(/) = u(, - I) - 1I(1-4) is applied to th e sys!em? ( ItO) 

~ C0.4S4? ~~/ it:,~ 
?~ .+ ,a-<)/ .,... y,km d_ ""/­
hav<,- et;!;Y C1ak<'- ~<- -b ~ c 

I. uW ",,,,j'l it: ,..iILJ "" II'<>£./"..J. 
po.# '"r' l/~; 

-Jt 
hw= ~e uu) 

b -~ 5t"ble ? ~.) ... -<t- 15 = 
~ ? 
J \ I.({)\J-t L..~ --J -H/ -:Ho 
2 /e At : ~'2- e - -" 

2---
3 

ZltJ = /LC-l -I) - I< (i- 4) :£C~) 

,=><' I) 
(c .... < 2.) 

(e.G.,,, J) 

r 

"91 . 

I , 
~(~) 

, 

Ii 
.I. 
~ • 

< 

f
'" -3{t-T) -3«-1"l lf -3t- :; 

-l- e .1.1: = ~ e == ;. e [e~e ] , , 
Wr,J.e.. 1_ (;n.o..(. ~'';J1<<f 

." ; 

, , 
'" '" 

,-----~--~::'=,.:).=.,=.)'~"~,.--c-----_--~ 
" I 
06 '"'"'"'"'"'"'"'"'"'"'" '"'" '" -" "'"'"'"'"", "'"'"'"'"'" '"'"'"'"'" '"'"'"'"'"'"'"'"'"'"", ',,'"'"'"'"'" 

,. , 

, 

" 
" 
" '( , -, , • , , 

! 
" 

>'t:' 



, 

o , 

0 

"' 
0 

A causal continuous-time LTI system has the following differential equation 

dY(/) 
"'-;'-' + 2)'(1) = x( I) 

dl 
a) Find the impulse response (do 1l0l lise transfomls ) 
b) What is the output when an input s ignal .\" (I) = tf (I) - If ({ - 4) is applied to the system? 

h(fl= '1(11 _~ ~(\l=1(U) 

j.~\+2.hH): Ht) 
d.t 

~.-"'t<"""4 So\"h~~ ~ It) -t 'Lhl~) = 0 

US'~j "'1f~'''' "'l~l= A;'''' 
st sf, 

A",.e r2.Ae.=c. 

5=-2.. 

71.j'Kj A 

r~(..) +21~Ltl = !; l .. J 
C> 0 - ' 0-

-
( ht~) = ~ \.\C+) ) 

-~ ) e Lll·\} .... "'(i)= \(t~) - ..... C-l - 4 

"" J Z(ze) h It-7: ) <I," ,---------- -
~ . ... - - .... 

~~O'lbSO 
0-

0 t~o ( Co-Ie \) 

';\It) = J - 2.(-i: -d 
e ,1.<:: ,,<'t <. it ( c" .... ) 

0 

"'L~--C) ",(7:) 

-::::~::J..:=:'~. -~- ~~?fJ-- ~J-f~ ~) '1 
- 0 ) '" I '" 't ~ ---------; , 

tJ j . t(t - c) 
-b>LJ l r..R ,) e .(z; 

~(+) 

• 

#()/e: ~. 'afltu c..<>(f"~q.-

, 
a...f4/·b'.$ ~ a«.epf.. 

.JI~ 
." • 

"' ." 
.A 

'" , , , • , .3 "" " """""""""",. " " 

hltl 0.25 

.. , 
0. 15 

~ " 
0. 05 . ~ . 

., , , , , , , • , • Pa~6 1 7 • , , , , , , , 



2.33. Consider a system whose input x(t) and QUIPUI Y(I ) satisfy the first-onler di ffercntial 
equation 

dY( I) + 2)'(r) _ x(O, 
d. 

(P2 .33-1) 

The syste m also salis lies the condilion of .initial rest, _, , . (I) _ t"JJ u{t ) 
. I 0 lput )' (I) when the mpu IS XI ' (~) (i) [)cLt!flll IllC t Ie s),stem u , I .. ~ (t) = e"!l u(r). 

(ii ) Deleml ine the system output Y2{t) when the mput IS x. 

page (118) in the book& Page (2012) Lecture Notes 

/ 
(a) Ii) From Example 2.1 4, we know thaI 

) [I 31 I -1'] ) ~I ( I ~ 5" - 5' ult . 

;ii) We solve this along tbe lin'" 0( Ex&Ulpl. 2 . 1~ . Firat .... um. that ~. I ' ) ~ , I Ih 
form K ell (otl > O. Then using eq. [Pl.J3-1). wt get (or t > 0 

1 K -_ -f 

We now kno.· that ~p(t) = 1,1, (or t > 0 We may hypothesize the horoo~<ll-.ou> 
solution to be or the form 

J 
y,(t) = A.-2t + 4'~' for t > O. 

Assuming Initial rcst , we Can conclude t!to'in(t)" 0 for t $ O. Tbe"hr .. 

Th,n, 

1 
1Il(0) = 0 = A + -

4 
I 

A - --- 4' 



. 
Suppose thai a linear time-invariant (LTI) system is described by the impulse response 
11(1) = e- 'u(I). Compute the response of the system to the input signal 

Commands 

•• 
thl=linspace IO ,lO,lOOl) ; ru 
hl=exp (- thl) ; 

h= [0 h1 ] ; 

th= [0 th1 1 ; 
tx=[- l - l O 50.533] ; 

X= [0 0.60.6 0 .3 0 .3 0) ; 
plot (rx,x, ',', th, h ) 
legend ('x (\ t a u) ','h (\ t a u) ' ) 0., .. 

" 

• fli~ .:;rnge: Zero overlap. 

{ 

0.6, 
x(l) = 0.3, 

0, 

r'"'· , 

• , 

- 1 $ 1 < 0.5 
0.5 :::; 1<3 
1 <-1andf > 3 

[{esu lts 

• , • 

I' ,,' 1 - 11(.) 

'" 

Commen ls 

Notice that a zero 
dement is embrodcd 
into the impulse 
rt5pOll'le v,-,<;tor and 

it:;; corn;ospording 
time ,,<-'\:10' . This is 
done in order to 
plot the ,·".tical line 
atT=O . 

For t< - 1, lhe inpul and impulse reSponse signals do not overlap; thus the ou tpu l of the 
system is yet) = 0 . 

• Secord. Stlgc: Part i.J 1 overlap of h(t -,-) with the fir.; 1 part of .t{,-) . 

For - 1 < t < 0.5, the impulse respOR>C sig rLl l h(t -,.) m·e rlapS pa rtially with the fitSl part o f 
x{,.), wh ile there i$ no overlap with the scrond part of :e(T). The ronvolution integ ra l in th t<; 
Sl:ilge is comp uted a:;; 

, , 
y{t) = I :c{")1I(t - T)d-r = I O. ('I" -(f-~I,iT 

-1 -1 , 
= 0.61'-1 I {!Td--r = 0.6 - O.6I!-J-I . 

-, 
• T1rird .:;lage: The impulee response s ignal h(t - ,.) overlaps rompletely with the fiT5I 

part of x('T) and partiaDy wi th the seo:md. part o f r{-r). 

This st-.ge takes p lao:;e fur 0.5 < / < 3. There are hvo integrals that need to be calculated , 
oorresponding to the d iffe~t va lues of .t( 'T). 1·len(:e. t he outpul.signaJ is 

os J o.s I 

y{' ) = I o .&-{I-~)d-r + I O . .:k-{1-T1d-r = o .~-l I ~~d-r + O.3~-' I ~~d-r 
- I (1-' -1 CI.$ 

.. O.I":.!-J(;'S _ e- 1) + 03t>-J{t" _ ;5) _ D.3e-I'-WS _ D.IlI!-J-l + D.3 . 

• Fourth Singe: Complele overlap or /t(t -'T) with both parts or :c(T). 

The rourth :stage lakes plare fur t > 3. The convolution integral i$ ca la d a led as 

0.' ;I U, 
y{ f) _ I o.&-(J ...... )dT+ I O.3e-{J ...... )d,. = O.6:.·- J I e~d,.+03t-J J eTdT 

-I (IS -I os 

= O.6e-f (;..s _ f'-I) + O.3e-'{t" _ /IS) = O.:k--f+4J..s _ O.~-f-l + O.3e-f+'. 

yil ) -

0, 
0.6 - 0.&-1-1, 

0.:><-1"'5 - 0.&-1-1 + 03, 

0.:><-1"'5 - 0.&-1-1 + 03e-1+', 

1< - 1 

- 1 < I < 0.5 
0.5<1 < 3 

I> 3 
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