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Chapter 1

Introduction

This manual provides the author’s solutions to the problems in Multidimensional Signal and
Color Image Processing Using Lattices, Wiley, 2019. These solutions are made freely available
on the book web site since they provide both complementary material and worked examples

that can be of benefit to all users of the book.
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Chapter 2

Continuous-Domain Signals and

Systems
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1.

Consider a two-dimensional sinusoidal signal f(z,y) = Acos(2m(ux + vy) + ¢) where x
and y are in ph and u and v are in ¢/ph. Form the one-dimensional signal g(z) by tracing

f(z,y) along the line y = cx, where c is some real constant, as a function of distance along

the line, z = /22 + 2.

Show that g(z) is a sinusoidal signal g(z) = Acos(2mrwz + ¢) and determine the spatial

frequency w in ¢/ph, as a function of u, v and c.

Solution: Evaluating f along the given line

f(z,cx) = Acos(2m(uz + vy) + @)
= Acos(2m(u + ve)x + ¢)

Distance on the given line is z = \/:c2 + 142 = Va2 + 222 = V1 + 2z. Thus

g(z) = Acos (zﬂ(“f\/%cc)j + ¢)

= Acos(2rwz + ¢).

Thus we identify the spatial frequency as

U+ ve

V1+c?

c¢/ph.

w =

Explain what happens when ¢ = 0 and when ¢ — oo.

Solution: If ¢ =0, then w = u. As ¢ — oo, then w = v.

Show that the spatial frequency w is greatest along the line y = (v/u)x, if u # 0. What is

the value of this maximum spatial frequency? What happens if u = 07
Solution: We want to maximize (u+vc)/v/1 + ¢? with respect to c. Setting the derivative
with respect to ¢ equal to 0,

vV1+c2 — (u+ve)(0.5)(1 4 )79 (2¢)

=0.
1+c2

Simplifying, v(1 + ¢?) — (u + ve)e = 0, or v — uc = 0. Thus, if u # 0, then ¢ = v/u, and
thus w = vu? + v2. If u = 0, the maximum frequency is v, along the line z = 0.
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2. Show that for each of the following functions da(x,y),
/ / oa(z,y)dedy =1

lim / Z / Z 5a () f(z,y) dz dy = £(0,0)

and

A—0

for any function f(z,y) that is continuous at (z,y) = (0,0).

(a) da(z,y) = ﬁrect(x/A,y/A).

Solution: For the first condition

A A
1 o0 o) z 1 a 2
AQ/_OO/_Oorect<A,A) dxdy—AQ/_g/_édxdy_l,

For the second condition,

A A
1 0 oo z ] a a
AQ/OO/OOIeC‘c (Z’Z) f(%y)dxdy:N/g/gf(a:,y)dxdy.

Since f(x,y) is continuous at (0,0), for any € > 0 there exists a sufficiently small A such
that |f(x,y) — f(0,0)] <€ for —A/2 < x,y < A/2. Then

Lo[E e 132 1[5 5
AQ/A /A(f(O,O)—e)dasdy< AQ/A /A f(z,y)dzdy < AQ/A /A(f(0,0)+e)da:dy,
2 2 ) ) 5 5
and thus
1 [2 [2
f(O,O)—€<A2/_g/_%f(x,y)da:dy<f(0,0)+e,

Thus, by making A sufficiently small, we can make the integral of the second condition

arbitrarily close to f(0,0), and so by definition, the limit as A — 0 is f(0,0).
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(b) dalz,y) = zz exp(—m(a? +y*)/A%).

Solution: For the first condition

Alg/ / exp(—7(z® +y?)/A%) dx dy = A12/ / exp(—mr2/A2)r dr df
—00 S0 0 -

2m

= 5 exp(— mﬂ/A?)( ﬁj)

=1.

For the second condition to hold,we must impose additional constraints on f(z,y) besides
being continuous at the origin. For example, f(x,y) cannot increase wildly, faster than
the reciprocal of a Gaussian. For this problem, we will assume that |f(z,y)| is bounded,
with max |f(z,y)| = A < co. We need to show that | [ [ da(z,y)f(z,y)dzdy — f(0,0)]
can be made arbitrarily small by taking A sufficiently small.

Take any € > 0 choose § > 0 so that |f(x,y) — f(0,0)| < € for 22 +y? < 62 (we can do this
since f(z,y) is continuous at (0,0)). Then, choose M sufficiently large that

1 o ™
/ / exp(—r2/2)rdrdf < e,
TJIM J—x

i.e., exp(—M?/2) < e. Finally, take A = /2w5/M.

We can bound the second condition as follows:

’/ / on(z,y)f(z,y)dxdy — £(0,0) A2/ / eXp( xAty)>f(x,y)dxdy—f(O,O)

B 27T/oo/ooexp< 2 ) <\/ﬂ’ \/ﬂ) d81d52 f(0,0)‘
f (@m) —f(0,0)> dsy dsg

f
1 [ [ S%Jrs%
o [ e (4552 (
1 8%4-8%)( (Asl ASQ) )
< |— — , — f(0,0) ) dsidso|+
2w//s§+s§<MzeXp< > )\ \varvas) ~T00)) dsndes

1 S% + S%) ( < Asl ASQ ) >
— — ) — f(0,0) ) ds1d
2m //s§+s§>M2 o < 2 d V2m 27 JO.0)) dsvdss
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The first term of the last expression above is dominated by

1 2153 As; A
s (557 (G
™ s24s2<M? 2

\/ﬂ’ \/ﬂ) - f(O, 0)‘ d81 d82

2 2
s7+ s
<e// exp<— 1t 2) dsydsy < €
s24s2<M? 2

since in this region

A?s? N A?s2 < AZ)M? _ 52
27 27 27 ’
The second term of that expression is dominated by
s?+s > < Asy Aso ) ‘
ex dsy dsa max — f(0,0)] < 2A4e.
//s2+52>M2 P < 2 . (51,52) V2r' V2 10,0

Thus, the total error is dominated by €(1 + 2A4) which we can make arbitrarily small,

completing the proof.



CHAPTER 2. CONTINUOUS-DOMAIN SIGNALS AND SYSTEMS 2-6

() da(z,y) = ;xz cire(z/A,y/A).

Solution: For the first condition

7rA2/ / circ Z Z dx dy = Az/ /Frdrdﬁ—l

For the second condition,

AQ/ / c1rc f(l“ ’y)dfﬂdy—Zz/OA/:;fR(T,H)rdrdH,

where fr(r,0) = f(rcos@,rsinf). Since f(x,y) is continuous at (0,0), for any € > 0 there
exists a sufficiently small A such that |fg(r,8) — f(0,0)| < € for r < A. Then

1 A pm 1 A 1 A rm
W/O /ﬂ(f(0,0)—e)rdrdH < W/O » fr(r,0)rdrdf < 7rA2/0 /ﬂ(f(0,0)+g)rdrd9
and thus

£(0,0) — €</ fr(r,0)rdrdd < f(0,0) + €.

Thus, by making A sufficiently small, we can make the integral of the second condition

arbitrarily close to f(0,0), and so by definition, the limit as A — 0 is f(0,0).
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3. Show that

1
5(&3;‘, by) = ’a7b|5($7 y)

where a,b # 0.

Solution: Note that since the Dirac delta is not a regular function, the meaning of this
scaling operation is not self evident. In fact, in distribution theory, this is the definition
of the scaling operation, which is meant to be consistent with scaling of regular functions
(see Richards and Youn for example). Here, we demonstrate it using the approximation
n(z,y) = ﬁ rect(z/A,y/A). Since the Dirac delta and rect functions are separable, we
can show it in the one-dimensional case.

oa(azx) = %rect <%>

—_

B MIA/llal rect (Afra|>

1
= —0A/|a|(T),

|al

where we use the fact that rect is symmetric about the origin in line 2. Thus, we see that
as A — 0, then da(ax) — |71L|5(x), and so we conclude that d(ax) = |71L|5(1:) Similarly,

d(by) = |—11)|5 (y), and the result follows by separability.

This can be extended to a general linear transformation of the domain.
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4.

(a)

Prove that the following systems are linear systems.

The shift system Tq for any shift d € RP.

Solution: Let S be a signal space for which Tq is well defined, i.e., if f € S then Tqf € S.
Let f = ayf1 + aofs for any fi, fo € S and any scalars aj,ae. This means that f(x) =
a1f1(x) + agfo(x) for all x € RP. If g = Taf = Ta(aifi + asfz), then g(x) = f(x —d) =
a1 fi(x —d) + asfa(x — d), and thus g = a1 Tqfi1 + a27qf2 and so Tq is linear.

The system induced by a nonsingular transformation of the domain, M : g = MAaf :

g(x) = f(Ax), where A is any nonsingular D x D matrix.

Solution: Let S be a signal space for which M is well defined, i.e., if f € S then
Maf eS. Asin (a), let f = a1 fi1 + asfe for any fi, fo € S and any scalars aq, ag. This
means that f(x) = a1f1(x) + azfa(x) for all x € RP. If g = Maf = Ma(a1f1 + aafa),
then g(x) = f(Ax) = a1 f1(Ax) + a2 f2(Ax), and thus ¢ = ayMa f1 + aa M4 fo and so

M4 is linear.

The cascade of any two linear systems Hq and Ho. Thus, the system induced by an affine

transformation of the domain is a linear system.

Solution: Suppose that Hy : S — So and Hs : So — S3 are linear systems, and that
H = HoH1 : S — Ss is the cascade. This means Hf = Ho(H1f). Let f = aqfi + asfo

for any fi, fo € S and any scalars a1, as. Then

H(arfr + azfa) = Ha(Hi(ar f1 + a2 f2))
= Ho(arHif1 + aoHif2)
= a1 Ha(Hif1) + caHa(Hifo)
=a1Hfi +aHfo

and so H is linear. From (a) and (b), it follows that QA q = TaMa = MATaq is linear.

The parallel combination of two linear systems with the same domain and range, H1 + Ho.

Solution: Let Hi : S1 — S9 and Hy : S — Sz be two linear systems with the same

domain and range. The parallel combination of these systems is H = H1 + Ho, defined by
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Hf=Hif+Haof If f=a1f1+ asfs for any f1, fo € S1, then

Hf =Hi(onfi + azfa) + Halon f1 + a2 f2)
=arHifi + aeHifo + arHafi + coHafo
=a1(Hifi +Hafr) + ao(Hifo + Hafo)
=a1Hf1 +aHfo.

Thus, the system is linear.

(e) The partial derivative systems 0, and 0, defined in Section 2.5.2.

Solution: For this problem, we simply invoke the linearity of the derivative operation from

its definition in calculus. Take for example J,. By definition

(@) () = i JEDZTE 1Y),

For any given h, this can be thought of as the parallel combination of %7670 and —%th,o-
Then, from parts (a) and (d) of this problem, the system is linear for any h and so will be

linear in the limit.
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5.

(a)

Prove that the following systems are linear shift-invariant systems.

The shift system Tq for any shift d € RP.
Solution: From Problem 4(a), the shift system is linear. Let s be any element of R” and
fe€8. Then (Ts(Taf))(x) = (Taf)(x —s) = f(x —s —d) = (Tsf)(x — d) = (Ta(Tsf) (x).
Thus 7374 = Tq7Ts for any s € RP and so 7g is an LSI system.
The cascade of two LSI systems H1 and Hs.
Solution: Let d be any element of R”. Since H; and Hs are LSI systems, TqH1 = H174q
and TqHo = HoTq. It follows that

TaHoH1 = HoTaH1 = HaH1Ta

and so HoH1 is an LSI system.

The parallel combination of two LSI systems with the same domain and range, H1 + Ho.

Solution: Let d be any element of R”. Since H; and Hs are LSI systems, TaH1 = Hi17Ta
and TqHo = HoTq. It follows that

Ta(H1 4+ H2) = TaH1 + TaHz = HiTa + H2Ta = (H1 + H2)Ta
and so Hi + Ho is an LSI system.

The partial derivative systems 0, and 0, defined in Section 2.5.2.

Solution: As in Problem 4(e), 0, = limhﬁo(%Tg,o — %[h,o)- This system is LSI for any
fixed h using the results of parts (a) and (c) of this problem, and so will be LSI in the

limit.
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6. Let f(x,y) = 0.5rect(4(z — 0.5),2(y — 0.25)) and h(z,y) = rect(10x, 10y), where x and y

are in ph.

(a) Sketch the region of support of f(x,y) and h(x,y) in the XY-plane (i.e., the area where

these two signals are nonzero).

Solution: f(x,y) has a rectangular region of support centered at (0,5, 0.25), of width i
and of height % h(z,y) has a square region of support cenetered at the origin, of width

and height 1—10. These regions are shown in the figures below.

0 0.375 0.5 0.625 L0 X

0.25 °
0.1 0.5 X
05 1 HH |
01+
f(x.y)
h (x,y)

10 1 05+

y y

(b) Compute the two-dimensional convolution f(x,y) * h(z,y) from the definition using inte-

gration in the spatial domain.

Solution: From the definition of convolution (Equation (2.46)) and the definition of f(x,y),

the convolution g = f % h is given by
sw) = [ [ rw b -y -2 dwd:

0.5 0.625
:0.5/ / hz —w,y — z)dwdz
o Joars

0.5 0.625
:0.5/ / hw —z,z —y) dwdz,
0 J0.375
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where the last line follows from the fact that h has quadrantal symmetry. For any (z,y),
the output g(x,y) is equal to the area of overlap between the 0.1 x 0.1 square centered
at (z,y) and the nonzero portion of f, multiplied by 0.5 (the value of f in the nonzero
region). There are ten possible situations: no overlap, full overlap, overlap on one of the
four sides, overlap on one of the four corners. The following figure gives examples of these
ten cases, that applies in regions labelled A to J. We show h(w —x, z—y) for sample values

of (z,y) in each of the ten regions, and the overlap is the shaded portion.

0 0.375 0.5 0.625 1.0
Gl e | [ | w
Lo — "] !
R
0.25 E]
05 1 IO-I E
f (x.y)
10 L
o\

Figure P2.6b Illustration of the overlap between h(w — z,z — y) and f(w, 2) for (z,y) in
each of the ten regions A-J.
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By inspecting Figure P2.6b, we can easily identify the ten regions for which the expression
for g(x,y) will have a different form. These regions are enumerated in the following table.
In region A (no overlap), clearly g(z,y) = 0. In region B (full overlap), g(z,y) = %(0.1)2 =
0.005. In the side regions (C, D, E, F), the overlap area is 0.1 times the overlap length.

For example, in region C, this would be

area=0.1(x + 0.05-0.375) = 0.1 x — 0.0325

0.375 x+0.05

For the corner regions (G, H, I, J) the area is the product of the two overlap lengths, as

in the following illustration for region J.

0.625

y-005  area= (0.625-(x-0.05)) x (0.5-(y-0.05))
0.5 = (0.675-x)(0.55-y)

x-0.05

A no overlap x < 0.325 OR = > 0.675 OR y < —0.05 OR y > 0.55
B full overlap | 0.425 < x < 0.575 AND 0.05 < y < 0.45

C left side 0.325 <z <0.425 AND 0.05 < y < 0.45
D right side 0.575 <z < 0.675 AND 0.05 <y <0.45
E top side 0.425 <z < 0.575 AND —0.05 < y < 0.05
F bottom side | 0.425 < x < 0.575 AND 0.45 < y < 0.55
G top left 0.325 <z <0.425 AND —0.05 < y < 0.05

H top right 0.575 < = < 0.675 AND 0.05 < y < 0.05
I bottom left 0.325 <z < 0.425 AND 0.45 <y < 0.55
J bottom right | 0.575 < a2 < 0.675 AND 0.45 <y < 0.55
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Carrying out this approach for all the regions, and multiplying by 0.5, (the value of f),

the overall output is

(0 (x,y) € A
0.005 (z,y) € B
0.05 — 0.01625 (z,y) €C
0.03375 — 0.05z (z,y) € D
0.05y + 0.0025 (z,y) € E

g9(x,y) =
0.0275 — 0.05y (z,y) € F
0.5zy + 0.025x — 0.1625y — 0.008125 (x,y) € G
—0.5zy — 0.025x + 0.3375y + 0.016875 (x,y) € H
—0.5zy + 0.275x 4 0.1625y — 0.089375 (x,y) € I
0.5y — 0.2752 — 0.3375y + 0185625 (z,y) € J

Note that since both f and h are separable, a simpler solution could be obtained using

this separability.

(c) Suppose that f(x,y) is the input to a two-dimensional system, and the output of this

system is computed as in (b). What can we say about this system?

Solution: Since the output is given by the convolution of the input and h, we can conclude

that the system is a linear, shift-invariant system and that its impulse response is h.

(d) Determine the continuous-space Fourier transforms F(u,v), H(u,v) and G(u,v) of the
above three signals. Make liberal use of Fourier transform properties. What are the units

of v and v?

Solution: H(u,v) is the Fourier transform of h(z,y) which is a simple scaling of the
standard rect function, as already done in Example 2.3, with a = b = 10 and ¢ = 1. Thus,

from that solution
sin(7wu/10) sin(7v/10)

2w '

H(u,v) =
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Let fi(z,y) = 0.5rect(4x,2y). Then f(z,y) = fi(x—0.5,y—0.25). Again, using the result
of Example 2.3 with a =4, b = 2, ¢ = 0.5, we obtain

sin(mu/4) sin(mv/2)
T2uv

Fi(u,v) =0.5

Then, applying Property 2.2 with xo = (0.5,0.25)

F(u,v) = Fi(u,v) exp(—j27(0.5u + 0.250))

in(mu/4) sin(mv /2
_ o580/ 2sm(m/ ) exp(—j2m(0.5u + 0.250)).
TeUv

Finally, since g = f*h, G(u,v) = F(u,v)H (u,v) with F(u,v) and H (u,v) given as above.
Since x and y are in units of ph, u and v are in units of ¢/ph.

Continuing with question (c¢), what is the interpretation of H (u,v)?

Solution: Since H(u,v) is the Fourier transform of the impulse response h(x,y), it is the

frequency response of the linear shift-invariant system.
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7. Determine the response of an LSI system H with impulse response h(x) to a real sinusoidal
signal f(x) = A+ Bcos(2mu-x + ¢) where A >0 and 0 < B < A.

Solution: Note that this signal is positive everywhere and so it can be displayed as an

image.

We express the given signal as a sum of complex exponentials, and use the result from

Equation (2.48) along with linearity of the system.

F(x) = Aexp(j270 %) + § exp(j(2mu - x+ 6)) + 5 exp(—j(2ru x + )

B B
= Aexp(j270 - x) + bl exp(jo) exp(j2mu - x) + 3 exp(—j¢) exp(—j2mu - x).
Now applying linearity and the result from Section 2.5.5, we obtain

(HF)(x) = AH(0) + 3 exp(jé) H(u) exp(j2mu - x) + 5 exp(—j6) H(~w) exp(—j2mu x),

where H(u) is the continuous-domain Fourier transform of h(x).

The solution can be simplified if the impulse response h(x) is real. In this case, from
Property 2.9, H(u) = H*(—u). If we express H(u) = |H(u)|exp(jZH (u)), then H(—u) =
H*(u) = |H(u)|exp(—jZ£H (u)). Then,

(Hf)(x) = AH(0) + B|H (u)|cos(2ru-x + ¢ + LH(u)).



CHAPTER 2. CONTINUOUS-DOMAIN SIGNALS AND SYSTEMS 2-17

8. A two-dimensional continuous-space linear shift-invariant system has impulse response

1 " 2 y 2
SR (E) +<R7) <1

0, otherwise,

h(x,y) =

where Ry = 1/1000 ph and Ry = 1/500 ph.

(a) Sketch the region of support of the impulse response in the XY-plane, following the con-
ventions used in the course for the labelling of axes. Express h(x,y) in terms of the circ

function.

Solution: The region of support is an elliptical region.

Written in terms of the circ function,

1, 250,000
W, y) = 5—p- circ (7 ) = == circ(1000z, 500y).

(b) Find the frequency response H (u,v) of this system, where u and v are in c¢/ph.

Solution: The frequency response is given by the Fourier transform of the impulse re-

sponse. We use the Fourier transform of the circ function given in Table 2.2, along with
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Fourier transform properties 2.1 and 2.6 from Table 2.1. For Property 2.6, we use the

transformation matrix with detminant and inverse transform

1000 0 0
A= , det A = 500,000, A~T = |1000 .
0 500 0 =5

Applying the properties and simplifying, we obtain

250,000 1 1 U N2 (02
H = ’ Ji |2 _ _—
() = = 500,000 \/{a/1000)2 1 (0 /5002 ( ”\/(1000) +(500) >

B 2; \/(u/1000)21+ o500 (27r\/<10%0)2 " (515«))2) '

(c) The image f(x,y) = rect(5(x — .5),2(y — .5)) is filtered with this system to produce the

output g(z,y) = f(z,y) * h(x,y). Determine the Fourier transform of the output, G(u,v).

Solution: From Property 2.4, G(u,v) = F(u,v)H (u,v) where H(u,v) was found in part
(b). To find F(u,v), we use the Fourier transform of the rect function from Table 2.2 along

with Fourier transform Property 2.2 with xg = [0.5,0.5]7 and Property 2.6 with

5 0 L
A= , detA=10, A T=|° .
0 2 0 1

)

It follows that

0 (TUY oin (T
F(u,v) = exp(~j2m(0.5u +0.50)) - 7= ( ;l)_sﬁ( )
5 2
sin (%) sin (%)

T2uv

— exp(—jm(u+v))
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9. Compute the two-dimensional continuous-space Fourier transform of the following signals:

(a) The separable signal f(z,y) = hgp(x)hg,l)(y) where

1= <,

0 otherwise.

Solution: Using Property 2.11 in Table 2.1, H(u,v) = H)((l) (u)H}(,l) (v). Thus, we need to
find the one-dimensional Fourier transform of hg} )(t). This is straightforward if we note
that
1
n{(t) = — rect(t/T) x vect(t/T).

The Fourier transform of rect(¢/T) is easily seen to be sin(w fT) /7 f (see Examples 2.2 and
2.3). Thus, using Property 2.4,

10 = (

sin(7 fT") 27sin2(7rfT)
f ) - om2fr

It follows directly that
sin?(ruX) sin?(mvY)
mtu2v2 XY

H(u,v) =
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9. Compute the two-dimensional continuous-space Fourier transform of the following signals:

(b) A Gaussian function

1
2777’% exp —(332 + y2)/27’g.

(i) Obtain the result from the entry in Table 2.2 (with o = 1). (ii) Prove the result in

f(z,y) =

Table 2.2. Extra question: For what value of rg is F'(u,v) = f(u,v)?

Solution: (i) To use the result in Table 2.2, we use properties 2.1 and 2.6. As in Table 2.2,

let
fo(z,y) = exp(—(2? + %) /2), Fo(u,v) = 2w exp(—27%(u? 4 v?)).
Then
£(,5) = 5oz fole /70, u/ o).
0
We use Property 2.6 with A = diag(1/rg,1/rg), det A = 1/r2, and A~T = diag(rg, o).
This gives
F(u,v) = L7“[2)F0(1"0u, rov) = exp(—2m%r¢ (u? + v?)).

27rr8
(ii) Since f(z,y) is separable, we know F'(u, v) will also be separable. Thus, we can find the
one-dimensional Fourier transform of fo(z) = exp(—2?) and then apply Fourier transform
properties to get the desired result.

Fy(u) = /00 exp(—z?) exp(—j2muz) d

—00

o
= / exp(—x? — j2rux) dz

—0o0

[e.e]
= / exp(—(z + jmu)?) exp(—7m*u?) dx  completing the square

—0o0

= exp(—m2u?) /OO exp(—(z + jmu)?) dz

— 00

The integral on the right is a contour integral of the complex function exp(—z2) on the
horizontal contour z = = + jmu. Since exp(—2z2) is an analytic function, its integral along
any closed contour is zero (Cauchy’s integral theorem). Take a contour from —R to R to

R+ jmu to —R+ jmu to —R. For R sufficiently large, integrals along the vertical segments
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at x = £ R can be made arbitrarily small and thus the integral on the contour z = z + jmu
is equal to the integral on the contour z = x. Thus,
[0.9] o
I= / exp(—(z 4 jru)?) dz = / exp(—z?) dz.
—0o0 —0o0

This integral cannot be directly evaluated, so we use a trick. (This result is well-known to

anyone who uses the Gaussian distribution.
I? = / exp(—z?) d:r/ exp(—y?) dy
=/(/emPW+me@
21
/ / exp(—r*)r dfdr

= /0 exp(—r?)rdr

oo

= —mwexp(—7?) 0

=T

and thus I = /7 and
Fo(u) = /7 exp(—m2u?).

If we define fi(z,y) = fo(x)fo(y) = exp(—(2? +y?)), then Fi(u,v) = mexp(—7?(u? +v?)).

The desired function is
1
f(xay) - 27T7'(2)f1(

T Y )
\/57‘0’ \/57‘0 '

Applying the linearity and scaling properties
1
F(u,v) = 2—227“(2)F1(\/§7“0u, V2ru)
— exp(—2m2r(u? +v?))

Note that if 7o = 1/v/27, then F(u,v) = f(u,v) = exp(—n(u? + v?)). Also, the entry in
Table 2.2 corresponds to ro = 1, with f scaled by 2.
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9. Compute the two-dimensional continuous-space Fourier transform of the following signals:

(c) A real zone plate, f(x,y) = cos(m(x? + y*)/r3). ( Hint: Find the Fourier transform of
the complex zone plate exp(jm(z? + y?)/r3) and use linearity. You can use [ eI dy =

Vel

Solution: As suggested, we express the real zone plate in terms of complex zone plates,

cos(m(a? + %) /r3) = F(exp(jm(a® + y°)/r§) + exp(—jm(a® + y*)/r5))-

Thus, we will compute the Fourier transform of a complex zone plate fo(z,y) = exp(jra(z?+
y?)) and use linearity. Furthermore, the complex zone plate is separable, so we can find the
one-dimensional Fourier transform of the function fi(z) = exp(jmaz?) and use Property
2.11.

Computing this one-dimensional Fourier transform

Fl(u):/ exp(jraz?) exp(—j2ruz) dz

—00

:/ exp(j2m (%2’ — uz)) dz

—0o0
[e.e]

= exp(—jﬂu2/a)/ exp(jmra(z — %)2) dz

. 1 > , u
= exp(—jmi/a) = [ ewlin)dy [y = vrale - 2)
= \/1& exp(—jmu®/a) exp(jm/4) [applying the given hint].

Using separability, we find the Fourier transform of the complex zone plate

Fe(u,v) = ~jexp(~jr(e? +v)/a).

Finally, using linearity with o = 1/73 and o = —1/r2 respectively, we find
P(u,v) = (g exp(=jm(u® + v)r3) — 1§ exp(m(u® + v*)r))
2

= rasin(m(u? + v*)rd).

These results are given in Table 2.2 for the real and complex case with 71 = 1 and o = 1

respectively.
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To compute the integral given in the hint,

/ exp(jy?) dy = 2/ exp(jy°) dy
—00 0
|
= — exp(jz)dx [z = y? dy = ——=dx]
0 X

Q)
SOk

— Vresp(in/4) (L) = V.
In this expression, I'(x) is the gamma function which satisfies

oo rB+1) .
tPexp(—pt)dt = -2 p =0+ jw,o > 0.
| esn(epn = =5

We have used p = —j and 8 = —1/2.

2-23
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9. Compute the two-dimensional continuous-space Fourier transform of the following signals:

(d) Diamond-shaped pulse
L fal 4yl < a

f(xay) =
0 Jal+1yl > a.

(Hint: obtain this function from a rect function using a rotation transformation.)

Solution: The diamond-shaped pulse can be obtained by a rotating a rect function by 45°
and scaling (in either order). The given diamond region is in fact a square of side v/2a

rotated 45° from the horizontal. Such a square oriented horizontally is given by

fi(a,y) = rect (\/ga \/%a> :

Thus, f(x) = f1(Ax) where

45° in 45°
A cos sin _
—sin45° cos45°

- 5
s sk

From Example 2.3,

_sin(muv/2a) sin(rvv/2a)

F = :
() T2uv
Using Property 2.6 from Table 2.1,
Flu,0) = o (AT w)
U, V) = ———— u
’ |det A"

where here det A =1 and A—7 = A. Thus

) = 5+ 7575+ 75)
_ sin(m(u + v)a) sin(7(—u + v)a)
(utv) (zutv)
V2 V2
_ 2 sin(m(u + v)a) sin(m(u — v)a)
7212 — v2)

T2
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9. Compute the two-dimensional continuous-space Fourier transform of the following signals:

(e) Gabor function

(z —x0)* + (y — y0)2)

f(z,y) = cos(2m(upx 4+ voy)) exp <— 5,7
0

Solution: This is a sinusoidal signal of frequency (ug,v9) multiplied by a Gaussian of

spread r( centered at (g, yo),

%+ y2
27’%

2mrd exp(—27m2(u® + v*)r3)  [Table 2.2 and Property 2.6]

Let fi(z,y) = exp (— > , with Fourier transform

Fi(u,v)

Let f2($7y) - f1($ — X0, Y — y0)7 with
Fs(u,v) = Fi(u,v) exp(—j2n(uzo + vyp)) [Property 2.2)]

1 . )
Then f(z,y) = 5 (exp(j2m(uoz + voy)) + exp(—j27(uoz + voy))) f2(2, y)
1
and so F'(u,v) = §(F2(u — up, v — vo) + Fo(u + ug,v +vp)) [Property 2.3]

= rg exp(—272((u — up)? + (v — vo)?)rd) exp(—j2m(u — ug) o + (v — v0)yo)
+ 7rd exp(—2m%((u 4 1) + (v + v0)?)rd) exp(—j 27 (u + uo)xo + (v + vo)yo)
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9. Compute the two-dimensional continuous-space Fourier transform of the following signals:

(f) The two-dimensional zero-one function p4(x,y) where A is an elliptical region, with semi-

minor axis X and semi-major axis 2X, oriented at 45° as shown in the figure

45°

X
oz
1 /§

ellipse

Yy

Elliptical region of support of two-dimensional zero-one function.

Solution: Letf(x,y) = circ(z,y), fi(z,y) = circ(x/2X,y/X). fi has an elliptical region of

support with semi-minor axis X in the vertical direction and semi-major axis 2X in the

horizontal direction. We can write fi(x) = f(A1x), where

Alzlﬁ 0].
0 %

Then pa(x) = f1(Aax), where Ay causes a 45° counterclockwise rotation (or equivalently,

a —45° clockwise rotation. From page 17 in the notes, we can achieve this with

1

V2
1

Ay — [cos(—45°) sin(—45°)] _
V2

—sin(—45°) cos(—45°)

S-S

Combining the two, we obtain that pa(x) = fi(Asx) = f(A1A2x) = f(Ax), where

1 1
_ _ l2vex  T2vex
A=A A, = h Y

V2X V2X
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Applying property 2.6 from Table 2.1, P4(u) = F(A~Tu)/|det(A)|, where

- V2X  —2X 1 Ly V2X (u —v)
AT = [ x x| det(A) = el A Tu= X(utw) | -
V2 V2 V2

From Table 2.2, F(u,v) = ﬁh(?wvﬁ + v2). Thus,

Py(u,v) = 2X2F(\/§X(u —v), X(u+ U)/\@)
2X
S e VR o (w02
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10. Derive the expression for the Fourier transform of a zero-one function on a polygon sym-

metric about the origin, as given in Equation (2.80).

Solution: For a polygon symmetric about the origin, the number of vertices K must be
even, and ay /o = —ag for k = 1,..., K/2. Furthermore, we see from the definitions
that Ny, K = Ny, Gk = —C and dk+§ =d. Then, for 1 < k < %, the (k + %)th

term of P4(u) given by Equation (2.79) is

—j2ru-c, g

dpsc(um e sine(us(ay, g —ay, ) = d(-um)e ™ sine(u (ag s -ay)).

Adding terms for k and k + % gives
d(u-ng)(—27sin(27u - c)) sinc(u - (ag+1 — a)).
Inserting this in Equation (2.79), combining the terms for k£ and k + % and substituting

¢t = (ag4+1 + ax)/2, we obtain Equation (2.80).

K/2

Z di(u-ng)sin(mu - (ag41 + ag)) sinc(u - (ag41 — ag)).
k=1

1

Pt = T
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11. Use the expression in Equation (2.80) to compute the Fourier transform of the rect function.

Solution: The rect function corresponds to a region A that is a square of unit side centered

at the origin, with K = 4. It is symmetric about the origin, so we can use Equation (2.80).

| -l

Referring to the figure below, dy = dy = 1 and

] ol (]

Substituting into Equation (2.80), we obtain

NI DO
NI— N

1
Pyp(u,v) = m(u sin(7u) sinc(v) 4 v sin(7wv) sinc(—u))
m(u? +v
1 . sin v ) sin mu
= 5o | usInTu + vsin v
m(u? + v?) T U
1 i . (u n v>
= —————sinmusinmwv [ — + —
w2 (u? + v?) voou
_ sin7rusin v
N m2uv

in agreement with the standard result in Table 2.2.

ay =22 CH
VA 1 X
P
as a
v
y

Region of support of the rect function with vertices a; to ay.
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12. Use the expression in Equation (2.80) to compute the Fourier transform of a zero-one

function with a region A that is a regular hexagon of unit area, with vertices on the y axis.

Solution: Let the length of each size of the regular hexagon be d. Then the area is six

times the area of an equilateral triangle of side d, i.e., 6 X @dQ = 3—‘2/§d2. Thus, for unit

2
3v3"
figure below. The vertices a; to ag are indicated, where we arbitrarily select a; to be in

area, d = The desired regular hexagon with vertices on the y axis is shown in the

the first quadrant.

ds

I
I
NC|L®

Region of support of the regular hexagon of unit area with vertices a; to ag.

Since this hexagon is symmetric about the origin, we can use Equation (2.80) to compute

the Fourier transform. The quantities needed to compute Py4(u,v) are enumerated below.

V3 0 _ V3 V3
a=d|? as =d a3 =d 2 ag=d 2 | = —a.
1 1 1 _1
2 2 2

For the required normals, n; is a unit vector perpendicular to (as —a;)/d = [— 1T

)

V3
2

N[
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which is easily seen to be [%, @]T Similarly we can find ny, and nj is obvious. In summary

1 1
n = |2 ng=| 2 n—_1
1= | &3 2= | 3 5= 1o |
2 2

The other derived quantities needed for the formula are

V3 V3 3
a1+a2:d[2] as +az = [ 2] a3+a4:d! 0\[]

3 3
2 2
ay—ay =d f az—ax=d 21 ags—az=d .
2 —3 -
Substituting these quantities into Equation (2.80), we obtain
d 3
Py(u,v) = T 109 <u +2fv sin wd(@u + %v) sinc d(—@u + %U)
— 3
. 4—2\[0 sin Wd(—gu + %v) sinc d(—@u — %v)

+ (—u) sin 7u(—V/3d) sinc(—dv) ) :

This formula could be simplified in various ways. Note the similarity with the result on

page 2-31. The result of this problem could be obtained from that expression by scaling
by d and rotating by /6. Verify this.
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13. Use the expression in Equation (2.80) to compute the Fourier transform of a zero-one
function with a region A that is a regular octagon of unit area, with two sides parallel to

the x axis.

Solution: Let the length of each side of the regular octagon be d. From the figure below, we
see that the coordinate b is given by 2% =tan7/8 = 1/(1++/2), so that b = d(1++/2)/2 ~
1.207d. Then the area of the octagon is seen to be 16bd/4 = 2(1 4 v/2)d?. Thus, for unit
area, we need d? = 1/(2 + 2v/2), or d = 1/1/2 + 2v/2 =~ 0.455. The solution is presented

in terms of the side length d which is assumed to have this value.

ds a7
as ds
b X
7
a4 ajp
d
as a
y

Region of support of the regular octagon of unit area with vertices a; to ag.

Since this octagon is symmetric about the origin, we can use Equation (2.80) to compute

the Fourier transform. The quantities needed to compute Py4(u,v) are enumerated below.

1+v2 1 1 _ 142
alzd[ 2 ] agzdllfﬁl agzd[1+\2/§] a4:d[ 12 ] as = —aj.
2

1 1
2 2
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The unit normals are either horizontal, vertical or at 45 degrees, and are easily seen to be

1 0 L 1
n; = \{i ny = 1 ns — I/E ny = 0 .

V2

V2

Substituting these into Equation (2.80), we obtain

Pa(u,v) = - (u;i— = (“J; sin(m 2572 (u + v)d) sinc(L2(~u + v)d)
+ vsin(r(1 4+ v2)vd) sinc(—ud)
—utv sin(7m 2+2‘/§(—u + v)d) sinc(—?(u +v)d)

V2
+(—u) sin(7(1 + v2)(—u)d) Sinc(—vd)) .

This formula can be simplified in various ways, using for example the fact that sine is odd

and sinc is even, using trigonometric identities, etc.
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14.

(a)

Consider a continuous-domain Laplacian of Gaussian (LoG) filter with impulse response

27rr8 27"8 ’

h(xvy) =c

Show that the magnitude frequency response has a peak at radial frequency

1
Vu2 402 = )
V27rg

Solution: From Equation (2.90)
H(u,v) = —c(2m)?(u?® 4 v?) exp(—272r3 (v 4 v?))

which is circularly symmetric. Thus, we can find the peak magnitude frequency response

by searching along the u axis:
|H (u,0)| = |¢|(27)?u? exp(—2m*riu?).

This function is continuous, has value 0 at the origin, is positive elsewhere and tends to 0

as u — 0o. Thus we can find the maximum by setting the derivative to zero.
d
%|H(u, 0)| = |e](27?) (2u exp(—272rgu?) — 4n*rdu’ exp(—272rdu?)) = 0

which has a solution at © = 0. For u # 0 we can cancel non-zero terms to obtain
1 —27%r¢u® = 0, or u? = 1/(27%r3). Thus, the peak magnitude response lies on the

circle

What is the value of ¢ such that the peak magnitude frequency response is 1.0, i.e.,

|H(u,v)| = 1 when u? + % =

2m2rg’
Solution: At the radial frequency given in (a)
lel(2m)? 2|c|
H , = e 1) = —
H ) = G en(-1) =

so ¢ = +rde/2.



CHAPTER 2. CONTINUOUS-DOMAIN SIGNALS AND SYSTEMS 2-35

(c) Compute the values found in (a) and (b) when ry = 0.0025 ph.

Solution: If ro = 0.0025 ph, the peak radial frequency is 1/(v/27(0.0025)) = 90.03 c/ph.
Then, ¢ = £(0.0025)%2¢/2 = £0.849 x 1076, These are the values used in the example in
Section 2.7.3. We can take ¢ = —0.849 x 1075 to have H (u,v) > 0.
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15. Find the D-dimensional Fourier transform of the following function:

(a) A D-dimensional Gaussian f(x) = W exp(—||x/|?/2).

Solution: Written out explicitly, we see that this function is separable

@) = G expl- (o + -+ h)2)
= fo(z1) -+ fo(zp),
where
fofe) = = exp(=a*/2)
is a one-dimensional Gaussian. Thus, by property 2.11, F(u1,...,up) = Fo(u1) - -- Fo(up),

where Fj(u) is the one-dimensional Fourier transform of fy(x). We showed in the solution
to Problem 9(b) that the one-dimensional Fourier transform of exp(—x2) is /7 exp(—m2u?).
Applying Properties 2.1 and 2.6 (with A = 1/4/2), we find

1

FO(U‘) \/ﬂ

V2y/m exp(—212u?).

Thus,
F(u) = exp(—272[ul?).

This is the result given in Equation (2.87) with 7o = 1.
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15. Find the D-dimensional Fourier transform of the following function:

(b) A D-dimensional circularly symmetric exponential f(x) = exp(—27|x]|).

Answer:
1

P )P

F(u) =

where cp = I'((D+1)/2)/xP*TD/2, T(.) is the Gamma function, which satifies the following
properties: I'(n) = n! forn=1,2,..., T'(z+1) = 2I'(x), I'(0.5) = /7. Hint: The solution
can be found on pages 6 and 7 in Stein and Weiss (1971).

Solution: This solution is adapted from the proof of Theorem 1.14 in Stein and Weiss

(1971). The Fourier transform we seek is given by
F(u) = / exp(—27||x||) exp(—j27u - x) dx.
RD

We start with an alternate expression for exp(—2n||x||). For 5 >0

2 oo
ho [Ty,
v 0 ]. + t2

This is a standard result given in integral tables, obtained using residues:
oo Lipt Bz -B
/ eidt:%rjres ei,j :27rje—, = e P,
oo L4122 1422 27
Thus
dt

T oo 1+ 2 us 1+ ¢2

b _ 1/°° cos,Bt—l—jsinBtdtZQ/oo cos Bt
0

. . . . . _ 2
since cos is even and sin is odd. Next, we use the expression 1+th2 = fooo e~ ()5 s to

write this as

2 o oo
e B = / cos [t (/ e Se 5t ds> dt

™ Jo 0
2 o —s > —st?

= — e e cosBtdt | ds
™ Jo 0

= 2/ e’ (1/ e~ 5t IBt dt> ds
™ 0 2 —00

2 0 > 4 2 2 i
= / e ® (77/ e~ AT WS gy 2w dw> ds (t = —27w).
T Jo —00



CHAPTER 2. CONTINUOUS-DOMAIN SIGNALS AND SYSTEMS 2-38

The integral in parentheses is seen to be the one-dimensional Fourier transform of a Gaus-
sian function g(w) = exp(—4n2sw?). We showed in the solution to Problem 9(b) that the
one-dimensional Fourier transform of exp(—x?) is ﬁexp(—wQuz). Thus, applying Prop-

erty 2.6 with A = 2my/s, this Fourier transform is exp(—B3?/4s). Inserting it in the

TG

We use this with 5 = 2x||x|| in the definition of F'(u) to obtain

F(u):/RD (f/ \[exp< 4”24”8"”2> ds> exp(—j2mu - x) dx

_ ﬁ/o = (/RD exp <—”2”8X”2> exp(—j2mu - ) dx> ds.

The inner parenthesis is the Fourier transform of a D-dimensional Gaussian, which is

2r

expression for e P , we obtain

/4s) ds

given in Equation (2.87) and evaluated in Problem 2.15(a). Using 7y = s/272, this Fourier

D/2 exp(—s]|u||?), and inserting it in the expression for F(u),

D/2 )
o—lulPs
F(u) s.
\F/

This has the form of a Gamma function

transform is (s/pi)

o0
INw) = / tv=te=t dt, w > 0.
0

Let t = s(1 + ||[ul|?). Then

B ; 00 —t(D-1)/2 1 . F((D+1)/2) 1
F<“>—W<D+1>/2/o T ap@E # T o (1 [u) @
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1. Prove the properties of lattices given in Section 3.2.2.

Solution: These properties are further addressed in Section 13.3. Here we give simple

proofs from first principles.

Let A be any lattice.

(i) 0 € A: the origin belongs to any lattice.

Proof: For any sampling matrix V, referring to the definition in Equation (3.3), VO € A
since 0 = [0,0,...,0]T € ZP.

(i) f x e Aand y € A then x+y € A.

Proof: Let V be any sampling matrix for A. Then there exist integer vectors n;, ny € ZP

such that x = Vny and y = Vny. It follows that x +y = Vn; + Vny = V(n; + ng) € A

since n; + ny € ZP.
(iii) If d € A then A+d = A where A +d={x+d|x € A}

Proof: Let s be any element of A +d. Then by definition s = x4+ d for some x € A. Since
d € A, from (ii), s =x+d € A and thus A +d C A. Conversely, let x be any element
of A and let s = x + (—d). Suppose d = Vn for some n € Z”. Then —d = V(-n) € A
since —n € Z?. (This is an additional property given in Section 13.3.) Thus s € A and
x=s+de€ A+dso A C A+d. From these two inclusions, we can conclude that
A+d=A.
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2. Prove that convolution on a lattice is commutative, f « h = h * f.

Solution: Let g = f x h. Then by definition (Equation (3.25))

gxl = flylhx—y] forallx €A.
YEA
For any given x € A, let z=x—y,and soy = x —z. Now {—y | y € A} = A since
y €A = —y € A (see Problem 3.1), and so {x —y | y € A} = A (Property (iii) in
Section 3.2.2). In other words, as y ranges over all of A, z = x — y also ranges over all of

A for any x € A. Thus

glx] =) flx —2]h[z]

zeA

= hldlflx 2]

zeN

ie,g=hxf.
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3. A linear shift-invariant filter defined on the hexagonal lattice

2X X
A =LAT
0 15X

has unit-sample response given by
x = (0,0)

x = (X,1.5X) or (—X,—-1.5X) or (0,3X) or (0, —3X)
x = (2X,0) or (—2X,0) or (X,—1.5X) or (—X,1.5X)

>
—
o)
Il
8"_‘ o] [N e

\ 0  otherwise

Determine the frequency response H (u,v) of this filter. Express it in real form. What is
the DC gain of this filter?

Solution: Applying the definition of the frequency response and combining terms for x

and —x,

H(u,v) = 1+ 1 cos(2m(u+1.50)X) + 1 cos(6mvX) + é cos(4muX) + % cos(2m(u— 1.5v)X).

1
ax O
_1 2| ]
3X 3X

H(u,v):H(qu%,v—f—qu%) for all k1, k2 € Z.

The DC gain is H(0,0) = 1.0. The reciprocal lattice is

-7

2X X

= LAT
0 15X

A* =LAT

Thus,
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4. For each of the following two-dimensional lattices A given by their sampling matrix, sketch
the lattice to scale in the space domain, determine and sketch the reciprocal lattice and a

Voronoi unit cell of the reciprocal lattice.

2X 0
(a) VA =
0 2X

2X

1
Solution: The reciprocal lattice is given by Vjx = [ . The lattice in the space

1
2X
domain and the reciprocal lattice with Voronoi cell are as follows:

° ° ° ° ° ° °

[ ] [ ] [ ] ®lX ® [ ] [ ]
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4 For each of the following two-dimensional lattices A given by their sampling matrix, sketch
the lattice to scale in the space domain, determine and sketch the reciprocal lattice and a

Voronoi unit cell of the reciprocal lattice.

3X X
(b) Vao = 0 X]

| e The lattice in the

T3X X
space domain and the reciprocal lattice with Voronoi cell are as follows:

L
Solution: The reciprocal lattice is given by Vi =V~ = [ 38X




CHAPTER 3. DISCRETE-DOMAIN SIGNALS AND SYSTEMS 3-7

4 For each of the following two-dimensional lattices A given by their sampling matrix, sketch
the lattice to scale in the space domain, determine and sketch the reciprocal lattice and a
Voronoi unit cell of the reciprocal lattice.

X X
(c) Vo =
X -X

1 1
2X 32X
11
2X 2X
space domain and the reciprocal lattice with Voronoi cell are as follows:

Solution: The reciprocal lattice is given by Vi~ = VA*T = [ . The lattice in the
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5. A two-dimensional FIR filter defined on the rectangular lattice A = LAT (diag(X, X)) has

unit-sample response shown in Figure P3.5.

\ 2

Figure P3.5 Unit-sample response h[z,y]. Non-zero values are shown; all others are zero.

(a) Compute the frequency response H(u,v). Express it in real form.

(b) What is the output g[z,y| of this filter if the input is

Carefully sketch the output signal g[z,y] to scale in the same manner as in Fig-
ure P3.5.
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Solution:
(a)
H(u,v) = Z hlz, y] exp(—j2m(uz + vy))

(z,y)eA
1 1 . 1 ,
= 7 &xp(0) + g exp(=527(uX)) + £ exp(—j2m(~uX))
1 1
+ g exp(—j2m(vX)) + ¢ exp(—j2m(~vX))
1 1
+ 16 exp(—j2m(uX —vX)) + 16 exp(—j2m(—uX + vX))
1 1
+ T exp(—72m(u2X — v2X)) + 6 exp(—72m(—u2X + v2X))
1 1 1
=1 + 1 cos(2muX) + 2 cos(2mv.X)

1 1
+ 3 cos(2m(u —v)X) + 3 cos(4m(u — v)X)

(b) By linearity and shift invariance, g[z,y| = h[z — X,y + X] — h[z + X,y — X]. This can
be done graphically (see the following page).
The solution can also be obtained by writing out an explicit expression for h[x,y] similar
to the one given for f[z,y].

hla,y) = jole,y) + §olz,y — X] + golw,y + X] + §olr — X,y] + ol + X, y]
+ 0[r — X,y + X+ L0z + X,y — X + 56[z — 2X,y + 2X]
1s
T 16

Oz +2X,y — 2X]

Then, simply applying the previous result and simplifying,
glz,yl = hlz — X,y + X] — hlz + X,y — X]
§0[z — X,y — 30z + X, y] + §0[z,y + X] — §0[z,y — X]
+ 368z — X,y + X] - S8z + X,y — X] + 2olr — 2X,y + X]
— L[z 42X,y — X]+ 30z — X,y + 2X] — L8[z + X,y — 2X]
+ L[w — 2X, y + 2X] — o[+ 2X,y — 2X] + L0r — 3X, y + 3X]
i60lr +3X,y — 3X]
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6. Consider an ideal discrete-space circularly symmetric lowpass filter defined on the rect-
angular lattice with horizontal and vertical sample spacing X and Y. The passband is
Cw = {(u,v) | u?> +v? < W2} and the unit cell of the reciprocal lattice is P* = {(u,v) |
—1/2X <u<1/2X,-1/2Y <v < 1/2Y}. Assume that W < min(1/2X,1/2Y).

1 (u,v) € Cw
0 (u,v) € P\Cw

H(u,v) =

where of course H(u + k/X,v+1/Y) = H(u,v) for all integers k,l. Show that the unit

sample response of this filter is given by
wWXY

VX?2m?2 +Y?n?

where Ji(s) is the Bessel function of the first kind and first order. You may use the

himX,nY] = Ji(2eW/ X?m? + Y?n?2)

following identities:

2w
Jo(s) /0 exp [jscos(f + ¢)] db, for any ¢

~or

/SJO(S) ds = sJi(s)
Simplify the expression in the case X =Y.

Solution: The solution to this problem is similar to the steps in Example 2.4. This problem
could be solved directly and simply using the result of Example 2.4 along with duality and
sampling results to be seen later. However, here we present the full direct solution. The
desired unit sample response is given by the inverse Fourier transform of the frequency
response

hlmX,nY] = XY // exp(j2m(uXm + vYn)) dudv.
Cw
Change to polar coordinates with u = r cosf, v = rsinf, with Jacobian r. Thus
w 2w
himX,nY] = XY / / exp(j2nr(Xmcos @ + Ynsin@))r dr db.
o Jo

Now

Xmecosf+Ynsind =/ X2m?2 + Y2n2 cos(0 + ¢mn), where ¢y, = tan ™ (—F2).
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Substituting,

|
himX,nY] = XY/ / exp(j2mryv/ X2m? 4+ Y2n2 cos(6 + ¢pmn))r dr db.
o Jo

Using the given formula for Jy(s) with s = 277V X?m? + Y?2n?, we obtain
w
himX,nY] = XY/ 2o (2mr/ X2m? + Y2n2)r dr.
0
Making the change of variables s = 27rv/ X?2m?2 4+ Y?2n?, we find

himX,nY] = sdo(s) ds

XY 21V X2m24+Y2n2W
om(XZmZ 1 Y2n?) /0
XY

T 2m(X2m? + Y%?)SJI(S) 0

WXY
= \/)(QZ—WJI(27TV X2m? +Y?2n2W).
m n

as required. If X =Y, then

2V X2m24Y 2n2W

X
hmX,nX] = \/WEQV_le(sz\/mZ W),

3-12
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1.

For each of the following pairs of lattice A and sublattice I' given by their sampling matrices
V and Vr respectively: (i) verify that I' is indeed a sublattice of A; (ii) compute the
index K of I' in A; (iii) enumerate a set of K coset representatives for I' in A; (iv) find
sampling matrices for the reciprocal lattices A* and I'*; (v) enumerate a set of K coset

representatives for A* in I'*.

10 40
V) = , Vp = .
0 1 0 2

Solution: (i) To verify that I' is a sublattice of A we compute
4 0
0 2

(ii) The index of I in A is K =d(I")/d(A) = 8/1 = 8.

Vi'Vr =

which is an integer matrix as required.

(iii) We can choose as coset representatives, the points of A in the fundamental paral-

lelepiped unit cell of I'. These are given by the columns of the matrix

[01230123]

00001111

The following figure shows the points of A ([7) and of T (x) over a portion of R?. The

selected coset representatives are shown as red circles.




CHAPTER 4. DISCRETE-DOMAIN PERIODIC SIGNALS 4-3

0
nE
2

(v) We can choose as coset representatives the points of I'* within the fundamental paral-

(iv) Sampling matrices for A* and I'"* are given by

10

Vs = VXT = [0 )

(e BN

] Vi =Vl = [

lelepiped unit cell of A*. These are given by the columns of the matrix

] |

The following figure shows the points of A* ([]) and of I'* (x) over a portion of R2. The

O o=
O BIw
= O
DN =
D= D=
[N

selected coset representatives are shown as red circles.
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1.

For each of the following pairs of lattice A and sublattice I' given by their sampling matrices
V and Vr respectively: (i) verify that I' is indeed a sublattice of A; (ii) compute the
index K of I' in A; (iii) enumerate a set of K coset representatives for I' in A; (iv) find
sampling matrices for the reciprocal lattices A* and I'*; (v) enumerate a set of K coset

representatives for A* in I'*.

10 4 2
V) = , Vp = .
0 1 01

Solution: (i) To verify that I' is a sublattice of A we compute
4 2
0 1

(ii) The index of I'in A is K = d(I")/d(A) =4/1 = 4.

Vi'Vr =

which is an integer matrix as required.

(iii) We can choose as coset representatives, the points of A in the fundamental paral-

lelepiped unit cell of I'. These are given by the columns of the matrix
01 2 3
B = .
0 00O
The following figure shows the points of A ([7) and of I (x) over a portion of R?. The

selected coset representatives are shown as red circles.
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(iv) Sampling matrices for A* and I'"* are given by
r (10 T 1 0
Vi =Vl = Ve =Vili =11 :
0 1 -1 1

We can see by inspection that an alternate and more convenient sampling matrix for I'* is

S L o2
o i =% 1|t 1

where as required [? 1] is an integer unimodular matrix with determinant 1.

(v) We can choose as coset representatives the points of I'* within the fundamental paral-

lelepiped unit cell of A*. These are given by the columns of the matrix

0 1 1
D= 2 or D=<k Y1k =0,1;kp=0,15.

0 0 i

2

Note that we are using the basis vectors from the alternate sampling matrix for I'* to

1
2\ ko

N[ =

3
4
1
2

enumerate these coset representatives.

The following figure shows the points of A* ({]) and of I'* (x) over a portion of R2. The

selected coset representatives are shown as red circles.




CHAPTER 4. DISCRETE-DOMAIN PERIODIC SIGNALS 4-6

1.

For each of the following pairs of lattice A and sublattice I' given by their sampling matrices
V and Vr respectively: (i) verify that I' is indeed a sublattice of A; (ii) compute the
index K of I' in A; (iii) enumerate a set of K coset representatives for I' in A; (iv) find
sampling matrices for the reciprocal lattices A* and I'*; (v) enumerate a set of K coset

representatives for A* in I'*.

2 1 4 0
Vi = , Vr = .
01 0 2
Solution: (i) To verify that I' is a sublattice of A we compute

B 2 -1
Vavr=1,

which is an integer matrix as required.
(ii) The index of I' in A is K = d(I")/d(A) = 8/2 = 4.

(iii) We can choose as coset representatives, the points of A in the fundamental paral-

lelepiped unit cell of I'. These are given by the columns of the matrix

02 1 3 1
B= or B=<{m |n1=0,1;n2=0,15.
0 0 1 1 1

The following figure shows the points of A ([7) and of T (x) over a portion of R?. The

+ N9

selected coset representatives are shown as red circles.

a a a a
B O 8 o >
O (m) (m) O
X a X a
a a a a
X a X a
a a a a
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0
NE
2

(v) We can choose as coset representatives the points of I'* within the fundamental paral-

(iv) Sampling matrices for A* and I'"* are given by

(e BN

1
5 0

1 1] Vi =V S [
2

lelepiped unit cell of A*. These are given by the columns of the matrix

The following figure shows the points of A* ([J) and of I'* (x) over a portion of R2. The

selected coset representatives are shown as red circles.

B X X x R Xx X B x x X K
u
)66
X @uuug >
K x x x R X Xx B x x x K

v V
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1.

For each of the following pairs of lattice A and sublattice I' given by their sampling matrices
V and Vr respectively: (i) verify that I' is indeed a sublattice of A; (ii) compute the
index K of I' in A; (iii) enumerate a set of K coset representatives for I' in A; (iv) find
sampling matrices for the reciprocal lattices A* and I'*; (v) enumerate a set of K coset

representatives for A* in I'*.

v, [4 QI’VF: [4 2]‘
0 1 0 3
Solution: (i) To verify that I' is a sublattice of A we compute
Vilvy = [1 _1]
0 3
which is an integer matrix as required.
(ii) The index of I in A is K = d(I")/d(A) = 12/4 = 3.
(iii) We can choose as coset representatives, the points of A in the fundamental paral-

lelepiped unit cell of I'. These are given by the columns of the matrix

0 2 4 2
B:[ ] or B:{n[]\n:O,I,Q}.
01 2 1

The following figure shows the points of A ([7) and of T (x) over a portion of R?. The

selected coset representatives are shown as red circles.

m] m]

® 2 X
() O

m ()}
[ R

m m]
m] m]
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(iv) Sampling matrices for A* and I'"* are given by

i 0 i 0
V=V, T =11 X Ve =Vl =11 :

_1 11
2 6 3

and I'* are given by

—_

We can see by inspection that more convenient but equivalent sampling matrices for A*

1
V/*: 2 V/*: 5 .
2
1

We can verify that V). = V«[21] and that V.. = Vp«[2 1] where [2 1] is an integer

[Nl N
[N TN

unimodular matrix.

(v) We can choose as coset representatives the points of I'* within the fundamental paral-

lelepiped unit cell of A*. These are given by the columns of the matrix

o ool en}

The following figure shows the points of A* (IJ) and of I'* (x) over a portion of R2. The

0
0

D=

O [

W= D=
D= =

selected coset representatives are shown as red circles.

X X X X X X

x x x x x x
x x x x X X

X X X X X X X
x x x x X X

x x x x X X
X X X X X X

x x x x X X
x x x x X X

2 ] ] & ] = ="
x x x ® x x

x x x ® X X
X X X X X X

x x x x X X
x x x x X X

X X X X X X X
x x x x X X

x x x x x x
X X X X X X

;v
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2.

Find the analysis and synthesis equations for the discrete-domain Fourier series represen-
tation of the following signals, using the signal lattices and periodicity lattices of corre-

sponding problems 1(a)-(d) respectively.

_ 1 xeT -
flx] = . Note that here, f = d, p.

0 xeA\l'

Solution: Referring to Problem 1(a) and its solution,
A=TAT(}]), T=TAT(33), K=8

Sets of coset representatives in the signal domain and in the frequency domain are

o o]
B:{nl + ng \nle,...,B;ngz(),l},

IO»—t
—

(BN

D:{kl + ko |k’1:0,...,3;k‘2:0,1}.

The analysis equation is

Flu] = Z f[x] exp(—j2mu - x), ueD.
xeB

Substituting explicit expressions for f, B and D, we obtain

3 1
P, k) — Z Z [n1, ng] exp(—j2m(fps 4 kana)

I
[

k‘l :0,...,3;]{}2:0,1,
since f[0,0] = 1, f[ni,na] = 0 for (nq,ny) € B\(0,0), and exp(0) = 1.

The synthesis equation is

? Z u] exp(j27u - x), x € B.
€D
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Substituting explicit expressions for F, B and D, we obtain

flm,n2] = exp(j2m(Bf + £452))

M:
M-

>
2
Il
o
>

0

2

@)=, np=0,...,3;n = 0,1.

I
E
MH

b
2
Il
o
>
V)
Il

0
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2.

Find the analysis and synthesis equations for the discrete-domain Fourier series represen-
tation of the following signals, using the signal lattices and periodicity lattices of corre-

sponding problems 1(a)-(d) respectively.

_ 1 xeTl -
flx] = . Note that here again, f = 65 r.
0 xeA\l'

Solution: Referring to Problem 1(b) and its solution,
A=TAT(}]), T=TAT([3])), K=4

Sets of coset representatives in the signal domain and in the frequency domain are

1
B:{n[] ]nzO,...,B},
0
D:{lﬁ ]]klz(),l;l@:O,l}.

The analysis equation is
Flu] = Z f[x] exp(—j2mu - x), ueD.
xeB

1
2| 4k

DN =

Substituting explicit expressions for f, B and D, we obtain

F[% TQ 72 Z n, 0] exp( jQW(lﬂTnJrk?Tn))

3
n=0
=1 Kk =0,1k =01,

since f]0,0] = 1, f[n1,na] = 0 for (n1,n2) € B\(0,0), and exp(0) = 1.

The synthesis equation is

Z Flu] exp(j27u - x), x € B.
uGD
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Substituting explicit expressions for F, B and D, we obtain

4-13
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2. Find the analysis and synthesis equations for the discrete-domain Fourier series represen-
tation of the following signals, using the signal lattices and periodicity lattices of corre-

sponding problems 1(a)-(d) respectively.

(© f[x]: 1 XEFOI‘XE[ZO]T—{—F'

0 otherwise

Solution: Referring to Problem 1(c) and its solution,
A=TAT(21]), T=TAT(33), K=4

Sets of coset representatives in the signal domain and in the frequency domain are

1
B:{nl 1]|n1:0,1;n22071},
1
D:{kH |k;:0,...,3}.
0

The analysis equation is

2
+ N2

Flu] = Z f[x] exp(—j2mu - x), ueD.
xeB

Substituting explicit expressions for f , B and D, noting that there are two nonzero values
of f for (n1,n2) = (0,0) and (1,0), we obtain

ol
Np
2

I
(-
(]~
—h
™o

S
_

-+

S
v

S
N

]

»
o
—~
L

N
A

X
C
+

X
=2
=

flx] == Z Flu] exp(j27u - x), x € B.
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Substituting explicit expressions for F, B and D, we obtain

f[2’I’L1 + TLQ,TLQ] = F[%, 0] exp(j27"-(k2ﬂ + 7%12))

A~ =
ES

w ||Moo
o

W=

(1+ (=D)F)(=1)Fm (j)*ne

Eod

+ (=1)"2), ny=0,1;ny =0,1.

—

(

N[ =

In the end, the synthesis equation says that f [2n1 + ng,n2| is 1 when ng = 0 and 0 when

ny = 1 in agreement with the definition of f in this question.
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2.

Find the analysis and synthesis equations for the discrete-domain Fourier series represen-
tation of the following signals, using the signal lattices and periodicity lattices of corre-
sponding problems 1(a)-(d) respectively.

1 xeT
fxl=92 xe[2,1]7+T.

3 xe[0,27+T

Solution: Referring to Problem 1(d) and its solution,
A—TLAT([42]), T=LAT([}3)), K=3

Sets of coset representatives in the signal domain and in the frequency domain are

5= {101z},
ool

Flu] = Z fx]exp(—j2mu - x), ueD.
xeB

The analysis equation is

Substituting explicit expressions for f , B and D, we obtain

2
FI5.§1= Y f2n,n)exp(—j2r(’5: + )

n=0

=1+ 2exp(—j2r %) + 3exp(—j2ri),  k=0,1,2.

Here we note that f[4,2] = f[0,2] = 3 since (4,2) and (0,2) both belong to the same coset.

The synthesis equation is

Z Flu] exp(j27u - x), x € B.
ueD

i =
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Substituting explicit expressions for F, B and D, we obtain

n=01,2.

4-17
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3.

(a)

Let A be a lattice and I a sublattice. Let B be any set of coset representatives for I" in A.

Let x¢ be any element of A. Show that B —xo = {b — x¢ | b € B} is also a set of coset
representatives for I" in A. This is used in the proof of Property 4.2.

Solution: Let B = {by,...,bg_1} where K = d(I')/d(A). Then B — x¢9 = {by —
X0, ..., br_1 — X0}, which has the correct number of elements. It is sufficient to show
that no two elements of this set belong to the same coset. Suppose that b; — x¢ and
b; —xg do belong to the same coset for some different values of i and j in [0, K —1]. Then
(b; —x9) — (bj —x¢) €T, i.e., b; — b; € I'. But this is not possible since by assumption
b; and b; belong to different cosets. Thus, no two elements of B — x¢ can belong to the

same coset, and so they must form a set of coset representatives.

Let A be a transformation of R” such that AA = A and AT' = I'. Show that AB =
{ADb | b € B} is also a set of coset representatives for I" in A. This is used in the proof of
Property 4.6.

Solution: Let B = {bg,...,bx_1} where K = d(I")/d(A). Then AB = {Aby,...,Abx_1},
which has K elements that belong to A since AA = A. It is sufficient to show that no
two elements of this set belong to the same coset. Suppose thatAb; and Ab; do belong
to the same coset for some different values of ¢ and j in [0, K — 1]. Then Ab; — Ab; €T,
ie., A(b; —b;) € I. Now, since AI' =T, for any x € I" there exists some y € I' such
that Ay = x, and thus A~'x =y € I. Thus from above, A(b; — b;) € I' implies that
b; —b; € I'. But this is not possible since by assumption b; and b; belong to different
cosets. Thus, no two elements of AB can belong to the same coset, and so they must form

a set of coset representatives.
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1. Find the continuous-domain Fourier series representation of the following periodic signals.
(a) A circ function with rectangular periodicity

- 3 5 (£ k)

k1=—00 kag=—00

where A, Z >0 and A < Z.

Solution: Assume in fact that A < Z/2. Then, the shifted versions of the circ function do
not overlap. The signal f has periodicity lattice I' = LAT([Z ]) since

- B >° > . 4+ 072 —kiZ y+L0oZ —koZ
fle+0Zy+02) = Z Z c1rc< 1 , >

s

k1=—00 ka=—00

> > . T —1m1Z y—moZ
= Z Z ClI"C( Al ,y AQ > (mlzkl—él,mgzkg—b)

mi]=—00 Ma=—00

A unit cell of the periodicity lattice is Pr = {(x,y) | —Z/2 <2 < Z/2,-Z/2 <y < Z/2}.

QG

6
/dhe
AN PN

Figure P5.1a Periodic circ signal with periodicity lattice diag(Z, Z) and A < Z/2. Pr is a

unit cell of I'. The periodic signal value is 1.0 inside the circles and 0.0 elsewhere.

The reciprocal lattice is I'* = LAT( [ vz 0 })
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The Fourier transform is given by

Fl& 2= /P f(x,y) exp(—j2m(HL

N
22 4y2< A2

B (k )QA (k )2J1 <2TI‘A (%)2 + (]€Z2)z> s (k’1,k2) S 227
b9+ (%

where we refer to Example 2.4 for the evaluation of this integral.

N‘?T
+
NE
5
&

NE
+
NE
B
&

The continuous-domain Fourier series representation of f is then

faw =gz 3% e (12 (57 ewtiza( + )

Z Z Z K2+ k2 /<;2 2”2\/’“2"']‘32)6)(13( 7 (k1z + kay)).

ki=—00 ko=—00

If Z/2 < A < Z, this solution method does not apply. However, as will be seen in Chapter
6, the solution will be the same as above and can be obtained with little effort. Thus, we

will not present a direct solution here.
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(b) A hexagonal function with rectangular periodicity

o0

fay= > > heX<x_jIZ,y_:2Z>

k1=—00 kg=—00

where A, Z > 0, A < Z/2 and hex(x,y) is the the zero-one function with hexagonal region

of support of unit side as defined in Example 2.7.

Solution: Since A < Z/2, the shifted versions of the hex function do not overlap. The
signal f has periodicity lattice I' = LAT([% %]) since

_ > > e+ 072 —kZ y+ 07—k Z
0Lz b)) = h
fattzythz)= 3 3 hex(TERETRE pELIZhI)

k1i=—00 ko=—00

s > r—mi1Z y—meol
— Z Z hex( Al ,y A2 > (m1 =k —{1,mg = kg — {l3)

mi]=—00 Ma=—00

A unit cell of the periodicity lattice is Pr = {(x,y) | —Z/2 <2z < Z/2,-Z/2 <y < Z/2}.

NANVAN

Pr

V3A/2

SXENxe

Figure P5.1b Periodic hex signal with periodicity lattice diag(Z, Z) and A < Z/2. Pr is

a unit cell of I'. The periodic signal value is 1.0 inside the hexagons and 0.0 elsewhere.

The reciprocal lattice is I'™* = LAT( [ 1{)Z 1%} ).
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The Fourier transform is given by

F[%, %) :/p F(@,y) exp(—j2m(*E + %24)) dzdy

— [ exp(-jem(t + ) dady

where Ag is the region of support of the basic hex function hex(%, ), shown within Pr in
Figure P5.1b. This is the same as the Fourier transform of the unit hex function evaluated
in Example 2.7, but scaled by A and only evaluated at the points of I'*. Using Property 2.6
with A = diag(1/A,1/A), and evaluating on I'x,

A2Z? A(\/gkl + k‘g) . 7TA(3U + \/g’U) . A(—kl + \/ng)
w(k2 + k2) 0z " 27 She 27

A(=V3k + k) (wA(—:%kl + \/§k2)>

Flly. 1 =

+ A% sin(wAﬁ%) sinc(A@) +

Z
i AR+ V3ky
simc 72Z i

The continuous-domain Fourier series is then given by

2Z 2Z

where F [71 k2] is as given above.
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1. A two-dimensional continuous-domain signal f.(x,y) has Fourier transform

—a(ful+v]) 42 L2 < W2
FC(“? v) =
0 u? + 02 > W?

for some real number W. The signal is sampled on a hexagonal lattice A with sampling

matrix
X X2
0 V3X/2
to give the sampled signal f[z,y], (z,y) € A, with Fourier transform F'(u,v).
(a) What is the expression for F'(u,v) in terms of Fi(u,v)?

Solution:

A* =LAT(V™T)

4 0
= LAT ( Xl )
TV3X VBX

Also, d(A) = fX2

> Fuutri,v+r)

(r1,r2)EA*

s L% R (e e )

=—00 kg=—00

2
= 7\/3){2

(b) Find the largest possible value of X such that there is no aliasing? Sketch the region of
support of the Fourier transform of the sampled signal in this case (including all replicas),

and also indicate a unit cell of the reciprocal lattice A*.

Solution: There will be no aliasing if all the nearest neighbors to 0 in A* are at least
distance 2W from the origin. Looking at the Figure P6.1.1 below, we see that the distance
z to the nearest neighbors at (£4,+ fX) is given by

(1) () e =
20 = = = , Zz = —.
X V3X 3X2 V3X
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The nearest neighbors on the v-axis are also at distance ﬁ from the origin. Thus, for

no aliasing, we require

z 1
W<—=-—=——
2 3X
1
e, X <
V3W
yx v
.z
R
° “\/gX °
I
V3X
Y

Figure P6.1.1

Figure P6.1.2 illustrates a few replicas of the region of support of the Fourier transform of

the sampled signal, for X slightly less than ﬁ The Voronoi unit cell of the reciprocal

lattice is also shown.
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T 2

SR\

Figure P6.1.2
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2. The face-centered cubic lattice is the most efficient lattice for the packing of spheres in

three dimensions. A sampling matrix for this lattice is given by

211
V=K|0 1 0
0 01

where K is some real constant. Suppose that a bandlimited three-dimensional signal f(x)
satisfying F'(u) = 0 for |u| > W is sampled on a lattice whose reciprocal lattice is face-
centered cubic. Find the least dense lattice such that there is no aliasing. Compare the

resulting sampling density with the best orthogonal sampling for which there is no aliasing.

Solution: Figure P6.2.1 shows a perspective view of several replicas of the spherical support
of F(u1,us,us) when the reciprocal lattice is face-center cubic and the sampling density
is well above the critical value. The cube edges are drawn just to help visualization. From
the figure, we see that the replicas at cube corners and center of cube face will be the first

to touch as the sampling density decreases.

Figure P6.2.1 Illustration of spheres on points of a face-center cubic lattice. Cube edges

and different colors for spheres at corners and face edges are to help visualize.
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At critical sampling, the replicated spherical support of the baseband Fourier transform
will touch on the u; — us plane, as well as on the u; — us plane and the uy — us plane. The

situation on the u; — uo plane is shown in Figure P6.6.2.

2\

Figure P6.6.2 Slice of frequency domain on u; — ug plane, showing situation for critical

sampling.

From the geometry, we see that K2+ K2 = (2W)? so that K = +/2W. Thus the reciprocal

lattice at critical sampling is

2 1
A" =TAT | VoW |0 1
00

=

To obtain the sampling density, d(A*) = |det V| = (vV2W)? - 2 = 4/2W3. Tt follows that

the sampling density is
1

i - d(A*) = 4v2W3.

The corresponding sampling lattice is the body-centered cubic lattice with sampling matrix
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VT je.,
' 00 Lt i
A=LAT | —— |- 1 ol | =LAT| —— |0 1 L] |,
VoW | 2 V2W 2
| 1
2 2

where the latter matrix is an equivalent but more convenient sampling matrix.

For orthogonal sampling, the reciprocal lattice is

1 00
Vo=Ko |0 1 0
0 0 1

In this case, it is clear Ko = 2W, so that the sampling density for critical sampling is

d(A}) = 8W3. The ratio of sampling densities is 4\%/;3 = /2 ~ 1.414. Thus orthogonal

sampling requires about 41.4% more samples per unit volume for alias-free sampling.

Figure P6.2.3 shows a similar view of the frequency domain to Figure P6.2.1 at critical

sampling.

Figure P6.2.3 Illustration of spheres on points of a face-center cubic lattice at critical

sampling.
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3. Fig. 6.5 illustrates the sensor in a hypothetical digital camera using a sensor element which
is hexagonal in shape. There are M = 740 sensor elements in each horizontal row and
there are N = 480 rows of sensor elements, for a total of 480 x 740 sensor elements. The
centers of the sensor elements lie on a hexagonal lattice A, and each sensor element is a
unit cell of this lattice. The output of each sensor element is the integral of light irradiance
over the sensor element for some arbitrary exposure time, and it is associated with the
lattice point at the center of the sensor element. Assume that the picture width is M X
and the picture height (ph) is NY. We use the picture height as the unit of length. The
sensor element is a regular hexagon with Y = v/3X/2. (Note that Fig. 6.5 is just a sketch

and is not drawn to scale.)

Figure 6.5 An image sensor with hexagonal sensor elements.

(a) Give a sampling matrix for the lattice shown in Fig. 6.5 in units of ph.

Solution: By inspection of Figure 6.5, a suitable sampling matrix for A is

X
X 5

0 Y

ng]'
o

V=

Since there are 480 rows, each of height Y, 480Y = 1 ph, so that Y = ﬁ ph = 0.0021 ph.
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(b)

Thus X = 271% =5 01 7 ph ~ 0.0012 ph. Thus, using numerical values

1 1
V= [240\/5 480+/3
0 1

0.0024 0.0012
ph ~ ph.

. 0 0.0021

What is the area of a sensor element, with correct units? What is the sampling density,

with correct units?

Solution: The area of a sensor element is

X2 12
d(A) = |det Vy| = ‘/§’2 - \f <240\/§) ph? 2 5.01 x 1075 ph2.

The sampling density is
L2
d(A)  V/3X2

What is the aspect ratio of the sensor? Is it approximately 4/3 or approximately 16/97

~ 2.00 x 10° samples per ph?.

Solution: The picture width is 740X and the picture height is 480Y = 240+/3X. Thus,
the aspect ratio is
picture width 740X 37
"7 bicture height  240vV3X 123
Since 4/3 = 1.3 and 16/9 = 1.7, the aspect ratio is approximately 16/9.

~ 1.78.

The sampling process carried out by this sensor can be modeled by a linear shift-invariant
(LSI) continuous-space filter followed by ideal sampling on A. Give an expression for the
impulse response hg(z,y) of this LSI filter with the correct gain. Assume that if the image
irradiance is a constant value over a sensor element (in arbitrary normalized units), the

sampled value is that same value, i.e., the DC gain of h,(x,y) is 1.0.

Solution: The sampling aperture is a(x,y) = chexa(z,y) where hexa(z,y) is a zero-one
function with regular hexagonal region of support Ag shown centered at the origin in
Figure 6.5 and c is selected to get a DC gain of 1. Since a(z,y) is symmetric about the
origin, ha(z,y) = a(z,y). To have a DC gain of 1, we require [[gs ho(z,y) dzdy = 1, or
ffAH cdxdy = 1. Thus,

1 12
area(Ay) d(A)  /3X2

~ 2.00 x 10°
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(see (b) above).

We can relate this function to the hexagonal zero-one function with unit side given in
Example 2.7 (which has been denoted hex(x,y)) by scaling and rotating by /6. The
length S of one side of the regular hexagon Ay is given by S% = (X/2)? + (5/2)2, or
S = X/v/3=1/720 ph. Let

0] B !720 0 ]

= .

1 0 720

: V3 o1
cosm/6 sinw/6 X s
2

ha(z,y) = 2 x 10"°hex(360(v/3z + ), 360(—z 4+ V/3)).

S U=

—sinmw/6 cosm/6

Then hy(x) = chex(A; /A sx) or explicitly

(e) Give an expression for the frequency response H,(u,v) corresponding to the camera aper-

ture impulse response hy(z,y).

Solution: The requested frequency response H,(u,v) is the continuous-domain Fourier
transform of hg(z,y) given in part (d) of this problem. Since h,(x) = chex(Ax) where
A = A, /sAs, we can obtain H,(u,v) using Fourier transform properties and the Fourier
transform of hex(x) found in Example 2.7, which we denote HEX(u). Then, using Prop-
erties (2.1) and (2.6),

C
H,(u) = ———HEX(A™ T
(u) [det A ( u),

N [360\/3 360 ] AT _ [ e 14140]

360 360v/3 —i= 2L

where

and det A = 4(360)2, so that (Tt A] = 2,@- Explicitly,
_ 2\/§HEX <\/§u +v —u+ \/§v>

H _ove
alt,v) = =5 1440 1440

Substituting into the expression for HEX(u, v) given in Example 2.7 and simplifying, we
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obtain
80v/3 . V3u + 3v —V3u+wv
Ha(u,v) = o gy | (ut V3u)sin | m = [ sine | —rr=
—V3u+3v)\ . V3u + v

+ (—u+V3v)sin [ 7 410 sinc 1440

+ 2 si 2v/3u sinc 2v
USITT0 P\ 1440

We can verify that H,(0,0) = 1 as required. A perspective view of the frequency response
H,(u,v) is shown below in the range —1200 < u, v < 1200 ¢/ph. The hexagonal symmetry
is apparent in this plot.

0.8
0.6
0.4

0.2

o> Al >
VA ,'.‘\\\\y;“. 1000
-1000 2o 200 Y0y, KSK ‘\g%';gz:& oo
EN SR

v (c/ph) 1000 -1000 u (c/ph)
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(f) Assume that the continuous-space input light irradiance f.(z,y) has a Fourier transform
F.(u,v). Give an expression for the Fourier transform of the sampled image f|x,y], (z,y) €
A in terms of in terms of F,.(u,v) and H,(u,v); you should explicitly evaluate the reciprocal
lattice A*.

Solution: From Equation (6.16),

Flu) = d(lA) ; Hy(u—r)Fu(u—1),

where H,(u) was found in part (d) and d(A) = \/§2XQ — 2\/5(1240)2 was found in part (b).

A sampling matrix for A* is

VA*=V;T:[ L 0]:[240\/5 0]'

1 2
~7BX BX —240 480

An equivalent sampling matrix in upper triangular form is

+ | [480v3 240V3
Lo 240 |

=S

.
V3X
Thus, explicitly

F(u,v) =2V3(240)* Y > Hy(u— 480V/3k; — 240v/3ky, v — 240k,)

k1=—00 ko=—00

X Fo(u — 480V/3k; — 240V/3kg, v — 240ks).
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1.

The web color goldenrod that we will denote [Q] is specified by the RGB values 218, 165,
32, on a scale from 0 to 255. Thus they can be assumed to be Q, = 0.8549, Q = 0.6471,
Qs = 0.1255 on a scale from 0 to 1. We assume that these are gamma-corrected values,
according to the sSRGB gamma law (Section 7.5.5), and that the primaries are the Rec.
709/sRGB primaries, normalized with respect to reference white Dgs (Section 7.5.3). The
goal of this problem is to determine representations of this color in other color coordinate

representations. Determine the following (show your work):

The tristimulus values Qgr, Qg, @p in the Rec. 709/sRGB color representation (Sec-
tion 7.5.3);

Solution: We use the sRGB gamma law given in Equation (7.70). Since all gamma-
corrected values on the scale from 0 to 1 are greater than 0.04045, the tristimulus values

are obtained by the formula

Qi = (Q; +0.055

2.4
- 5
1.055 > »  I=RGB

giving the result Qr = 0.7011, Qg = 0.3763, Qp = 0.0144.

The luminance @1, and the chromaticities qr, g, ¢p in the Rec. 709/sRGB representation;

Solution: From Equation (7.55), the luminance Q; = Qy = QrRy + QcGy + QpBy,
where Ry, Gy and By are the relative luminance of the sSRGB primaries, given in Equa-
tion (7.63) as [Ry,Gy,By| = [0.2126,0.7152,0.0722]. Substituting these values gives
Qr = 0.4192. The chromaticities are given by Equation (7.56) ¢; = Q;/(Qr + Q¢ +
Qp), i = R,G, B, giving qr = 0.6421, q; = 0.3446, g5 = 0.0132.

The XYZ tristimulus values Qx, Qy, @z and the corresponding chromaticities ¢x, qy, qz
(Section 7.4.7);

Solution: The XYZ tristimulus values are obtained from the sRGB tristimulus values
using Equation (7.65), giving the result Qx = 0.4263, Qy = 0.4192, Qz = 0.0721. The
corresponding chromaticities are obtained by ¢; = Q;/(Qx +Qy +Qz), i = X,Y, Z, giving
qgx = 0.4646, gy = 0.4568, qz = 0.0786.
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(d)

The 1976 U'V'W' tristimulus values Q, Qv+, Quw and the corresponding chromaticities
qu', qv', qw (Section 7.4.8);

Solution: The 1976 U'V'W’ tristimulus values are obtained from the XY7Z tristimulus
values using Equation (7.49), giving the result Qys = 0.1895, Qv+ = 0.4192, Q- = 0.1614.
The chromaticities are obtained by ¢; = Q;/(Qu+ + Qv + Qw~), i = U', V', W', giving the
result gy = 0.2460, gy = 0.5444, qur = 0.2096.

The CIELAB coordinates Qr+, Qg+, Qp (Section 7.5.4);

Solution: The CIELAB coordinates are obtained using Equation (7.68), with the function
f given by Equation (7.67) with [W] = [Dgs], i.e. Wxyyz = [0.9505,1.0,1.0891]". In this
case, the values Q;/W;, i = X,Y, Z, are all greater than (2%)3 so f takes the cube root

form in all expressions. Thus

Q- = 116Q4/* — 16 = 70.8157
Qo+ = 500((Qx /0.9505)"/3 — Q) = 8.5209
Y

Qu = 200(Qy/* — (Q2/1.0891)'/3) = 68.7714.

The Luma and color differences Qy, Qp,, Qp, (Section 7.5.6).

Solution:The luma and color differences are obtained from the gamma-corrected RGB
values using the equation in Section 7.5.6, giving the result Qy+ = 0.6497, Qp, = —0.2959,
Qpy, = 0.1462.

You can visualize this color in any Windows program that lets you specify the RGB values
of a color. For example, in Microsoft Word, draw a shape like a rectangle and set the fill
color using “More Colors — Custom” and enter the gamma-corrected red, green and blue

values in the boxes.

The following pages give MATLAB code and output for this problem.



Problem 7.1

Solution using MATLAB. All sets of coordinates are displayed as a row vector to save space.

Contents
= Input

s Part (a)
= Part (b)
= Part (c)
s Part(d)
= Part(e)
= Part(f)

= Display the color

Input

Given, gamma-corrected Rec. 709 RGB values for goldenrod. This can be changed to any other input gamma-corrected
color

clear all; close all;
QRGBprime = [218 165 32]/255

QRGBprime

0.8549 0.6471 0.1255

Part (a)

RGB tristimulus values using sSRGB gamma law (section 7.5.5).

QRGB = ( (QRGBprime+0.055)/1.055).7(2.4);

QRGB (QRGBprime < 0.04045)=QRGBprime (QRGBprime < 0.04045)/12.92;
QRGB

QRGB =

0.7011 0.3763 0.0144

Part (b)

Luminance and Rec. 709 chromaticities.



RGBL = [.2126 .7152 .0722]; % (section 7.5.3)
QL = RGBL * QRGBR' % luminance of Q
gRGB = QRGB/([1 1 1]*QRGB') % RGB chromaticities of Q

0.4192
qRGB =

0.6421 0.3446 0.0132

Part (c)

XYZ tristimulus values and chromaticities

A rgb2xyz = [.4124 .3576 .1805; .2126 .7152 .0722; .0193 .1192

QXYZ = (A rgb2xyz*QRGB')' 3XYZ tristimulus values
gXYZ = QXYZ/([1 1 1]1*QXYZ') $%XYZ chromaticities
QXYZ =

0.4263 0.4192 0.0721
axyz =

0.4646 0.4568 0.0786

Part (d)

1976 U'V'W tristimulus values and chromaticities

A xyz2uvw = [4/9 0 0; 0 1 0; -1/3 2/3 1/3]1; % (section 7.4.8)

QUVW = (A xXyz2uvw*QXYZ')' SU'V'W' tristimulus values
qUVW = QUVW/ ([1 1 1]*QUVW') SU'V'W' chromaticities
QUVW =

0.1895 0.4192 0.1614

qUvw =

0.2460 0.5444 0.2096

.9505];

% (section 7.5.3)



Part (e)

CIELAB coordinates (section 7.5.4). Uses functions XYZ2LAB and f_xyz2lab available on the book web site in the utilities
section

QLAB XYZ2LAB (QXYZ)

QLAB

70.8157 8.5209 68.7714

Part (f)

Luma and color differences

A3 = [.299 .587 .114; -.169 -.331 .5; .5 -.419 -.081]; % (section 7.5.6)
QYPBPR = (A3 * QRGBprime')'

QYPBPR

0.6497 -0.2959 0.1462

Display the color

box(:,:,1)

QRGBprime (1) *ones (128,256) ;

box(:,:,2) = QRGBprime (2) *ones (128,256) ;
ex(3,3,3)
imshow (box)

QRGBprime (3) *ones (128,256) ;

Published with MATLAB® R2017b
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2.

As stated at the end of Section 7.4.8, the spectral absorption curves of the three types
of cone photoreceptors in the human retina should be a linear combination of any set of
three color-matching functions. The outputs of these receptors can be considered to be
tristimulus values with respect to some set of primaries that we will call [L], [M], [S]
(which stands for long, medium and short). It has been found that the tristimulus values
with respect to these primaries for a color [C], denoted Cj, Cy,, Cs, can be obtained from

the XYZ tristimulus values by

C 0.4002 0.7076 —0.0808| |Cx
Cn| = [—0.2263 1.16563 0.0457 Cy
Cs 0.0 0.0 0.9182 Cz

Determine and plot the color matching functions for the LMS primaries, denoted [()),
m(A), 5(A). The data for the xyz color-matching functions are given on the CVRL website

(www.cvrl.org).

Solution: Using the notation from Chapter 7, the above equation can also be written as
Crms = Axyz—rmsCayz. Referring to Table 7.1, we see that the LMS color matching

functions can be obtained using a similar equation

(\) 0.4002 0.7076 —0.0808| [Z(\)
m(\) | = |-0.2263 1.1653 0.0457 | |g(\)
5(\) 0.0 0.0 09182 | |z(\)

Using the xyz color-matching function data available from the CVRL web site and also the

book web site in the data section, we obtain LMS color matching functions shown below.
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(b)

LMS color matching functions
18 T T T T T T T T T

5\
16 | -

14 -

12 -

0.8 - .

06 - .

0 1 1 I 1 I I
350 400 450 500 550 600 650 700 750 800 850

Wavelength (nm)

Express the primaries [L], [M], [S] in terms of the primaries [X], [Y], [Z]. What color is
[L] + [M] + [S]?

Solution: Referring to Table 7.1, the primaries [L], [M], [S] can be obtaind from the
primaries [X], [Y], [Z] by multiplying by the matrix A;g;z rms- Thus, evaluating the

inverse transpose, we obtain

L] 1.8601 0.3612 0 [X]
M]| = |-1.1295 0.6388 0 [Y]

S] 02199 0  1.0891| |[Z]
Using this equation, [L] 4+ [M] + [S] = 0.9505[X] + [Y] + 1.0891[Z] = [Dgs].
Why are these primaries called [L], [M] and [S]?

Solution: The primaries are called [L], [M] and [S]b because the color matching func-

tions associated with them are sensitive to the longest wavelengths, the middle range of
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wavelengths and the shortest wavelengths respectively, as can be seen from the graph of
the color matching functions. These color matching functions are essentially the spectral

sensitivities of the corresponding types of cones in the retina.
Determine the LMS tristimulus values of the color goldenrod of Problem 1. Can you give
a physical interpretation (in terms of your eye) of these tristimulus values?

Solution: The XYZ tristimulus values of [GR] (goldenrod) were found in question 1, giving
[GR] = 0.4263[X] + 0.4192[Y] + 0.0721[Z]. From (b), we can find the LMS tristimulus

values. Converting with A yyz_.sms given above, we obtain
[GR] = 0.4614[L] + 0.3953[M] 4 0.0662][S].

These would roughly represent the relative strength of the response of the L, M and S

cones in the eye when observing the goldenrod color.
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3.

The Bayer color sampling strategy induces a new set of color signals from the original
RGB values (assume Rec. 709) as follows:

f 025 05 025 |fr
forl = 1-025 0.5 —0.25] | fa
feo —0.25 0.0 0.25 | |f5

These can be considered to be tristimulus values with respect to a new set of primaries
denoted [L], [C1], [C2].

Determine and plot the color matching functions for the LC1C2 primaries, denoted [()),
cl(A), 2(N\). The data for the XYZ color-matching functions are given on the CVRL
website (www.cvrl.org). Note that this data is also available on the book web site in the

data section.

Solution: The matrix given above is Argp—rcice. To convert known XYZ color-matching
functions, we first convert them to RGB using A xyz_,rgs given in Equation (7.66), and

then to LC1C2 using Argp—rccice- This can be done in one step using the matrix

0.3396 0.5026 0.1604
Axyz_rcic2 = Arge—ccic2Axyz—rgs = | —1.3085 1.3732 —0.1189
—0.7962 0.3333 0.38R89

Thus we have explicitly that

I(\) 0.3396 0.5026 0.1604 | [z(\)
cl(A)| = [~1.3085 1.3732 —0.1189| |g())
2()\) —0.7962 0.3333  0.3889 | |z())

These color matching functions are graphed in the following figure.
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Color matching functions of the Bayer L C, C,, primary system
1 T T T T T T T

-0.8 —

400 450 500 550 600 650 700
Wavelength (nm)

(b) Express the primaries [L], [C1], [C2] in terms of the primaries [R], [G], [B] and in terms
of the primaries [X], [Y], [Z].

Solution: Referring to Table 7.1,

L] R 1 1 1] [R]
[C1]| = Axlp e |G| = |-1 1 —1] |[G]
[C2] [B] -2 0 2| |([B]
[L] [X] 0.9505  1.0000  1.0890 | |[X]
[C1]| = A 2 reien Y]] = |-0.2353 04304 —0.8506| |[Y]

[C2] Z)] —0.4638 —0.2808 1.8624 | |[Z]
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(c) Determine the LC1C2 tristimulus values of the color goldenrod of problem 1 and of the

reference white Dgs.

Solution: The RGB tristimulus values of Goldenrod were found in Problem 1 to be Qg =

0.7011, Qg = 0.3763, @ = 0.0144. Applying the transformation matrix Argp—rcice, we
find Qr = 0.3670, Qc1 = 0.0092, Q¢ = —0.1717.

[Dgs] = [R] + [G] + [B] = [L], so that D65;, = 1, D65¢c1 = 0, D65c9 = 0.
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4.

The recommendation 709 RGB primaries can be expressed in terms of the CIE XYZ

primaries by

R] 0.4125 0.2127 0.0193] |[X]
[G]| = [0.3576 0.7152 0.1192| |[Y]
[B] 0.1804 0.0722 0.9502| |[Z]

Consider the cyan, magenta and yellow (CMY) primaries used in printing. These are given
by [C] = [B] + [G], [M] = [R] + [B] and [YE] = [R] + [G].

Determine the tristimulus values of [C], [M] and [YE| with respect to the XYZ primaries.
Compute the XYZ chromaticities of [C], [M] and [YE] and plot them on an xy chromatic-
ity diagram. Comment on the suitability of cyan, magenta and yellow as primaries for an

additive color display device like a cathode ray tube (CRT).

Solution: From the given equation, we find that

[C] = [B] + [G] = 0.5380[X] + 0.7874[Y] + 1.0694[Z]
[M] = [R] + [B] = 0.5929[X] + 0.2849[Y] + 0.9695[Z]
[YE] = [R] + [G] = 0.7701[X] + 0.9279[Y] + 0.1385[Z]

from which the tristimulus values of [C], [M] and [YE] with respect to the XYZ primaries
are evident, e.g. Cx = 0.5380, etc. The chromaticities are found using Equation (7.56),
e.g., cx = 0.5380/(0.5380 + 0.7874 + 1.0694) = 0.2247, etc. Doing this for the three colors,

we find

cx =0.2247 ¢y =0.3288 ¢z = 0.4466
mx =0.3210  my =0.1542  my = 0.5248
yex = 0.4193  yey = 0.5052  yey = 0.0752

These are plotted on the following xy chromaticity diagram, along with the rec709/sRGB
primaries. The chromaticities that can be reproduced by a linear combination of [C], [M]
and [YE] with positive coefficients lie in the interior of the small triangle with vertices
identified C, M, Y E. This is clearly a much smaller gamut than what can be reproduced
with R, G and B, so cyan, magenta and yellow are not good display primaries for an

additive display.



CHAPTER 7. LIGHT AND COLOR 7-14

Colorsthat can bereproduced by CMY and Rec. 709 RGB primaries

solid: CMY
— — — dashed: Rec. 709
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(b) Suppose that [C], [M] and [YE] as in part (a) are taken as primaries in a color system.
Determine the tristimulus values of a monochromatic light §(A — 510nm) with respect to
these primaries. You will need to use the XYZ color matching functions. Carefully explain
all steps. Can the given light be physically synthesized as a sum of a positive quantity of
the [C], [M] and [YE] primaries?

Solution: Denote [Q] = [6(A — 510nm)]. From the XYZ color-matching functions, we find
[Q] = [§(\ — 510nm)] = 0.0093[X] + 0.5030[Y] + 0.1582[X],

ie, Q@x = 0.0093, Qy = 0.5030, Qz = 0.1582. We are asked to find Q¢, @y and QyEg.
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To do this, we need the matrix A yyz_,camy. From part (a), we indentify

[C] 0.5380 0.7874 1.0694] |[X]

M] | = [0.5929 0.2849 0.9695| |[Y]

[YE] 0.7701 0.9279 0.1385| |[Z]
X]

= AgMyaxyz [Y]
Z

—

Thus, taking the inverse transpose,

—2.0766 1.6043  0.7986
Axyz_cmy = | 21324 —1.8084 0.2588
1.1076  0.2715 —0.7571

Thus finally

—2.0766 1.6043  0.7986 0.0093 0.9140
Qecmy = | 21324 —1.8084 0.2588 0.5030| = [—0.8489
1.1076  0.2715 —0.7571| [0.1582 0.0271

One tristimulus value is negative, so this light cannot be physically synthesized as a positive

linear combination of the CMY primaries.

Determine the tristimulus values of the color goldenrod of question 1 with respect to the
[C], [M] and [YE] primaries. Can this color be physically synthesized as a sum of a
positive quantity of the [C], [M] and [YE]| primaries?

Solution: For the color goldenrod [GR], it was found in Problem 1 that GRyyz =
[0.4623,0.4192,0.0721)". Then, GRemy = AxyzemyGRyyz = [—0.2299,0.2464,0.5713]'.
This color has a negative CMY tristimulus value and so cannot be physically synthesized

as a positive linear combination of the CMY primaries.
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5.

The EBU (European Broadcasting Union) primaries, have the following specification

Red | Green | Blue | White Dgs
x | 0.640 | 0.290 | 0.150 | 0.3127
y | 0.330 | 0.600 | 0.060 | 0.3290
z | 0.030 | 0.110 | 0.790 | 0.3582

Assume that the reference white has unit luminance Dy, = 1.0 and that [R] + [G] + [B] =
[Dgs].

Find the XYZ tristimulus values of the reference white [Dgs], i.e., Dx, Dy and Dyz.

Solution: This simply reproduces what was done in Section 7.5.3, using Equation (7.58)-
(7.60). Repeating that with the values in the above table, referring to reference white as
simply [D] for this problem: dx = 0.3127, dy = 0.3290, dz = 0.3582. Thus

Dx = — =0.9505 Dy =1.0 Dz = — =1.0888.

Using [R] + [G] + [B] = [Degs], determine the luminances of the three primaries, Ry, G,
and By,.

Solution: This follows the same procedure used in Section 7.5.3 for the Rec709/sRGB
primaries. Use Equations (7.58)-(7.60) to express the tristimulus values of [R], [G] and
[B] in terms of Ry, G, and By, e.g. Rx = Rﬁ%, etc, substitute these into [R]+[G]+[B] =
[Dgs5] and write in matrix form to obtain

1.93 0.483 2.5 Ry, 0.9505
1.0 1.0 1.0 Gl =1 1.0
0.09 0.183 13.16 By, 1.0888

Solving the matrix equation, we obtain Ry, = 0.2220, Gy = 0.7066, By, = 0.0713.
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(¢) Now find the XY Z tristimulus values of the three primaries, i.e. if [R] = Rx[X]+ Ry [Y]+
Rz[Z], find Rx, Ry, Rz, and similarly for [G] and [B].

Rprx

Solution: Insert the values of Ry, G, and By, found in (b) into the expressions Rx = 5

)

etc, to find the requested tristimulus values. Expressed in matrix form

[R] Rx Ry Ryz| |[X] 0.4306 0.2220 0.0202| |[X]
G]| = |Gx Gy Gz| |[Y]| = |0.3415 0.7066 0.1296| |[Y]
[B] Bx By Bzl |[Z] 0.1783 0.0713 0.9390| |[Z]

(d) If an arbitrary color [Q] is written

Q] = Qx[X] + Qv [Y] + Qz[Z] = Qr[R]| + Qc[G] + Qp[B]

determine the matrix relations to find Qx, Qy, @z from Qgr, Qa, @p and vice-versa.

Solution: Referring to Table 7.1, entry 6, the matrix found in (c) can be named A%QB%XJ/Z'
This problem asks us to find Argr—xyz and Axyz_,rgB respectively, where the latter
is given by Ayyz_srgB = A;zlgB—M(yZ' Thus, performing the transpose and the inverse,

we obtain in matrix form

Ox| [0.4306 03415 0.1783] [Qr
Qy | = [0.2220 0.7066 0.0713| |Q¢
Qz| 00202 0.1206 0.9390] |Qs
Orl [30620 —1.3932 —04758] [Qx
Qc| = |-0.9693 1.8760  0.0416 | |Qy
Qz| 00679 02280 1.0604 | [Qz

(e) Plot an xy chromaticity diagram showing the triangles of chromaticities reproducible with
the EBU RGB primaries.

Solution: The xy chromaticities of [R], [G] and [B] are given in the problem statement.
The set of all xy chromaticities reproducible with an additive linear combination (with
positive coefficients) of the EBU RGB primaries is the triangle whose vertices are the xy
chromaticities of [R], [G] and [B]. This triangle is shown on the chromaticity diagram
that follows. For comparison, the colors reproducible by the Rec709/sRGB primaries as

given in Section 7.5.3 are shown as well.
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Colorsthat can bereproduced by EBU and Rec. 709 RGB primaries

solid: EBU
— — — dashed: Rec. 709
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(f) Compute and plot the color matching functions for the EBU RGB primaries by transform-
ing the XYZ color matching functions using the results of (d).

Solution: The EBU color matching functions are obtained by transforming the XYZ color

matching functions using A yyz_,rgs as found in part (d), i.e.,

7(\) 3.0620 —1.3932 —0.4758| |z(\)
g(\)| = |-0.9693 1.8760  0.0416 | |5(\)
b(\) 0.0679 —0.2289 1.0694 | |Zz(\)

The result is shown in the following plot.
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Color matching functions of the EBU RGB primary system

-1 1 1 1 1 1

400 450 500 550 600 650 700
Wavelength (nm)

(g) For the three spectral densities Q1(A), @2(A) and Q3(A) in the following table, compute
their chromaticities and plot them on an xy chromaticity diagram. Would they make good

primaries for a physical color image synthesis system such as a CRT? Explain.

Solution: To estimate the chromaticities of the colors [Q1], [Qz], [Q3], we have interpolated
the given spectral densities Q1(\), Q2(\) and Q3(\) to a wavelength spacing of 2 nm and
also the XYZ color matching functions. We compute unnormalized tristimulus values by
expressions such as KQ; x = ) y Qi(Aj)Z(A;) to approximate the integral up to a constant
factor K. The constant factor K will cancel when calculating chromaticities. The resulting
chromaticities of [Q1], [Q2], [Qs3] are shown on the following diagram. Chromaticities of
the RGB primaries are shown for comparison. Thus, [Q1], [Qz], [Q3] can reproduce a

significantly smaller gamut of chromaticities than [R], [G] and [B].
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Colorsthat can bereproduced by colors Q1,Q2 and Q3 asprimaries
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Q1| Q2| Qs | A

.19 1 .00 | .60 | 400 nm
.20 | .00 | .63

.20 | .00 | .64

.20 | .00 | .63

.20 | .00 | .62

220 | .02 | .59 | 450 nm
.20 | .06 | .53

19| .19 | 43

A8 ] .31 | .31

16 | .43 | .20

13| .52 | .10 | 500 nm
.08 | .61 | .05

.06 | .67 | .02

.04 | .69 | .01

.03 | .69 | .00

.04 | .67 | .00 | 550 nm
.08 | .64 | .00

.14 | .60 | .00

22| .55 | .00

321 .49 | .00

41 | .43 | .00 | 600 nm
.50 | .38 | .00

.56 | .33 | .00

.63 | .28 | .00

.67 .25 | .00

711 .23 | .00 | 650 nm
75 ] .21 | .00

77 1.20 | .00

.79 1 .19 | .00

.80 | .19 | .00

.81 | .18 | .00 | 700 nm

7-21
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1. Continuous-domain separable exponential autocorrelation. Show that if
Ry(z,y) = oF exp(—mz|) exp(—2ly|),

then power-density spectrum is given by

_ 2 272
f’y% + 4m2u2 43 + 4202’

S¢(u,v)

Solution: Note that we must have y; > 0, 72 > 0. Then, by the definition

S¢(u,v) = / / a]% exp(—1|z|) exp(—v2ly|) exp(—727 (ux + vy)) dzdy
—o00 J—0o0
= UJ%/ exp(—m|z| — j2mux) dw/ exp(—2|y| — j2mvy) dy.

—0o0 —00

Both integrals have the same form. Denote the integral over x as I. Then

0 00
I= / exp(y1z — j27ux) dx —I—/ exp(—m1z — j27ux) dx
0

—o0
_exp(mz — j27ruT) 0 N exp(—mz — j2rux) |~
M — J2mu NS —71 — j27mu 0

1 -1

T = j2mu v — 2w

. mtJ2ru+ 7 — j2nu
(m1 — j2mu) (1 + j2mu)

_ 27

92+ 42t

With a simiar method for the integral over y, we obtain

— 52 21 272
fy% + 4m2u2 43 + dn2e?’

S¢(u,v)
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2. Discrete-domain separable exponential autocorrelation. Show that if
RimX,nX] = U?p'lm|p|2n‘,
then the power density spectrum is separable and is given by

1—pt 1—p3
(14 p?) — 2p1 cos(2muX) (1 + p3) — 2pa cos(2mvX)’

S¢(u,v) = 0]%

Each term is the sum of two geometric series for positive and negative values of the

independent variable.

Solution: Note that we need |p;| < 1 for i = 1,2. Then

o0 o0
St(u,v) = Z Z a]%p‘lm‘pgn' exp(—j2m(umX + vnX))

m=—00 Nn=—00
e oo
S S A exp(omumX) S o exp(—jomonX)
m=—00 n=-—o00
Both sums have the same form. Denote the sum over m as >. Then

00 0
Y= Z p1t exp(—j2rumX) + Z p; " exp(—j2rumX) — 1

m=0 m=—00
oo [e.e]
=Y (prexp(—j2muX))™ + Y (p1 exp(j2ruX))* — 1
m=0 k=0
1

1 —prexp(—j2muX) 1 — pjexp(j2muX)
1 — prexp(j2muX) + 1 — pyexp(—j2muX) — (1 + p? — 2p; cos(2muX))
(1 — prexp(—j2muX))(1 — p1exp(j2muX))
2 — 2p; cos(2muX) — 1 — p? + 2p; cos(2muX)
1+ p% — 2py cos(2muX)
1-pj
1+ p? — 2p; cos(2muX)

Thus, applying the same result to the second sum and combining,

1—pf 1—p

S =07} '
f(u,v) = o5 (14 p?) — 2p1 cos(2muX) (1 + p3) — 2p2 cos(2mvX)
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3. Prove that the spectral density matrix estimate Q(u) of Eq. (9.46) is equal to the discrete-

domain Fourier transform of the windowed sample autocorrelation Q[x] given in Eq. (9.47).

Solution: From Equation (9.46), Q(u) = %\Af(u)\A/’H(u), where

V(u) = Z w([x]|C[x] exp(—j27mu - x),
xeB

and B is the region of support of w. We recall that C is real. From Equation (9.47),

Qx| = =Y wlz+x|Clz+ x|C”[z]w(z].

zeB

DDFT

We want to show that Q;;[x] +— @U(u)

Written out explicitly

Qulx] = % " wiz + X Cilz + X|C5lzwlz
zEN

and
@Z-j(u) = %‘Z(U)‘/};(U) where f}z(u) = Z w[x]C;[x] exp(—j27u - x)
x€EA

since w[x| = 0 for x € A\B. To simplify notation, let f;[x] = w[x]C;[x] and let

glx] = > _ filz +x]fjlz] = KQi;[].
zeA
Taking the discrete-domain Fourier transform, G(u) = F;(u)F; (u) = ﬁ(u)?}*(u) (See
Section 9.5.1 where we show that the Fourier transform of }, _, hlz]q[x +2] is H*(u)Q(u)

when h is real.) Thus, reverting to the original notation

DDFT

KQij [X] — KQU (u)
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1. Derive in detail the expression for the frequency response of a moving average filter on a

rectangular lattice, with a rectangular region of support, as given in Eq. (10.9).

Solution:

ﬁ if x € B,
hMA [X] =
0 otherwise.

where A = LAT ([ 2]), B = {(miX,n2Y) | =L < ny < L,—L < ny < L}, and |B| =

(2L +1)%
1 L L
H(u,v) = QL 17 Z Z exp(—j2m(un1 X + vnyY))
ni=—Lno=—
1 L 1 L
= —952 X —72 Y
2L+1m:z;Lexp( j2mung )2L+1n§Lexp( j2mongY),

which is separable as expected. Both terms have the same form. Let

L

S = Z exp(—j2rwnZ),
n=—1L

which is seen to be a geometric series of the form

71_(1(1—7“”) a—rl

1—r  1—=7

a+tar+ar®+--+ar”

Here, a = exp(j2rwLZ), r = exp(—j2rwZ) and | = ar"~! = exp(—j2rwLZ). Thus

exp(j2rwLlZ) — exp(—j2rwZ) exp(—j2rwLZ)
1 —exp(—j2nwZ)
B exp(—jmwZ)(exp(jmw(2L + 1)Z) — exp(—jrw(2L + 1)Z)

S =

exp(—jmwZ)(exp(jrwZ) — exp(—jmwZ))
_ 2jsin(rw(2L +1)2)
N 2j sin(rwZ) '

Substituting in the two terms

1 sin(rmu(2L + 1) X)) sin(mv(2L + 1)Y)
(2L +1)2 sin(ruX) sin(mvY’) '

H(u,v) =
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2. Determine the frequency response of a moving average filter for a hexagonal lattice with

a diamond-shaped region of support.
Solution: A sampling matrix for a hexagonal lattice as given in Equation (3.5) is

X X/2
0 Y

VH:[

The points of such a lattice are shown in the figure below, along with an example of a

diamond-shaped region of support shown as larger dots.

-ay
. 4.3y e
. 2y .
. . 4.y v, .
22X X X 2X X
. . +4v v, .
. 2y .
. 13y e
ay
y

To specify the diamond-shaped region of support, it is more convenient to use the equiv-

alent sampling matrix

X/2 X/2
Y -Y

V =

(To check these are equivalent, note that V-1V = [} 1] which is an integer matrix with
absolute value of determinant equal to 1.) The corresponding basis vectors v and vy are

shown in the figure. With these basis vectors, we can specify the diamond-shaped region
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of support as
A={nivi+ngvy | =L <ny <L, —L<ng <L}
={(n1+n2)5,(n1 —n2)Y | -L<ny <L,—L<ny <L}

where L is a positive integer. It is evident that |A| = (2L + 1)2.

The frequency response of the moving average filter is then given by

L L
1 .
ni=—Lng=—L
1 L L
= LT I? Z exp(—j2m(uy +vY)n1) Z exp(—j2m(ud —vY)ns).
ni=—L no=—1L

Referring to the solution to Problem 1, we have the result

L

S = Z exp(—j2rwZn) =
n=—L

sin(m(2L + 1)wZ)
sin(rwZ2) '

Replacing wZ by u% +vY and u% — vY respectively in the two sums defining H (u,v),
we obtain
1 sin(m(2L + 1)(u3 +vY))sin(r(2L + 1) (u3 — vY))

H(u )= Gy sin(m(uX + vY)) sin(r(uX — vY))

We note that h[x] is separable along the directions v; and va,
hlnivi + nava] = hilnivilha[nava]
= rect (57 ) rect(57).
We also note that H(u) is separable along the directions w; and wo, where W = [w, wa| =

V7 is this specific reciprocal sampling matrix for A*. This follows since using these

directions as basis for R?2

1 1 X
1 1 X
v 5% T3y ’Ulf—’UY
| ——
W

= (u% +vY)wy + (U% —vY)wa.
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3. A square image (pw = ph) is sampled on the hexagonal lattice A generated by the sampling
matrix

v [X X/2 ]

0 V3X/2
where X = 1/512 ph. Design a Gaussian FIR filter with unit sample response h[x] =
cexp(—||x|[?/2r?) for x € A having a 3dB bandwidth of 0.2/X c¢/ph. The region of support
of the FIR filter is A = {x € A | ||x|| < 3X}. Having determined the correct values of ¢
and r, give the coefficients of the filter. Give an analytical approximation for the frequency
response of the filter. Make a contour plot and a perspective plot of the frequency response
of the filter over the frequency range —2/X < u < 2/X, —4/(v/3X) < v < 4/(V/3X).
Sketch (by hand if you wish) on the contour plot the points of the reciprocal lattice A*
and a Voronoi unit cell of A*, and comment on the periodicity of the frequency response.
Recall that the Voronoi unit cell consists of all points in A* closer to the origin than to

any other point of A*.

Solution: Note that this filter is used as an example in Section 12.1.2. There are 37 points
in A such 22 + 32 < 9. These are illustrated as larger dots in the following figure. Thus

we need to determine 37 filter coefficients.

-3X
. . . .
-2X
. ) . .
. ° . -X . . 3
3X 2X X X 2X 3X X
) . . X . ) )
. . . .
2X
. . . .
3X
y
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Given a 3 dB bandwidth of u. = UXJ ¢/ph, according to Equation (10.13), we should choose

_ 0.1325 __
— 5432 = 0.6625X. Thus,

hlz,y] = cexp(—(2* + 4?)/0.8778X?), (z,y) € A.

Using Equation (10.11) to set the DC gain to 1, we find ¢ = 0.31402. Note that using the
approximation for ¢, we obtain ¢ ~ d(A)/27r? = 0.31404, so the approximation is quite
accurate. We may now calculate the 37 non-zero coefficients of the Gaussian filter. Due
to the circular symmetry, there are only six distinct values corresponding to six distinct

values of 2% + y? within A. These filter coefficients are enumerated as follows:

h[0,0] = 0.3140

ALX 0] = h[=X0] = R, 5¥] = A=, ¥35) = Bl —3¥] = b=, 4]

= 0.3140 exp(—1/0.8778) = 0.1005

RIS V5] = B2 V3N = h[E 3] = B2, —Y3X] = b0, V3X]

= h[0, —V/3X] = 0.3140 exp(—3/0.8778) = 0.0103
h[2X,0] = h[-2X,0] = h[X,V3X] = h[-X,V3X] = h[X, —V3X] = h[- X, —V/3X]
— 0.3140 exp(—4/0.8778) = 0.00330

h[3X, V3X] = p[ 8K VBX| = p[5X _V3X) — [ 5X _VBX]

= h[2X,V3X] = h[-2X, fX] = h[2X, —V3X] = h[-2X, —V/3X]

—h[X 3\[X]—h[ X 3\€X} h[% 3\fX] h[— %7_3\/25)(]

= 0.3140 exp(—?/O 8778) = 1.0808 x 10~*
h[3X,0] = h[-3X,0] = h[3, 243] = p[- 23X 3y3) = p[3X 33
= h[—3X, —3Y3] — 0.3140 exp(—9/0.8778) = 1.1072 x 1077

The analytical approximation for the frequency response within a unit cell P* of A* is

given by Equation (10.12)
H(u,v) = exp(—272(u® + v?)(0.4389) X?), (u,v) € P*.

This frequency response is periodic with periodicity lattice A*. A sampling matrix for the
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reciprocal lattice is

]

0

X

i

V3X  V3X

of the filter over

_T:

the frequency range —2/X <

A contour plot of the frequency response

e. Points of A* are
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A perspective view of this frequency response over the same region is as follows. The view

angle is chosen to highlight the A* periodicity of the frequency response
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Chapter 11

Changing the Sampling Structure of

an Image

11-1
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1. For each of the following pairs of lattices A1 and Ao, state whether A1 C As, Ay C Ay or
neither. If neither, find (by inspection) the least dense lattice A3 such that Ay C A3 and
Ay C As. For each lattice Ay, Ay and As (if required), determine and sketch the reciprocal
lattice and a unit cell of the reciprocal lattice. Specify a sampling structure conversion
system to transform a signal f[x] sampled on A; to a signal g[x| sampled on Az. Assume
that ideal low-pass filters are used where filters are required, sketch their passband in the

frequency domain and indicate the gain.

X 0 2X 0
-\]-/\1 = VA2 =
0 X 0 2X

Solution: A is a sublattice of A1, with Vo, = [29] V4, .

1 L 9
Aj=TAT (| ¥ | A3 =TAT | [** |
0 % 0 sx
] ] & O 0]
m] o & £ m]
Pl
1 1
2X X u
= 5 o £ o>
¥
Py
O o gL el O
2X
] ] O O ]
X
vY

Points of reciprocal lattices A} (o) and A3 (OJ), with unit cells Pj and P3.
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The sampling structure conversion system is a downsampling system.

f q[x] g9[x]

DALLAZ

Block diagram of the sample structure conversion system

The filter H is an antialiasing filter with frequency response in one unit cell of A} given by

1 (u,v) € Py
H(u,v) =
0 (u,v) € PY\P;

Its frequency response is A} periodic.

P 0

\'

Frequency response of the antialiasing prefilter.
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1. For each of the following pairs of lattices A1 and Ao, state whether A1 C As, Ay C Ay or
neither. If neither, find (by inspection) the least dense lattice A3 such that Ay C A3 and
Ay C As. For each lattice Ay, Ay and As (if required), determine and sketch the reciprocal
lattice and a unit cell of the reciprocal lattice. Specify a sampling structure conversion
system to transform a signal f[x] sampled on A; to a signal g[x| sampled on Az. Assume
that ideal low-pass filters are used where filters are required, sketch their passband in the

frequency domain and indicate the gain.

X 0 3X X
VA, = Va, =
0 X 0 X

Solution: d(A1) = X? and d(Ay) = 3X? = 3d(A1), so it is possible that Ay is a sublattice
of A;. Checking the condition,
3X X| |30
0 X 01

which is an integer matrix, so indeed Ay C Ay. The reciprocal lattices are

) x 0
VA1 VA2 = O l

X

O =

A} =LAT(V,T) = LAT < D ,

<= o

S S
L 3X X

& 0
Ay = LAT(V,]) = LAT ( 38X D .

These are plotted on the following figure, along with the Voronoi unit cells. The Voronoi
unit cell of A} is a square, and the Voronoi unit cell of Aj is a hexagon. The exact
specification of the Voronoi unit cell of Aj can be found by finding the equations of the
perpendicular bisectors of the lines from the origin to the six nearest lattice points, and
finding the points of intersection of these lines. For example, the perpendicular bisector
of the line from the origin to (%, &) isy=—2x+ %. The perpendicular bisector of the

line from the origin to (3%(, —?%X) isy=x— % The point of intersection is (1—78, 11—8)
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[o
O
1 4
O
B -
O
c

Vv

Points of reciprocal lattices A} (o) and A% ((J), with unit cells P; and P3.

The sampling structure conversion system is a downsampling system.

fx] q[x] glx]

- H Dypyr, [~

Block diagram of the sample structure conversion system

The filter H is an antialiasing filter with frequency response in one unit cell of A} given by

1 ,v) € Py
H(u,v) = (u,v) 2
0 (u,v) € Pf\P5

Its frequency response is A] periodic.
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Pr

A~

ra

0
N /\?\ .

N

=

v

Frequency response of the antialiasing prefilter.
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1.

For each of the following pairs of lattices A; and Ao, state whether Ay C Ay, Ao C Ay or
neither. If neither, find (by inspection) the least dense lattice A3 such that Ay C A3 and
Ay C As. For each lattice Ay, Ay and As (if required), determine and sketch the reciprocal
lattice and a unit cell of the reciprocal lattice. Specify a sampling structure conversion
system to transform a signal f[x] sampled on A; to a signal g[x| sampled on Az. Assume
that ideal low-pass filters are used where filters are required, sketch their passband in the

frequency domain and indicate the gain.

2X 0 X X
VA, = Va, =
0 2X X -X
Solution: d(A1) = |det Va,| = 4X? and d(A3) = |det V,| = 2X2. Thus d(A;) = 2d(As).

From Corollary 11.1, we see that Ao C A; is impossible, but A1 C As is possible. Performing
the test of Theorem 11.1,

1 1
. & ok [[2x 0 11
Vi = [25( i [ 0 2X] - [1 1]
2X T 2X o

which is an integer matrix, so indeed A; C As. The reciprocal lattices are

S
A} =LAT(V,]) = LAT ( 2())( EE
2X

A
L2X 2X

1 1
A;:LAT(V;Z):LAT( 22X D

These are plotted on the following figure, along with the Voronoi unit cells. The Voronoi

unit cell of A; is a square of side ﬁ while the Voronoi unit cell of A is a diamond, which

. . 1 °
is in fact a square of side N34 rotated by 45°.
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[ o [ . [
. [e] [e] .
L
el 7); ivel |_|X \u
A
Py
) [e] [e] .
1
[ . E]X . [
V‘

Points of reciprocal lattices A} (o) and A3 ([J), with unit cells Pj and P3.

Since Ao is denser than Aj, this is an upsampling problem with an upsampling factor of

2. The system block diagram is

fIx] q[x] g[x]
Urths H —>

Block diagram of the sample structure conversion system.
The filter H is an interpolation filter with frequency response in one unit cell of A3 given
by
(u,v) € Pf

2
H(u,v) =
0 (u,v) € P3\P;

Its frequency response is A3 periodic.
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o i o
o o
0
h
P; 2 X | u
A
Pi
o o
1
o i o
X
\
v

Frequency response of the interpolation filter. Periodicity lattice is A3 (OJ). Filter

response is 2 in the shaded area and 0 in the unshaded area.
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1.

For each of the following pairs of lattices A; and Ao, state whether Ay C As, Ao C Ay or
neither. If neither, find (by inspection) the least dense lattice A3 such that Ay C A3 and
Ay C As. For each lattice Ay, Ay and As (if required), determine and sketch the reciprocal
lattice and a unit cell of the reciprocal lattice. Specify a sampling structure conversion
system to transform a signal f[x] sampled on A; to a signal g[x| sampled on Az. Assume
that ideal low-pass filters are used where filters are required, sketch their passband in the

frequency domain and indicate the gain.

1.5X 0 X 0
VAl = VA2 =
0 1.5X 0 X

Solution: d(A1) = |det Va,| = X2, d(As) = |det V,| = X2 Since neither is an integer

multiple of the other, neither A; C As nor Ao C Aq. The least common superlattice is

X 2
0 X

> d(A3) = —.

0 X])’ (A3) 4

2

seen by inspection to be

Az = LAT (

This can be verified as follows. As shown in Section 13.9, the least common superlattice

is As = A1 + Ay, Let ' = LAT ([XO/Q XO/2D' We can see that

10 -
HRERH

must belong to As. Thus, all integer linear combinations of these vectors must belong to

As,soI' € Ag. But Ay c ' and Ay C I" and thus A3 = Ay + A C I'. Thus A3 =T as

claimed.

All lattices are square lattices, more simply expressed as Ay = %X 72, Ay = X72, A3 =

%X Z2. The reciprocal lattices are thus
2 72 2 2 2
A} = %7 A5 = %Z As =277

These are plotted in the following figure, along with the Voronoi cells, which are all squares.
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= e O o Y e O o =
O e as! £l O
2 X X
= e 0 as! &> U
X
Py
O & L £ O
X
2
= e O o 2 e O =
2

Points of reciprocal lattices A} (o), A3 () and A3 (x) with unit cells P}, Ps and P;.

The sampling structure conversion can be implemented by upsampling to Az followed by

downsampling to Ay as follows.

flx] g[x]

> Unpa, My Ho Dy, [—

Block diagram of the sample structure conversion system.

The combined filter defined on A3z has frequency response in one unit cell of A} given by

any =9 (w,v) € PINP3,
0 (u,v) € P3\(Pf NP3).
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Since in this example P; C P53, this can be simplified to

9 (u,v) € Py,
0 (u,v) € P5\P;.

The frequency response is A3 periodic.

ol O I O

P

ol

< g B

\Y

Frequency response of the conversion filter. Periodicity lattice is A% (x). Filter response

is 9 in the shaded area and 0 in the unshaded area.
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1. For each of the following pairs of lattices A1 and Ao, state whether A1 C As, Ay C Ay or
neither. If neither, find (by inspection) the least dense lattice A3 such that Ay C A3 and
Ay C As. For each lattice Ay, Ay and As (if required), determine and sketch the reciprocal
lattice and a unit cell of the reciprocal lattice. Specify a sampling structure conversion
system to transform a signal f[x] sampled on A; to a signal g[x| sampled on Az. Assume
that ideal low-pass filters are used where filters are required, sketch their passband in the

frequency domain and indicate the gain.

Vp, =
olx —x 1.5X —15X

X X 1.5X 15X
Va, =

Solution: d(A1) = |det Va,| = 2X?, d(Ay) = |det Vu,| = 4.5X2. Since neither is an
integer multiple of the other, neither A; C Ao nor Ay C A;. It can be seen by inspection
of lattices A1 and Ay that the least dense superlattice is

X X 2

2

X

A3 = LAT (
2

This can be verified as follows. As shown in Section 13.9, the least common superlattice is

A3 = A1+ As. Let ' = LAT ([ig _)2?/22}) We can see that the following elements of T,

-0-ff] -

1A=

must belong to A3 = Ay + Ay. Thus, all integer linear combinations of these vectors must
belong to Az, so I' C Asz. But Ay C T (Vi'Va, = [29]) and Ay € T (VE'Va, = [39])
and so A3 = Ay + Ay CT'. Thus A3 =1 as claimed.
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The reciprocal lattices are

] R
A} =LAT(V,]) = LAT ( 2X )

L
2X
1
2X
S
A§:LAT(VX2T):LAT< XX )
[3X T~ 3XJ
1
X
1
X

Ay =LAT(V,]) = LAT (

These are plotted in the following figure, along with the Voronoi cells which are all dia-

monds that are squares rotated by 45°.

1
X

Points of reciprocal lattices A} (o), A5 (x) and A} () with unit cells Py, P5 and Pj.
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The sampling structure can be implemented by upsampling to A3 followed by downsam-

pling to Ay as follows.

fx] g9[x]

—> uAITA3 Hq Ho DA:slAz —

Block diagram of the sample structure conversion system.

The combined filter defined on A3z has frequency response in one unit cell of A} given by

dA * *
(=4 (u,v) ePrnNP;,

d
0 (u,v) € P3\(P;y NP5).

H(u,v) =

Since in this example P; C Py, this can be simplified to

4 (u,v) € P35,
0 (u,v) € P5\P;.

The frequency response is A3 periodic.
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AN

O

1
X \U

O 1 O
AN N /

Frequency response of the conversion filter. Periodicity lattice is A3 (). Filter response

is 4 in the shaded area and 0 in the unshaded area.
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