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Error Correction with Hard Decisions
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Standard Array

A standard array is a table of all of the possible n-tuples in V"
— None are missing and none are repeated.

* In the top row of the table are all of the codewords in C.

« C forms a subspace of V"

* In the rows beneath are all of the cosets of C.

» The leftmost column contains the coset leader of each row.

» The coset leader can be thought of as the most likely error
pattern that when added to each codeword in the code, will
produce all of the vectors in the coset.

» Coset leader is thus the lowest weight element of the coset.

* The coset leader for the code itself is the all 0 codeword (it can
be viewed as a codeword and a zero weight error pattern.
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Example

00000
00001
00010
00011
00100
00101
00110
00111

01000
01001
01010
01011
01100
01101
01110
01111

10000
10001
10010
10011
10100
10101
10110
10111

11000
11001
11010
11011
11100
11101
11110
11111

00000

01011

10110

11101
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Example

00000 01000 10000
—06061 01001 10001
00010 -64616— 10010

00011
00100
00101
00110
00111

01011
01100
01101
01110
01111

10011

10100 33166

10101
10110

11000
11001
11010
11011

11101
11110

1011 11111

00000

01011

10110

11101

00001

01010

10111

11100

uOttawa




Example

00000

01000 10000

—-06601—04661 10001
-06616—064610— 10010

00011
00100
00101

01011 10011

01100 16166 11160-

01101 10101
01110 10110

11000
11001
11010
11011

11101
11110

00000

01011

10110

11101

00001

01010

10111

11100

00010

01001

10100

11111

00110
00111

01111 -363FT 33ttt
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Example

00000 01000 10000 11000
00666104661 10001 13061
-996%6"—9-3:9'3:6"—4:99{1:9" 11010 00001 01010 10111 11100
00011 01011 10011 11011 00010 01001 10100 11111
060166— 01100 16160 1106
00101 01101 10101 11101 00100 01111 10010 11001
00110 01110 10110 11110
00111 B3t 63T —3H11t

00000 01011 10110 11101
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Example
00000 61660~ 100666~ 110860-

00000 01011 10110 11101
00001 01010 10111 11100
00010 01001 10100 11111
00100 01111 10010 11001
01000 00011 11110 10101
10000 11011 00110 01101
01100 00111 11010 10001
11000 10011 01110 00101
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Decoding using the standard array

« For a given received word r, we find it in the standard array then
follow the column up to the top and that is our decoded word.

* Note that this code, with d ;. = 3 can correct two error patterns
of weight two.

» If the error pattern is not among the coset leaders, then a
decoding error will occur.

« Example r = 00110 will be decoded as 10110.

 Example 2: suppose ¢ = 00000 and e = 10111. This will be
decoded as 10110 (decoder will assume that the coset leader is
the most likely error pattern).

* Lookup is implemented using a memory device where the
address specified by r contains the decoder output c ..
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Syndrome Decoding

« S=rH"=(cte)H" = eH".
 Letv, be acosetleaderand v, beinv,’s coset. Thenife=v,,
S=v,H.
« Ife=v, thenS=v,H" = (v,+c)HT = v HT.
« If v, is coset leader, it has lower weight than v,, therefore it is
more likely to occur.
* Decoding algorithm:
— Compute S =rH".
— For a given S, there is a most likely e..
— Compute cy,. = r-e..
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Example

* In our previous example,

— H=

o L B
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Example: Syndromes (S=rHT)

rowQ | 00000 01011 10110 11101 000
rowl | 0oool 01010 10111 11100 001
row2 | oooio 01001 10100 11111 010
row3 | 00100 01111 10010 11001 100
row4 | 01000 00011 11110 10101 011
rows | 10000 11011 00110 01101 110
row6 | 01100 00111 11010 10001 111
row7 | 211000 10011 01110 00101 101
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Example

S e

000 00000
001 00001
010 00010
100 00100

011 01000
110 10000

111 01100 or 10001
101 11000 or 00101
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Performance of Linear Block Codes
« P(E) is the probability of decoder error (Word error
rate — WER)

— This is the probability that the codeword at the
output of the decoder is not the same as the
transmitted codeword.

* P, is the probability of bit error.

— Probability that the decoded message bits are not
the same as the original message bits.

« P, (E) is the probability of undetected error.

— Probability that errors occurring in a codeword are
not detected.

« P4(E) is the probability of detected codeword error.
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Performance of Linear Block Codes (2)

« P, Is the probability of message bit error in an
undetected codeword error.

« P, is the probability of message bit error in a
codeword with a detected error.

* P(F) is the probability of decoder failure. This is the
probability that a decoder cannot decode the
received vector (it is able to determine that it cannot
decode).
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Binary Symmetric Channel BSC

po O © 1_p »Q O
P

p, 1 1-p 1

The channel is memoryless. In other words, events
occurring in one signaling interval do not affect
events occurring in the following signaling intervals.
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Error Detection Performance

e I =c+te.
- S=rHT
« An erroris detected if S # 0.

» Therefore an error is undetected if the error pattern e is equal
to a codeword.

« Forthe BSC, P/(E) is given by:

P.(E)= S Apa-p)™

i:dmin

* Where A, is the number of codewords of weight | in code C.
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Error Detection Performance 2

« The probability of detected error is the probability
that the error pattern has weight > 0 and that the
error does not go undetected.

— therefore

Pa(E)=1-(1-p)" - PR, (E)
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Examples

« Suppose p =0.1.
— For Hamming (7,4), P,(E) = 7p3(1-p)*+7p*(1-p)*+p’.
— Then P, (E) = 0.0051 or 0.51%.
— For the (5,2) code given at beginning of lecture, P (E) =
2p3(1-p)?+p*(1-p) = 0.0017 = 0.17%.
— Is this a fair comparison?

» For these two examples, the probability of detected error would
be:

— Hamming (7,4), P4(E) = 1-(1-p)"-P,(E) = 0.5166
— (5,2) code P4(E) = 1-(1-p)°>-P,(E) = 0.4078
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Weight Distribution of the Code

The weight distribution of a code tells us how many
codewords there are in the code of weight i.

It is usually expressed as a polynomial.

AX) = 1+Ag xImn 4 Ay xImn g A X"
n :
=0

* Where A, is the number of codewords of weight i.

« Fora linear block code A, = 1 and for any code A, =0 or
1.
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Bounds on P (E) and P (E)

« Calculation of P (E) and P4(E) requires that we know the weight
distribution of the code.

* Forlong block codes, the weight distribution is not always
known.

 However, we do know that for error detection, all error patterns of
weight d ;-1 and less can be detected.

« Although most error patterns of weight d_,, and more can be
detected, we do not know how many. Therefore

n . . din —1 . .
P, (E) < mp'(l— P =1- > mp'(l— p)"

=0

i=dmin

i=1

n n) . e T _
Pa(B)21-(1=p)" = X [ijp'(l— P = X mp'(l‘ p)™
o

I mi
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Comparing bounds to actual values for
our examples

 If we apply the bounds of the previous slide to our
examples of Hamming (7,4) and the (5,2) code with p
= 0.1, then we find:

— Hamming (7,4): P,(E) < 1-(1-p)’-7p(1-p)° = 0.15
(actual is 0.0051) and P4(E) =7p(1-p)° = 0.372
(actual is 0.51606).

— Our (5,2) code P/ (E) < 1-(1-p)*>-5p(1-p)* = 0.081
(actual is 0.0017) and P4(E) =27p(1-p)® = 0.328
(actual is 0.4078).
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Error Correction Performance

« The probability that the decoder produces the incorrect codeword
at its output is the probability that the error pattern is not among
the correctable error patterns:

— For example in Hamming (7,4), the decoder can correct all
weight 1 error patterns, therefore the probability of decoder
error is the probability that the error pattern has weight greater
than 1.

— Thus for Hamming (7,4),

P(E) = _Z@pi(l— )" :1_%[

1=2 I I

7
i

]p‘(l— p)"!
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Error Correction Performance

« As another example, for our (5,2) linear block code, the
decoder can correct all error patterns of weight 1 and 2
error patterns of weight 2.

1 (5 |
P(E):l—{Z(ijp'(l— p)> +2p°(@1-p)°
i—0

uOttawa



Error correction performance

* For our examples, if p = 0.1,
— Hamming (7,4), P(E) = 1-0.97-7(0.1)(0.9)° = 0.15
— (5,2) code, P(E) = 1-0.9%-5(0.1)(0.9)*-2(0.1)%(0.9)3 =
0.067.

* In general

P(E) Sl—Z(?)pi(l— p)"
i=0
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