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Nonsystematic Encoding of Cyclic Codes

« The message vector m = [mg,, m,, ..., m_4].

» Let this correspond to a message polynomial m(x) =
my+m, x+...m,_,x&1.

 The code polynomial is obtained by polynomial multiplication,
c(x) = M(X)g(x) = MoQ(X)+MXg(xX)+...+m, x<1g(x).
* In matrix form:

g(x) |

c(x)=[mg my - myy) xg:(x)

X (x)

uOttawa



Nonsystematic Encoding of Cyclic Codes (2)

 Therefore we can write:

o 91 - Gk O O 0 - 0
_ O 9o 9 - 9nxk O o - 0
C:[mo m - m4] 0 0 gy 0 v Ok O -0
0 0 0 0 90 91 - Onx_
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Example

For a length 7 code, x"+1 = (x+1)(x3+x+1)(x3+x%+1).
For a (7,3) code, g(x) = (x+1)(X3+x2+1) = (X4+x%+x+1).

m(x)| m c(x) C m(x) | m c(x) C
0 000 0 0000000 X2 001 x6+x4;x3+ 0011101
X
1 100 | x*+x2+x+1 | 11100100 | x2+1 | 101 | x6+x3+x+1 | 1101001
X 010 | x5+x3+x2+x | 01110010 | x2+x | 011 | x6+x5+x4+ | 1000111
1
x+1 | 110 | x%+x4*x3+1 | 10010110 | x2+x | 111 | x6+x5+x2+ | 1010011
+1 1
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Example cont’d

* The generator matrix for this code is:

1110100
G=/0 111010
0011101

* Note that the diagonals are constant. Such a
matrix is called a Toeplitz matrix.
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Parity Check Polynomial

* Previously, we saw that for a generator matrix G,
there exists a matrix H for which GHT = 0.

* This is equivalent to having a generator polynomial
g(x) for which there is a polynomial h(x) so that
g(x)h(x) = x"-1.

* h(x) has degree k.
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Example

* For our (7,3) code of the previous example, h(x) =
X3+x+1.

* Any c(x)h(x) = a multiple of x’+1. Therefore when
multiplication is done modulo (x’+1), the result is O.

« For example for c(x) = x5+x**x3+1, ¢c(X)h(x) =
x8+x7+x+1 = (x+1)(x’+1)mod(x’+1) = 0.

* c(x)h(x) = m(x)g(x)h(x) = x"m(x)-m(x) = 0. Since
X"m(X) is n right cyclic shifts of m(x) which equals
m(Xx).
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Nonsystematic Parity Check Matrix

*  S(X) = c(x)h(x) mod(x"-1) = 0. S(X) = Sy+S.X+...S, X"

Sg + S X+ ...+ S, X" = nZlcixi ihjxj mod(x" —1)
i=0  j=0

Sg + S, X+ ...+ S, X" = Cyhy + (Cohy + €Ny )X + (Coh, + ¢y + €Ny ) X2 +
+(c,_hy +c, ohy +..4+cp h )X+,
+(c,1h )X L mod(x" -1)

Sg + Sy X+ ...+ S, X" = (Cohy +C_thy +Cp_oh, +..+ € hy)
+(cohy +cihg + ¢, 1hy +.. )X+

n-1
S, = Zcihj , Where j satisfies (i+1) modn =t.
i=0
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Nonsystematic Parity Check Matrix 2

« The last n-k of these syndrome equations can be written
in matrix form:

S=[sx Sc1 - Saal=lcohk Feh g+t et iy +oCo gy o Gy g+t ghs]
h h, - h 0 0O 0 - 0]
0 ho hy - h 0O 0 - 0

S=[sx Sk = Seal=lco & - o]0 0O b oy o0 -0
0 0 0 - 0 h hey - h
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Example

* |In our example, H is:

1011000
0101100
=0 010110
0001011




0 0 0O
0 0 0O
0 0 0O

O O O 1 O «—+H
O O «d O «+H «—+d O
O =1 O = «—+1 O O
_1_01_1_000
_001
O +dH O
©
) — O
c
O O «—
C — 1
Q “ - o
O
m _100
a I
X T
LL| O




Generator Polynomial of Dual Code

« Recall that H is the generator matrix of the dual of the
code generated by G.

« Therefore g4(X) = g4otggsX+...+g4 X< = h +h,
X+, +h, XK,

« We say that g,(x) is the reciprocal of h(x) (h*(x))
where h*(x) = xdeaMh(x-1).

* h(x) = x3+x+1, then h*(x) = x3(x3+x1+1) = x3+x2+1.
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Systematic Encoding

* Recall that c(x) = g(x)g(x)

* For a codeword to be systematic, the first symbols
must be equal to the message symbols.

« Let x"m(x) = mox"k+m x"-k*1+  +m,_ x™1.
 Dividing this by g(x) we get
— x""Km(x) = q(x)g(x)+d(x), where deg(d(x))sn-k-1.
— d(x) = dy*+dx+..+d_, XK1,
* q(x)g(x) = c(x) = xm*m(x) — d(x)
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Example

« For the binary cyclic (7,3) code, g(x) = x*+x2+x+1.
« Let m(x) =x2=(001)

« x*m(x) = xC.

o X6 +x4+x%+x+1 = x2+1 with remainder x3+x+1.

« Therefore c(x) = x6+x3+x2+1 = (1011001)
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Example cont’d

m(x) m x4m(X) r(x) c(x) C
0 000 0 0 0 0000000
1 100 x4 X2+x+1 X4 +x2+x+1 1110100
X 010 X2 X3+X2+X XO+X3+X2+X 0111010
X+1 110 X5+x4 x3+1 X0+x4+ x3+1 1001110
X2 001 X6 X3+x2+1 X6+x3+x2+1 1011001
X2+1 101 x6+x4 X3+x2 x6+x4+ x3+x2 | 0011101
X2+X 011 X6+x° X2+1 X6+x5+ x2+1 1010011
X2+x+1 111 X6+x5+x4 X X6+x5+x4+X 0100111
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Generator Matrix

« To get the systematic generator, we need the
codewords corresponding to all weight 1 messages.

* |n our example:

0
G= 0
1

0100
10 1
100 1
0 1 0 1]
0 11
0 11
10 1

O O r O O Fr -
O r OO kPP

1
0
1
1
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Systematic Error Detection

o 1(X) =rotrx+.. 4 X0 = c(X)+e(x) = (cotey) + (cte )X + ... +(C, 4
+ en-1)Xn-1

» Assuming that no error have occurred, e, = 0 for all i and r(x) =
c(x).

* For a systematic code, we would throw away the parity bits and

Xx"km(x) would remain. This is the message part of the
codeword.

« Dividing by g(x) we should get the same remainder as is in the
parity part of the codeword.

« |f they are different, an error is detected.
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Example

o r(X) = X0+x3+x2+1.

 If y(X) contains no errors, x*m(x) = x® and d(x) =
X3+x2+1.

« Dividing x® by x4+x2+x+1 yields a remainder of
x3+x2+1. Therefore, we can conclude that y(x) is a
valid codeword and no error is detected.

* Y(X) = x*x+1.
« Dividing x* by x#+x2+x+1 yields d(x) = x?+x+1 which
Is not equal to x+1. Therefore an error is detected.
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Introduction to Shift Registers

« Shift registers are made up of storage devices, adders and
multipliers

« Storage devices are (generally D) flip flops.
« For binary addition, adders are XOR gates

* In GF(2), multiplication is done by 1 (closed circuit) or O (open
circuit).

« For GF(2™) we use combinational circuits for addition and
multiplication.

{o] <@ @
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Non binary storage devices

 For GF(2™), we can place m FFs in parallel.

MSB

—> —>

LSB




Non binary addition

« Consider GF(4)

+ 0 1 o o2

00 01 10 11
0 0 1 a o?
00 00 01 10 11
1 1 0 o? a
01 01 00 11 10
a a o? 0 1
10 10 11 00 01
o? o? a 1 0
11 11 10 01 00
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Non binary addition

(a,b) + (c,d) = (e,f)

1b

-

d
e =a XOR c and it is easy to show that f =b XOR d




Non binary multiplication

* InGF(4), leta = (a,, a,)

» Suppose we wish to compute b = aa.
- a=0, b=0 (0,0) — (0,0)

« a=1, b=a. (0,1) — (1,0)

« a=q, b=¢?(1,0) —> (1,1)

« a=a? b=1(1,1) — (0,1)

b, =a, XOR a,, b, = a,.
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