On the Integrality Gap of the 2-Edge Connected
Subgraph Problem *

Anthony Alexander, Sylvia Boyd and Paul Elliott-Magwood
University of Ottawa, Ottawa, Canada

Abstract

Given a complete graph on n vertices with nonnegative edge costs, the 2-edge connected
subgraph problem (2EC) is that of finding a 2-edge connected multi-subgraph of minimum
cost. The linear programming relaxation of this problem (2EC*!) provides a lower bound
for 2EC, and its study provides a promising direction for finding improved solutions for
2EC. It has been conjectured that the integrality gap a2 EC between 2EC and 2ECTT is %.
Note that this is closely related to the well-known conjecture in combinatorial optimization
that says that the integrality gap aT'SP? of the linear programming relaxation of the metric

Travelling Salesman problem is %. It can be shown that a2EC < oT'SP?, and thus if the

conjecture for a2EC is true it would give support to the conjecture for oT'SP?.

Currently not much is known about the integrality gap a2 EC, except that it lies between
% and % In this paper we strive to find the exact value for a2 EC for small values of n. This
is difficult due to the exponential size of the data involved. In this paper we describe how
we were able to overcome such difficulties and obtain the exact integrality gap for all values
of n up to 10, and a tight lower bound for this gap for 11 < n < 14.

1 Introduction

Let c € RF, ¢ # 0 be a set of costs assigned to the edges of the complete graph K,, = (V, E) on
n vertices. The 2-edge connected Subgraph Problem (2EC) is that of finding a 2-edge connected
spanning multi-subgraph of K, which is of minimum cost with respect to ¢. This problem is an
important network design problem with many applications, including the design of communica-
tion networks that can survive the loss of a link.

It is known that 2FEC is NP-hard , even in the metric case, i.e. when the costs c satisfy the
triangle inequalities c;; 4 cj > ¢;;, for all distinct triples 4, j, & € V. One method used for finding
reasonably good solutions is to look for a k-approximation algorithm for the problem, i.e. try to
find a heuristic method for 2K C' such that the solution found is guaranteed to be of cost at most
k times the optimal solution cost for some constant k > 1. Currently the best k-approximation
algorithms known for the 2EC have k = 2 ([8], [7]), and if the costs ¢ are metric then there is a
3_approximation algorithm known ([5]).

We can formulate 2EC' as an integer linear program (ILP). For any edge set ' C E and
z € RF, let z(F) denote the sum Y. pz.. For any vertex set W C V, let 6(W) denote
{uv € E:ue W,v¢ W}. Then 2EC can be formulated as an ILP as follows:
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minimize cz (1)

subject to: z(4(S)) > 2 forall Cc S CV, (2)
e >0 for all e € E, (3)

x integer (4)

)

where z, represents the number of copies of edge e in the 2EC solution. The constraints (2
are known as the subtour elimination constraints and the constraints (3) are known as the non-
negativity constraints. The linear programming relaxation of 2FC, which we will denote by
2ECTP is obtained by dropping the integrality condition in the above ILP formulation. We use
opt(2EC) and opt(2EC*T) to denote the optimal values of 2EC and 2EC" respectively.

We are interested in the integrality gap for 2ECTY | denoted by a2 EC, which is the worst-case
ratio between 2EC and 2ECTP | i.e.

opt(2EC)
2EC = —_——5.
“ ﬂnf}é opt(2ECLP)
c#0

This integrality gap gives one measure of the quality of the lower bound provided by 2ECTF for
2FEC'. Moreover, a constructive proof of «2FEC' = k would provide a k-approximation algorithm
for 2EC.

It can be shown that a2EC < 3/2 (see (9) in Section 2). However no examples are known
for which this ratio comes close to this value. In [3], Carr and Ravi study a2EC. They state
the following conjecture, and give a result that gives some support for it:

Conjecture 1 The integrality gap o2EC for 2ECTY is %.

Note that this conjecture is related to a well-known conjecture in combinatorial optimization
for another closely related problem. Given the complete graph K,, = (V, E) on n vertices with
nonnegative edge costs ¢ € R¥, ¢ # 0, the Symmetric Travelling Salesman Problem (henceforth
STSP) is to find a Hamiltonian cycle (or tour) in K, of minimum cost. When the costs satisfy
the triangle inequality the problem is called the metric STSP.

An ILP formulation for the ST'SP is obtained from the ILP formulation (1) for 2EC by
setting the subtour elimination constraints (2) to equality for all S C V' consisting of a single
vertex, i.e.

z(d(v)) =2 for all v € V. (5)

These constraints are called the degree constraints for the STSP. If we drop the integer re-
quirement in this ILP we obtain the linear programming relaxation of the STSP called the
Subtour Elimination Problem (SEP). We use opt(T'SP) and opt(SEP) to denote the optimal
solution values for the STSP and SEP respectively. The associated SEP polytope is the set of
all vectors x satisfying the constraints of the SEP, i.e. is {x € R¥ : x satisfies (2), (3), (5)}.

We denote the integrality gap for between STSP and SEP in the metric case by oT'SP*.
It is known that for the metric STSP, oT'SP* is at most 3 (see Shmoys and Williamson [10],
Wolsey [12]), however no example for which this ratio comes close to 3 has yet been found. In
fact, a well-known conjecture states the following:



Conjecture 2 For the metric STSP, the integrality gap oTSP> for SEP is %.

It can be shown (see (10) in Section (2)) that a2EC < oT'SP”. Thus Conjecture 1 and
Conjecture 2 are closely related, and if Conjecture 1 is indeed true, it would provide some
evidence for the truth of the more famous Conjecture 2, and this is part of our motivation for
studying a2FEC.

Note that if Conjecture 2 is true, then it is best possible, as there exists a family of cost
functions for which the asymptotic ratio between opt(T'SP) and opt(SEP) is %. However,
Conjecture 1 for a2EC' is not known to be best possible. In [3], Carr and Ravi mention the
existence of a family of cost functions for which the integrality gap ratio reaches g asymptotically.
Currently no example for which the integrality gap ratio is larger than g is known. Below we
describe a family of cost functions different from that of Ravi and Carr for which the ratio also
reaches g asymptotically. However this family has the advantage over their family in that the
ratio for the integrality gap is bigger for any particular value of n, and this will be useful for
discussions later in the paper.

Consider the family of cost functions shown in Figure 1, where the numbers shown are the
edge costs, and edges with cost 0 are not shown, and the ”gadget” pattern is repeated k times.
For this family, it can be shown that

opt(2EC) 6k + 1
opt(2ECF) Bk + 1

which tends to g as k — oo.

k/2 k/2

Figure 1: An example for which a2FEC = g.

In this paper we attempt to shed some light on the value of «2FEC by examining the problem
of finding the exact integrality gap for fixed values of n when n is small. Let a2EC,,, 2EC), and
2ECLP yepresent the a2EC, 2EC and 2ECT for problems on n vertices (and similiarly for
STSP). Then we find the value of a2EC,, exactly for all values n up to 10, and a tight lower
bound for this gap for 11 < n < 14. These results, which are reported in Section 3, support



Conjecture 1, and in fact lead us to propose a new conjecture in Section 3. Note that many
models for the problem of finding the exact integrality gap for 2EC are too complex and too
large to be practical to solve. However, in [1], Benoit and Boyd describe a way to overcome this
for finding the exact integrality gap oT'S PnA on problems with n vertices, and we will attempt
to use a simliar method here. In the next section we will show how to reformulate the problem
of finding @2EC), in order to make it possible to use the method described in [1].

2 Reformulating the Integrality Gap

Given a nonnegative cost function ¢ € R¥ for the complete graph K,, = (V, E) on n vertices,
the metric completion ¢ of ¢ is the metric cost function obtained from ¢ by replacing ¢;; by the
cost of a shortest path connecting vertices ¢ and j for every edge ij € E. Then as noted by Carr
and Ravi in [3], without loss of generality we can replace ¢ by its metric completion ¢ for 2EC,,.
This follows from the fact that if any optimal solution for 2EC), uses an edge ¢j for which ¢;;
is greater than the cost of of a shortest path connecting vertices ¢ and j, then since we allow
multiple edges in our 2EC' solutions, we could simply replace edge ij with the edges of that
shortest path in the solution without increasing the solution value. A similar result holds for
2ECTP . Hence without loss of generality, in our study of a2EC),, we can restrict our attention
to only those sets of nonnegative costs that are metric. We use the notation a2 EC?® for this
integrality gap when restricted to metric cost functions, i.e.

opt(2EC,)
2ECA = —_— 6
@ 20 optRECEP)’ o
¢ is metric
c#0
we thus have from the above discussion that
a2EC, = a2ECA. (7)

Another very useful result, also mentioned in [3] and shown in [11], is that for metric costs,
there exists an optimal solution for 2ECT¥ which is also feasible and therefore optimal for SEP.
This also follows from a more general result of Goemans and Bertsimas in [6]. Thus we have

opt(2EC,)

2ECA = _— 8
@ n f;nza)é opt(SEP,) ®
¢ is metric
c#0
Note that this implies
3
a2BC < 2, 9)
since
opt(2EC) opt(T'SP) A 3
2EC = a2EC® = e < S GTSPA < . 10
“ “ inza)g opt(SEP) — inza)g opt(SEP) “ -2 (10)
¢ is metric ¢ is metric
c#0 c#0



The reformulation (8) is extremely useful since the SEP has been well-studied. Benoit and
Boyd [1] generated all of the non-isomorphic extreme points of the SEP polytope on n vertices
for all 3 < n <10, and were able to find the exact integrality gap for TSPy for n < 10 using
these extreme points. The above reformulation for a2 EC), allows us to make use of these results
and to use a similar method to the one outlined in [1] to compute a2EC,, for small values of n.

Let ¢ # 0 be some nonnegative metric cost vectorand let x an optimal solution of 2EC,,
ie. cx = opt(2EC,,). It is easy to show that if cx = 0 then ¢ = 0, hence cx > 0. If we
divide all the edges costs c., € € E by cx then the new costs are also metric, and the ratio
opt(2EC),)/opt(SEP,) is still the same. Moreover, the new value of opt(2EC),) will be 1 with
this new cost function. So to find oz2ECnA , it is enough to only consider metric cost functions c
for which opt(2EC,,) = 1. Thus

1
2ECA = S —
e =0 opt(SEP,)
c is metric

opt(2ECy) =1
or

1
— = min opt(SEP,).
Oz2ECnA c>0 "
c is metric
opt(2ECR) =1
Now suppose we have an exhaustive list, {x1,...,2x}, of the extreme points of the SEP

polytope on n vertices. Then we know that for any cost vextor, ¢, there exists some 1 <4 < k
such that z; is an optimal solution of SEP,. Thus we can compute

opt(SEP,) = mini<;<icx;.

Hence 1
—x = min min Cx;.
a2EC. 1<i<k c>0
¢ is metric

opt(2ECR) =1
c is optimal for SEP w.r.t. x;

The condition that c¢ is optimal for SEP with respect to a given extreme point z; can be
easily written as a set of linear constraints - namely the complementary slackness constraints.
Similarily, ¢ > 0 and c is metric are linear constraints. Since the x; are given, we almost have
a finite list of linear program whose optimal value is the reciprocal of the integrality gap. We
just need to look a bit closer at the constraint opt(2EC,,) = 1. Thus we will explore some of the
structural properties of the optimal solutions to 2EC,,.

To begin, let = be a set of nonnegative integer values assigned to the edges of the complete
graph on n vertices. We construct the support multigraph, G, of x by starting with n vertices
and for each pair of vertices, u and v, GG, contains exactly x,, copies of the edge uv. Notice
too, that given a loopless multigraph G, we can construct a unique set of nonnegative integer

values, call it x, where x. is defined to be the number of copies of the edge e present in G such
that G = G,.

Lemma 3 For every n > 3 and every nonnegative metric cost vector c there is an optimal
solution of 2EC), whose support multigraph is simple and minimial with respect to the number
of edges.



Proof Let x be an optimal solution of 2EC), with support multigraph G,. If G, is not minimal
with respect to the number of edges then let H C G such that H is two-edge-connected and is
also minimal with respect to the number of edges. Let y be such that G, = H so y is a feasible
solution to 2EC),, and y < x. Thus, since c is nonnegative, cy < cx. However, x is an optimal
solution to 2FEC,, so it must be that cy = cx so y is also an optimal solution to 2EC,.

Hence we may suppose that G, is minimal with respect to the number of edges. Suppose
that G, is not simple however. Thus G, has multiple edges and so let e be an edge such that
xe > 2. If, for every cut 6(S) which contains e, we have that x(5(S)) > 3 then we can remove
one of the copies of e from G, and remain two-edge-connected. This contradicts the fact that
G is edge-minimal. Thus there exists some () C .S C V such that e € §(S5) and z(6(S5)) = 2.

As a consequence, we have that z. < 2 and hence z. = 2 so §(S) = {e}. Let e = uv where
u € S and v € S. If we remove the two copies of e from G, we obtain a graph with exactly
two components, with vertex sets S and S respectively. Furthermore, consider any ) C A C S.
If u ¢ A then ¢, (5)(A) = 6g,(A). If u € A then ég,(5)(A) = da,(AUS). Thus in either
case, if we restrict z in a natural way to G.[S] then x(dg,(5(A)) > 2 and hence G.[S] is
two-edge-connected. By symmetry, G, [S] is also two-edge-connected.

Now, since n > 3, either v must have a neighbour other than v in G or v has a neighbour
other than u in G,. Assume, without loss of generality, that u has a neighbour w # v in G,.
Hence w € S and let y be the nonnegative integer vector such that G, is obtained by removing
a copy of uv and a copy of uw from G, and adding the edge vw. Since vw is not an edge of G,
vw is a single edge of G, and hence G, has fewer parallel edges than G,. Furthermore, since ¢
is metric,

Yy = CT— Cyy — Cyw + Cow

< cx.

Choose any ) € A C V. If uv,uw ¢ dg,(A) then y(ég,(A)) > z(da, (A)). If uv € dg,(A) and
uw ¢ 0c,(A) then vw € dg,(A) and hence y(dg,(A4)) = x(dg,(A)). Similarly, if uvw € dg,(A)
and uv ¢ ég, (A) then vw € dg, (A) and hence y(dg,(A4)) = 2(dc,(A)). As aresult, in the above
three cases we have that y(dg,(A4)) > 2. The only remaining possibility is that uv,uw € dg, (A)
and hence vw ¢ dg,(A4). In this case, y(dg,(A)) = x(dg,(A)) — 2. Assume that u € A
(since otherwise, we can replace A with A) so v,w ¢ A. Thus ) € ANS C S and hence
r(dg, (5 (ANS)) = 2. However, {uv} U dg,s)(ANS) C dg,(A), and hence

y(0c,(4)) = 2(0c,(4)) -2

> Ty +2(0g,[5(ANS)) —
> 242-2
= 2.

Therefore, G, is two-edge-connected and as a result, y is a feasible solution to 2EC),. However,
as noted above, cy < cx so it must be that cy = cx and so y is an optimal solution to 2EC,,.

If G is not edge-minimal, we have seen above how to generate a new optimal solution which
is. Furthermore, this new edge-minimal solution will not introduce any new parallel edges. If
parallel edges remain, we now have a way of generating a new solution without them. Thus by



repeated application of the above arguments, we can obtain an optimal solution of 2EC,, whose
support multigraph is edge-minimal and simple.

O

Since Lemma 3 tells us that there are always optimal solutions which are simple, the support
multigraph of any such solution is in fact a graph. Thus, we will refer to the support graph of
such solutions. It turns out that we are guaranteed the existence of an even smaller class of
optimal solutions. We describe this in the next lemma.

Lemma 4 For every n > 3 and every nonnegative metric cost vector c there is an optimal
solution of 2EC,, whose support graph is simple, minimal with respect to the number of edges,
and two-vertex-connected.

Proof From Lemma 3, we know that 2EC), has optimal solutions whose support multigraphs
are simple. Among all such solutions, let x be one which has a support graph which has the
minimum number of edges. As a consequence, such a support graph is also edge-minimal.

Suppose, for a contradiction, that G, has a cut-vertex, v. Thus G, — v has at least two
components so let A, B C V be the vertex-sets of distinct components of G, — v. Since G is
two-edge-connected, v is adjacent in G, to some vertex u € A and some vertex w € B. Let y
be the nonnegative integer vector associated with the support graph G, obtained from G, by
removing the edges uv and vw and adding the edge uw.

Consider any ) C S C A. Then ég,(4(S) = da,(V\S). However G, is two-edge-connected
and simple so |0g, (V\S)| > 2. Thus [dg,4)(S)| > 2 so G.[A] is two-edge-connected. By
symmetry, G,[B] is also two-edge-connected.

Now let € S C V. If wv ¢ 6¢,(S), or vw ¢ g, (S), or uw € dg,(S) then we have that
y(éa,(S)) = z(dc, (S)) > 2. Hence assume that uv,vw € g, (S) and uw ¢ g, (S). Without
loss of generality, we may assume that v € S and u,w € S. Thus SNAC Aand SNB C B. If
SNA # () then {uv, vw}Udg,14(SNA) C ¢, (S) and thus z(dg, (S)) > 4. Similarly, if SNB # ()
then we also have that z(d¢, (S)) > 4. Lastly if SN (AU B) = ) then ég,(A)Udg, (B) C da, (S)
where d¢,(A) Nég,(B) = 0. Hence z(dc,(S)) > 4. Now, y(ég,(S)) = 2(0g,(S)) —2 > 2.
Therefore, in all cases, Gy, is two edge-connected.

However, since G, [A] and G, [B] are components of G, — v, it must be that uw is not an edge
of G,. Hence Gy is also simple. Furthermore, since c is metric,

Yy = CT— Cyy — Cyw T Cuw

< cx.

since x is an optimal solution so it must be that ¢y = cx and so y is an optimal solution of
2EC,. Note though that G, has strictly fewer edges than G,. This is a contradiction since G
was assumed to have the minimum number of edges among all solutions with simple support
multigraphs. Therefore G, cannot have any cut-vertices and hence G, is two-vertex-connected.

g

Now every two-vertex-connected graph is also two-edge-connected, so Lemma 4 shows that
if n > 3 and ¢ is a nonnegative metric cost vector then any minimum cost two-vertex-connected
subgraph of K, with respect to ¢ has a cost of 2EC,,. A theorem by Monma, Munson, and
Pulleyblank [9] further elaborates on the structure of these optimal solutions.



Theorem 5 For any nonnegative metric cost vector c there exists a minimum cost two-vertex-
connected graph G with respect to ¢ such that

1. every vertex of G has degree two or three,
2. G is minimally two-edge-connected, and

3. deleting any pair of edges in G leaves a bridge in one of the resulting connected components

of G.

Hence we know that for every n > 3 and any nonnegative metric cost vector ¢, that there
exists an optimal solution to 2EC,, whose support multigraph is simple, two-vertex-connected,
and has the properties described in Theorem 5. But the authors of [9] have more to say - namely
that any such optimal solution is either a cycle or contains the graph shown in Figure 2 as a
vertex-induced subgraph.

Figure 2: Graph where dashed lines represent paths containing at least one edge each.

Let M,, denote the set of all spanning subgraphs, M, of K, for which
e M is two vertex-connected,

e cvery vertex of M has degree two or three,

e M is minimally two-edge-connected, and

e deleting any pair of edges in M leaves a bridge in one of the resulting connected components
of M

according to the conditions of Theorem 5. For our current definition of aﬁ we have the condition
that opt(2EC,,) = 1. However, from Theorem 5 we know that there is some M € M, which is
optimal. Suppose then that we consider the constraint

cM > 1 for all M € M,,.

Clearly this constraint is implied by the former. However, suppose that cM > 1 for all M € M,,.
Since M,, is finite, there must be some M* € M,, such that 1 < cM* < cM for every M € M,,.
Let ¢ = CM%C. Since ¢cM* > 1, for each 1 < ¢ < k, dz; = CM%c:z:i < cx;. Furthermore,
¢ is nonnegative, metric, and is optimal with respect to z;. This contradicts the minimality



of cx;. Therefore the constraints ¢M > 1 for all M € M, are equivalent to the constraint
opt(2EC),,) = 1 in our definition of a2ECE. Moreover, we can generate all the graphs in M,
using methods developed by Boyd and Elliott-Magwood in [2]. Hence we can reformulate our
integrality gap as

1 . .
7& = mm min Cx;.
Q2ECE  1<i<k c>0
c is metric

cM > 1 for all M € M,
c is optimal for SEP w.r.t. x;
Now the constraints ¢ > 0, ¢ is metric, cM > 1 for all M € M,,, and c is optimal with respect
to x; are all linear constraints. Furthermore, there are finitely many of them. Thus,
min cx; (11)
c>0
¢ is metric

cM > 1 for all M € M,
c is optimal for SEP w.r.t. x;

is a linear program. Therefore, in order to compute oz2ECnA we simply need to solve k linear
programs, one for each extreme point, z; of SEP,.
Let 7,, represent all incidence vectors of tours for ST'SP,. In [1], Benoit and Boyd solved the
following linear programs very similar to (11) for each extreme point, x; of the SFE P, polytope:
min cx;. (12)
c>0
c is metric

cT'>1forall T €7,
c is optimal for SEP w.r.t. x;

They then used their results to find the exact integrality gap ozTSPnA for 6 <n < 10 (note that
forn <5, a2EC,, = oT SPnA = 1). Surprisingly, for each value of n, there was a unique extreme
point of the SEP polytope that gave the maximum ratio oT'S PnA .

The data for the optimal solution values for the linear programs (12) was extremely useful
to us in the following way. Since 7,, C M,, and all other constraints for (12) and (11) are the
same, it follows that for each SE P polytope extreme point x;, the optimal solution value, call it
opt2EC;, for (11) is greater than or equal to the optimal solution value, call it optT' S P;, for (12).
So instead of solving the linear program (11) for every extreme point z; for the SE P, polytope,
we first solve it for the unique extreme point, say x, that gave the integrality gap ozTSPnA . We
then only need to solve linear program (11) for extreme points x; for which optT'SP; < opt2ECY,
when looking for the minimum opt2EC; value, since for all other extreme points x; we have
opt2EC; > optTSP; > opt2ECY. Using these ideas, we only had to solve linear program (11)
for one extreme point for 6 < n <9, and for two extreme points for n = 10.

3 Results

Using the method described in Section (2), we were able to find the exact value of a2EC,, =
oz2ECnA for 6 < n < 10. The results are shown in Table 1. Column 2 contains the value of
a2EC,,, which is clearly less than 4/3 for all n < 10, supporting Conjecture 1. In Column 3 we
give the value of oT'S PnA for comparison.



Table 1: Integrality gap results.

‘n ‘a2ECm ‘aTSPf ‘
6 10/9 10/9
7 9/8 9/8
8 8/7 8/7
9 7/6 7/6
10 7/6 20/17

It is interesting to note that we have a2 EC,, = aT'S PnA for 6 < n <9, and there was the same
unique extreme point of the SEP, polytope that gave the integrality gap for both. However,
for n = 10, a2EC,, was the same as for n = 9 and was bigger than ozTSPnA . Moreover, there
were two extreme points that gave this gap of %.

The extreme points «* of the SEP polytope which gave the maximum ratio for each value
of n for 2EC' are shown in Figure 3, where 2} = 1 for solid edges e, z} = % for dashed edges e,
and x} = 0 for all the other edges. Note that the costs ¢ which gave a2FEC,, are shown on the
edges, and for edges not shown the cost ¢;; was the cost of a minimum cost 7 to j path using
the costs shown.
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Figure 3: Extreme points and costs which give a2 EC),.

Although Benoit and Boyd [1] were not able to find all the extreme points for SEP, for
n > 11 , they were able to find all the half-integer extreme points for 11 < n < 14, i.e. all those
extreme points x for which z. is 0, 1 or % Note that the linear programs (11) that needed to be
solved for n > 11 had millions of M,, constraints, and were too large to be solved directly using
CPLEX. This difficulty was easily overcome by adapting a cutting plane approach to handle
these constraints. Thus using the same method on the half-integer extreme points of the SEP
polytope, we were able to find the value of a2EC),, for 11 < n < 14 when restricted to cost
functions ¢ which are optimized at half-integer vertices. (Note that Carr and Ravi proved in [3]
that a2EC < % under this restriction.) The results are shown in Table 2. Column 2 contains

10



the value of a2FEC,,. In Column 3 we give the value of oT SPnA for the half integer extreme
points, once again for comparison.

Table 2: Integrality gap results for half-integer extreme

points.
‘ n ‘ a2EC, ‘ ozTSPnA ‘
11 7/6 19/16
12 7/6 6/5
13 7/6 35/29
14 7/6 17/14

Note that although oT SPnA continued to grow for the half-integer extreme points, a2EC),

remained stalled at % up to n = 14. However, we know it grows higher than % for n = 16,
since for k = 2 for the family of cost functions shown in Figure 1, we have n = 16, and

opt(2EC) /opt(SEP) has value 13/11 > 7/6.

In Benoit and Boyd [1] there was a distinct pattern for the extreme points that gave a1’ spy
and formed a family of cost functions for which the integrality gap ratio approached % asymp-
totically. We tried to find such a pattern for the extreme points that gave a2EC),, but all the
patterns we found led to a gap of at most g. Thus we would like to conclude this paper by
making the following strengthened conjecture for a2 EC"

Conjecture 6 The integrality gap a2EC for 2ECTY is g.
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