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Introduction

Isomorphism of Combinatorial Objects

In general, isomorphism is an equivalence relation on a set of objects.
When generating combinatorial objects, we are often interested in
generating inequivalent objects:

Generate exactly one representative of each isomorphism
class.

(We don’t want to have isomorphic objects in our list.)

For example, when interested in graphs with certain properties, the labels
on the vertices may be irrelevant, and we are really interested on the
unlabeled underlying structure.

Isomorphism can be seen as a general equivalence relation, but for
combinatorial objects, isomorphism is defined through the existence of an
appropriate bijection (isomorphism) that shows that two objects have the
same structure.
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What are the issues in Isomorphism Computations?

@ Isomorphism: decide whether two objects are isomorphic.
Some approaches:

» Compute an isomorphism invariant for an object
If two objects disagree on the invariant, then the objects are NOT
isomorphic; the converse is not true.

» Compute a certificate for an object
Two objects are isomorphic if and only if they agree on the certificate.

» Put an object on canonical form
Two objects are isomorphic if and only if they have the same canonical
form.

@ Automorphism group generators: compute generators of the
automorphism group of an object.
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can go a long way with coloured graphs

We will concentrate on graphs and coloured graphs (= a graph plus a
partition of the vertex set).

Most combinatorial objects can be represented as coloured graphs.

We then reduce the isomorphism of more general combinatorial
objects to the isomorphism of coloured graphs.

Brendan McKay's nauty software (short for “no automorphism, yes?",
available online) is an extremely efficient package/C procedure for
isomorphism of graphs and coloured graphs. It is based on
backtracking and partition refinement ideas and uses the same
framework we will study here to compute certificates for graphs.

In the next lecture notes chapter “lsomorph-free exhaustive
generation”, we will use isomorphism computations studied in this
chapter as black boxes.
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Graph isomorphism definitions

Example 1: isomorphic graphs

1 a

5 e Cc

(GG1 and G2 are isomorphic, since there is a bijection f : 1 — V5 that
preserve edges:

Uk W N~
A
S QO
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Graph isomorphism definitions

Example 2: non-isomorphic graphs

(i3 and (G4 are not isomorphic:

Any bijection would not preserve edges since G's has no vertex of degree 3,
while G4 does.

(the degree sequence of a graph (in sorted order) is invariant under
isomorphism)
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Graph isomorphism definitions

Definition of graph isomorphism and automorphism

Definition

Two graphs G; = (V1, E1) and Gy = (Va, E3) are isomorphic if there is a
bijection f : V4 — V5 such that

{f(il)), f(y)} € E2 — {l’,y} € El.

The mapping f is said to be an isomorphism between G and Gb.
If f is an isomorphism from G to itself, it is called an automorphism.

The set of all automorphisms of a graph is a permutation group (which is
a group under the “composition of permutations” operation). See chapter
6 for more on groups and permutation groups.
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Graph isomorphism definitions

Computational complexity of graph isomorphism

The problem of determining if two graphs are isomorphic is in general
difficult, but most researchers believe it is not NP-complete.

Some special cases can be solved in polynomial time, such as: graphs with
maximum degree bounded by a constant and trees.
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Computing Invariants

An example of invariant

Let DS = [deg(v1),deg(v2), ..., deg(vy,)] be the degree sequence of a
graph; let SDS = [d1,do,...,d,] be its degree sequence in sorted order.

1

S DS is the same for all graphs that are isomorphic to G.

So, SDS is an invariant (under isomorphism).
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Computing Invariants

Definition of Invariant
Definition

Let F be a family of graphs. An invariant on F is a function ¢ with
domain F such that ¢(G1) = ¢(G2) if Gy is isomorphic to G.

o If ¢(G1) #
If $(G1) =

#(G2) we can conclude G and G2 are not isomorphic.
#(G2), we still need to check whether they are isomorphic
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Computing Invariants

Definition of Invariant
Definition

Let F be a family of graphs. An invariant on F is a function ¢ with
domain F such that ¢(G1) = ¢(G2) if Gy is isomorphic to G.

o If (G1) # ¢(G2) we can conclude G; and G5 are not isomorphic.
If $(G1) = ¢(G2), we still need to check whether they are isomorphic.

@ Invariants can help us to quickly determine when two structures are
not isomorphic, and so avoiding a full isomorphism test.
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Computing Invariants

Definition of Invariant
Definition

Let F be a family of graphs. An invariant on F is a function ¢ with
domain F such that ¢(G1) = ¢(G2) if Gy is isomorphic to G.

o If (G1) # ¢(G2) we can conclude G; and G5 are not isomorphic.
If $(G1) = ¢(G2), we still need to check whether they are isomorphic.

@ Invariants can help us to quickly determine when two structures are
not isomorphic, and so avoiding a full isomorphism test.

@ Examples of invariants: number of vertices and edges, degree
sequence, number of components, etc.
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Computing Invariants

Definition of Invariant
Definition

Let F be a family of graphs. An invariant on F is a function ¢ with
domain F such that ¢(G1) = ¢(G2) if Gy is isomorphic to G.

o If (G1) # ¢(G2) we can conclude G; and G5 are not isomorphic.
If $(G1) = ¢(G2), we still need to check whether they are isomorphic.

@ Invariants can help us to quickly determine when two structures are
not isomorphic, and so avoiding a full isomorphism test.

@ Examples of invariants: number of vertices and edges, degree
sequence, number of components, etc.

@ To be useful, invariants should be quickly computable. “Number of
cliques” is an invariant, but not quickly computable.
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Invariant inducing function

Definition (vertex partition induced by a function)

Let F be a family of graphs on the vertex set V.
Let D: FxV —{0,1,...,k}.
Then, the partition of V induced by D is

B = [B[0], B[1],..., B[k]

where Bli] = {v € V : D(G,v) = i}.

Definition (invariant inducing function)

If op(G) = [|B[0]|, |B[1]],...,|B[k]|] is an invariant (under isomorphism),
then we say that D is an invariant inducing function.
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Computing Invariants

Example: invariant inducing function
D(G,u) = degree of vertex u in graph G.

1

5 4 3 7 8 9
Ordered partition induced by D:

B = |:®7 {37 47 57 77 87 9}7 {1}7 ®7 {27 6}7 ®7 ®7 ®7 ®]
¢p(G) = [0,6,1,0,2,0,0,0,0]

¢p(G) is an invariant for F, the family of all graphs on V.
So, D is an invariant inducing function.
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Using more than one invariant inducing function

D1(G,v) = tuple representing the # of neighbours for each degree
Ex.: D1(G1,4) =[0030---0]; D1(G2,b) = [0030---0];
Dy(G1,8) =[2010---0]

Dy (G, v) = # of triangles in G passing through v.
Ex.: DQ(G1,4) = 1; Dl(Gg,b) =0.
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Computing Invariants

Partition refinement using two invariant inducing functions
Compute an (ordered) vertex partition where the corresponding tuple of
sizes is an invariant under isomorphism.
If two graphs disagree on the tuple of sizes, then they are not isomorphic.
Otherwise, we can use the ordered partition to reduce the number of
permutations considered.
e Initial partition: Xo(G1) =[{1,2,...,12}] Xo(G2) = [{a,b,...,l}]
o Partition refinement of X induced by Dy:
X1(Gh) = [{1,9,10,11,12},{2},{3,4,5,6},{7, 8}]
X1(G2) = [{a, f,9.k,1},{b}, {c,d, h, i}, {e, [}]
@ Partition refinement of X induced by Ds:
Xo(Gh) = [{1,9,10,11,12},{2},{3,4},{5,6},{7,8}]
X2(G2) = [{a7 f.9.k, l}7 {b}7 {07 d}7 {h7 i}7 {67.7}]
@ (1 and (2 are still compatible; but we only need to check bijections
that map vertices from X2(G1)[i] into vertices of Xo(G2)li],
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D1 (G, v) = # of neighbours for each degree

[0010 c O] - Dl(Gl, ) Dl(Gl,g) = Dl(Gl, 10) = Dl(Gl, 1].) - Dl(Gl, 12)
[1020---0] = Dy(G4,2)

[0030 - 0} = Dl(G173) Dy (Gl, ) = 1(G1, 5) = D1(G1, 6)

[2010---0] = D1(G4,7) = Dy(G1,8)

[0010 B 0] = Dl(GQ,a) = Dl(GQ, f) = Dl(GQ,g) = D1(G2, k‘) = Dl(GQ, l)
[1020 - - 0] = Dy (Ga,b)

[0030 . 0} = D1 (G%C) = D1 (Gg, d) = D1 (GQ, h) = Dl(Gg,i)

[2010 . O] = D1 (GQ, 6) = Dl(Gg, f)

Partition refinement of X induced by D;:

Xl(Gl) = [{1,9,10,11,12},{2}7{3,4,5,6},{7,8}]
Xl(G2) = [{a,f,g,k,l},{b},{(:,d,h,/i},{e,f}]
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X1(Gy) = [{1, 9,10,11,12}, {2}, {3,4,5,6}, {7, 8}]
Xl(G2) = [{a> 1,9k, l}v {b}> {(3, d, h, j}7 {67 f}]

Dy(G,v) = # of triangles in G passing through v.

Dy(Gr,v) =0, ifve{l,56,78,9,10,11,12}
=1, ifve {234}

Dy(Ga,v) =0, ifved{ae,f,gh,i,7kl}
=1, ifve{becd}

Partition refinement of X7 induced by D-:

Xg(Gl) = [{1,9,10,11,12},{2},{3,4}7{5,6},{778}]
XQ(GQ) = [{a,f,g,k,l},{b},{C,d},{h,i},{e,j}]

G1 and Gs are still compatible!
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Looking at the partition of the vertex set obtained by the two invariant
induction functions:

Xo(Gh) = [{1,9,10,11,12},{2},{3.4},{5.6},{7,8}]

Xa(Ga) = [{a, £.9. ks 1}, 4B}, L. d}, (1.1}, {e, £

We only need to check bijections between sets in corresponding cells
(colours):

{1,9,10,11,12} < {a,f, g,k 1}
{2} < {0}
{3,4} & {c,d}
{5,6} < {h,i}
{1.8y < AHef}

# of bijections to test: 5! x 1! x 2! x 2! x 2! = 960.
Without partition refinement, we would have to test 12! bijections!
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Generating all isomorphisms

Backtracking algorithm to find all isomorphisms

We use a set Z of invariant inducing functions, and then apply
backtracking in order to generate all valid bijections.

S f=[ab,c,d,i]
prunesince {4,5} notin E1, but {d,i} in E2
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Generating all isomorphisms
Algorithm Iso(Z, G, Gs) (global n, W, X,Y")
procedure GETPARTITIONS()
X[0] — V(G1); Y[0] — V(Ga): N « I,
for each D € T do
fori —0to N —1do
Partition X[i] into sets X1 [i], Xa[i], ..., Xm,[d],
where z, 2’ € X;[i] <= D(z) = D(')
Partition Y'[¢] into sets Y1[i], Ya[il, ..., Yy, [i],
where y,y' € Yj[i] <= D(y) = D(y)
if m; # n; then exit; (G1 and G2 are not isomorphic)
Order Y1 [i], Ya[i], ..., Yo, [i] so that for all j
D(x) = D(y) whenever x € X;[i] and y € Y}[i]
if ordering is not possible then exit; (not isomorphic)
Order the partitions so that:
| X[i]| = |Y[i]| < |X[i+1]| = |Y[i + 1]| for all ¢
N<—N+(m0—1)—|—...+(mN71—1);
return (/V);

Lucia Moura
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Generating all isomorphisms

procedure FINDISOMORPHISM(!)
if [ = n then output (f);
j — WII;
for each y € Y[j] do
OK « true;
foru«—0tol—1do
if ({u,1} € E(G1) and {f[u],y} ¢ E(G2)) or
({u,l} € E(G1) and {f[u],y} € E(G2)) then OK — false;
if OK then f[l] < y;
FiNnpIsoMORPHISM(] 4 1);
main
N —GETPARTITIONS();
for i < 0 to N do for each z € X[i] do W{z]| < i;
FINDISOMORPHISM(0);
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Computing certificates

Certificates

Definition
A certificate Cert() for a family F of graphs is a function such that for
G1,Go € F, we have

Cert(G1) = Cert(G2) <= G and G2 are isomorphic

Next, we show how to compute certificates in polynomial time for the
family of trees.

Consequently, graph isomorphism for trees can be solved in polynomial
time!
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Computing certificates

Certificates for Trees

Algorithm to compute certificates for a tree:
© Label all vertices with string 01.
@ While there are more than 2 vertices in G:
for each non-leaft z of G do

@ Let Y be the set of labels of the leaves adjacent to = and the label of x
with initial 0 and trailing 1 deleted from «;

@ Replace the label of x with the concatenation of the labels in Y, sorted
in increasing lexicographic order, with a 0 prepended and a 1 appended.

©® Remove all leaves adjacent to x.

© If there is only one vertex x left, report x's label as the certificate.

@ If there are 2 vertices = and y left, concatenate = and y in increasing
lexicographic order, and report it as the certificate.
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Computing certificates

Example 1:

246 Computing Isomorphism

tree to certificate

Example 7.2 A tree with one center

Number of

: Non-leaves Current Tree
_ Vertices

T V={}

2: Y ={01,01}

3: Y ={01}
? 4 v=0

5: Y={}

6: v ={01}

1: Y ={001011} or U0l
6 4: Y ={0011} 5: 01

5: Y = {0011

’ foont} 201

: 0011

1: 00010111

3 4: Y = {00010111,000111,0011} 5: 000111
4: 000111
1 ® 4 00001011100011100111

Certificate = 00001011100011100111
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Computing certificates

Example 2:

Example 7.3 A tree with two centers

tree to certificate

Number of -
Vertices Non-leaves Current Tree
0: Y =1{o1}
1: v ={o1} 201
9 2 ¥ = {01} S0t
4: v ={01}
5: Y ={01}
1: Y = {0011,0011,01}
5
4: Y ={0011,01} 5:0011
0: 0011 4: 0011
1:000110011011
2

4: 00011011

Certificate = 00011001101100011011.

cia Moura
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Computing certificates

Example 1: certificate to tree

Example 7.4

Initial certificate: 00001011100011100111

hird iteration. RN ""'9‘\6'1’00000000'0‘\0&"0000’0\‘00
| T eton i’?&:ﬁ?f‘ff’fm‘mﬁb"oﬁm&&fi&m&ﬁ%
First iteration.

,%%.vﬁ.«ﬂ,v’-\ YOO
»nomwmme.on,o‘m»zo‘,v,w,o,o,o. A
rourth teration. TR IR R
A Fourth eraion. R AR
Second iteration. |
RO RO RGO TOBY
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Computing certificates

Example 2:

e———  — @

certificate to tree

First iteration.

Second iteration.

Third iteration. _[O0ARONROEBOINARS
0

: £ :
AR A BB

RS
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Partition refinement and certificates for general graphs

Certificates for general graphs

Let G = (V, E). Consider all permutations 7 : V' — V.
Each 7 determines an adjacency matrix:

Azlu,v] = 1, if {w(u),7(v)} € E
0, otherwise.

Look at the relevant entires of A; and form a number Num,.
We will use these Num, to define a certificate...

Lucia Moura

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard]



Computing Certificates

O®@0000000000

Partition refinement and certificates for general graphs

Example: adjacency matrices for isomorphic graphs
G = (V = {13273}7E = {{LZ}’ {153}})

T Ar Num, T Ay Num,
-1 1 -1 1

[1,2,3] - -0 110 [1,3,2] - -0 110
-1 0 - 0 1

(2,1, 3] - -1 101 (2,3,1] - -1 011
- 10 - 01

[3,1,2] - -1 101 [3,2,1] - -1 011

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard] Lucia Moura
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Partition refinement and certificates for general graphs

Defining a certificate for general graphs: idea 1

@ We could define the certificate to be

Certl(G) = min{Num,(G) : m € Sym(V)}.

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard] Lucia Moura



Computing Certificates

0O0@000000000

Partition refinement and certificates for general graphs

Defining a certificate for general graphs: idea 1

@ We could define the certificate to be
Certl(G) = min{Num,(G) : m € Sym(V)}.
e Certl(G) is difficult to compute.
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Partition refinement and certificates for general graphs

Defining a certificate for general graphs: idea 1
@ We could define the certificate to be
Certl(G) = min{Num,(G) : m € Sym(V)}.

e Certl(G) is difficult to compute.
e Certl(G) has as many leading 0's as possible.

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard] Lucia Moura
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Partition refinement and certificates for general graphs

Defining a certificate for general graphs: idea 1

@ We could define the certificate to be
Certl(G) = min{Num,(G) : m € Sym(V)}.

e Certl(G) is difficult to compute.

e Certl(G) has as many leading 0's as possible.

@ So, k is as large as possible, where k is the number of all-zero
columns above the diagonal.

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard] Lucia Moura
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Partition refinement and certificates for general graphs

Defining a certificate for general graphs: idea 1

@ We could define the certificate to be
Certl(G) = min{Num,(G) : m € Sym(V)}.

Certl(G) is difficult to compute.

Cert1(G) has as many leading 0's as possible.

@ So, k is as large as possible, where k is the number of all-zero
columns above the diagonal.

So, vertices {1,2,...,k} form a maximum independent set in G (or
equivalently a maximum clique in the complement graph E).
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Partition refinement and certificates for general graphs

Defining a certificate for general graphs: idea 1

@ We could define the certificate to be
Certl(G) = min{Num,(G) : m € Sym(V)}.

Certl(G) is difficult to compute.

Cert1(G) has as many leading 0's as possible.

@ So, k is as large as possible, where k is the number of all-zero
columns above the diagonal.

So, vertices {1,2,...,k} form a maximum independent set in G (or
equivalently a maximum clique in the complement graph E).

@ So, computing Certl(G) as defined above is NP-hard.
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Partition refinement and certificates for general graphs

Defining a certificate for general graphs: idea 1

@ We could define the certificate to be
Certl(G) = min{Num,(G) : m € Sym(V)}.

e Certl(G) is difficult to compute.

e Certl(G) has as many leading 0's as possible.

@ So, k is as large as possible, where k is the number of all-zero
columns above the diagonal.

@ So, vertices {1,2,...,k} form a maximum independent set in G (or
equivalently a maximum clique in the complement graph E).

@ So, computing Certl(G) as defined above is NP-hard.

@ But it is believed that determining if G1 ~ G5 (G; isomorphic to G3)
is not NP-complete.
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Partition refinement and certificates for general graphs

Defining a certificate for general graphs: idea 1
@ We could define the certificate to be
Certl(G) = min{Num,(G) : m € Sym(V)}.

e Certl(G) is difficult to compute.

e Certl(G) has as many leading 0's as possible.

@ So, k is as large as possible, where k is the number of all-zero
columns above the diagonal.

@ So, vertices {1,2,...,k} form a maximum independent set in G (or
equivalently a maximum clique in the complement graph E).

@ So, computing Certl(G) as defined above is NP-hard.

@ But it is believed that determining if G1 ~ G5 (G; isomorphic to G3)
is not NP-complete.

@ So, it is possible that the approach of computing Cert1(G) to solve
the graph isomorphism problem is more work than necessary.
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Partition refinement and certificates for general graphs

Defining a certificate for general graphs
So, instead, we will define the certificate as follows:

Cert(G) = min{Num(G) : m € g},

where Il is a set of permutations determined by the structure of G but
not by any particular ordering of V.

This is what we do next.

The main idea is to do partition refinement, and use backtracking
whenever we reach an equitable partition (partition that can't be further
refined). The minimum above is taken over permutations considered in
this backtracking tree.
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Partition refinement and certificates for general graphs

Discrete and equitable partitions

Definition
A partition B is a discrete partition if | B[j]| =1 for all j, 0 <j < k.
It is a unit partition if |B| = 1.

Definition
Let G = (V, E) be a graph and Ng(u) = {z € V : {u,z} € E}.
A partition B is an equitable partition with respect to the graph G if for

all 2 and j
|Nea(u) N Blj]| = [Na(v) N Blj]|

for all u,v € Bli].
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Partition refinement and certificates for general graphs

Given B an ordered equitable partition with &k blocks, we can define Mp
to be a k x k matrix where Mp|[i, j| = |[N(G(v)) N Blj]| where v € Bli].
(Since B is equitable any choice of v produces the same result)

Define Num(B) := sequence of k(k — 1)/2 elements above diagonal
written column by column.

B = [{0},{2,4},{5,6},{7},{1,3}] is an equitable partition w.r.to G:

01 00 0 1 2
001 0 2

7 2 Mg=]01110
6 3 1 02 00
5 4 1 2000

and Num(B) =10,0,1,1,0,1,2,2,0,0].

If B is a discrete partition then B corresponds to a permutation

7 : Bli] = {x[i]}, in which case Num(B) = Num,(G), adjusting so that
Num(B) is interpreted as the sequence of bits of a binary number.
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Partition Refinement

Definition
An ordered partition B is a refinement of the ordered partition A if
@ every block Bi] of B is contained in some block A[j] of A; and

Q if u € Afi1] and v € A[j1] with i1 < j1, then u € Blia] and v € BJjo]
with i3 < jo.

The definition basically says that B must refine A and preserve its order.
A=1[{0,3},{1,2,4,5,6}]

B =1[{0,3},{1,5,6},{2,4}] is a refinement of A,

B’ =[{1,5,6},{2,4},{0,3}] is not a refinement of A (blocks out of order)
Let A be an ordered partition and T" be any block of A.

Define Dr : V — {0,1,...,n — 1}, Dp(v) = |[Ng(v) N T.

This function can be used to refine A.
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Partition refinement and certificates for general graphs

Computing and equitable partition

@ Set B equal to A.
@ Let S be a list containing the blocks of B.
@ While (S # 0) do

@ remove a block T from the list S
@ for each block BJi] of B do
(6] for each h, set L[h] = {v € BJ[i] : Dp(v) = h}
Q if there is more than one non-empty block in L then
o replace B[i] with the non-empty blocks in L
in order of the index h, h=0,1,...,n — 1.
Q add the non-empty blocks in L to the end of the list S
Notes:

In step 4 we ignore blocks of S if the block has already been partitioned in B.
The procedure will produce an equitable partition.
The ordering at step 8 is chosen in order to make Num(B).smaller.
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Partition refinement and certificates for general graphs

Algorithm for partition refinement

Algorithm 7.5 REFINE(n, G, A, B) (global L,U,S,T, N)
procedure SPLITANDUPDATE(n, G, B, j)
L «— empty list
for each u € B[j] do { h — |T N Ng(u)|; L[h] < LA U{u}; }

m <« 0
for h — 0 ton — 1 do if L[h] # 0 then m — m + 1
if m > 1 then
for h — |B| — 1 downto j + 1 do B[m — 1 + h] < BI[h|
k<20
forh<—0ton—1do
if L[h] # 0 then B[j + k| < L[h]; S[N + k] < LIh];
U—UULh|; k—k+1;
je—j+tm-—1

N «— N+m
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Algorithm for partition refinement (cont’d)

main
B—A
for N < 0 to |B| do S[N] « B[N]
U~V
while N # 0 do
N«—N-1
T = S[N]
if I" C U then
U—U\T
J=0
while j < |B| and |B| < n do
if |B| # 1 then SPLITANDUPDATE(n, G, B, j)
Je—J+1
if |B| = n then exit

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard] Lucia Moura



Computing Certificates

000000000080

Partition refinement and certificates for general graphs

Example 7.7

Example 7.7 Refining to an equitable partition
‘We illustrate the refinement procedure using the graph given in 7.6 and the initial
partition A = [{0}, {1,2,3,4,5,6,7}].

B = ({0}, {1,2,3,4,5,6,7}] S ={1,2,3,4,5,6,7},{1,3,7}]
_ 5 T
§=lL234 ’6’7)’@ S =[{1,2,3,4,5,6,7}]
T _{-—/
Doy : B = [{0},{2,4,5,6},{1,3,7}] s={ 1 &
S =[{1,2,3,4,5,6,7},{1,3,7}, {2, B

o ‘The final refined equitable partition is B = [{0}, {2,4}, {5,6}, {7}, {1,3}]. 0
Dizasay : B =[{0},{2,4},{5,6}, {1,3,7}]

S =1{1,2,3,4,5,6,7},{1,3,7}, {56}, {2,4)]

b

P Example 7.6 An equitable partition
Deaay + B = ({0, {24, (5,6}, {7}, {1,33) . B = ({0}, (2,4}, (5,6, {7}, {1,3)]
§=[{1,2,3,45,6,7),{1,3,7}{5,6}{1.3}, {7}] is an equitable partition,
T
Dy : B = [{0},{2,4},{5,6},{7},{1,3}] 7 2 ob0id
$=[{1,2,3,4,5,6,7},{1,3,7},{5,6}, {1,3}] 00102
¥ 6 3 Mp=|01110], and
Divsy B = [0}, (2,41, (5,60, (7}, {1,3)] a0t
S =[{1,2,3,4,5,6,7},{1,3,7}, {5,6)] 5 &
T B Num(B) = [U‘,(),1,1,0,],‘2,2,0.0].

Doy : B = [{0},{2,14}, (5,6, {7}, {1,3)]
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Partition refinement and certificates for general graphs

Example 7.8: incomplete - needs to explore possibles discrete partitions that refine
equitable...

Example 7.8 Refining to discrete partitions Diotssase i B =[O} {12} {3 4 61 (3
We illustrate the refinement procedure using the graph {0,1,2,3,4,5,6} [{0},{1,2}, {3,4,6}, {5}]

S = [{5},{3,4,6},{1,2}, {0}]

2, » 3 M

T
vy Dioy « B = [{0},{1,2}, {3, 4}, {6}, {5}]

5=[{5} (374,6},(1,2%{6%@]
pt

b6

Dizay + B = [{0},{1,2},{3,1}, {6}, {5}]
S =

) ixof G i [{3},{3,4,6}, {1,2}, {6
and the initial partition A = [{0,1,2,3,4,5,6}]. The adjacency matrix of Gis {1,2} {r}]

SeREEe Doy + B = [{0}, {1,2},{3,4}, {6}, {5)]
11
000 WL 5= 1(5),(8.4.6),{1,2)
0010111 pt
0101 g g) . Dpigy B = [{0},{1,2},{3,4}, {6}, {5}]
11
2 (1) 01110 S =[{5},{3,4,6}]
i
" Numg(G) = (000001010101 11110011 1) yinqry - Dis.aey - B = [{0},{1,2}, {3,4}, {6}, {5}]
S:{i;,}/l
B = [{0,1,2,3,4,5,6}1 Disy : B = [{0},{1,2), (3,4}, {6}, 5}]
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Backtracking for a certificate for general graphs

Defining a certificate: backtracking + partition refinement
We will examine Algorithm 7.8: CERT1(G), which will calculate:

Cert(G) = min{Num(G) : m € llg},

where Il is a set of permutations determined by the structure of G but
not by any particular ordering of V.

The main idea is to use backtracking combined with partition refinement.
At each node, we do partition refinement until we reach an equitable
partition; at this point, if the partition is not discrete, we branch on
elements of the first block whose size is greater than one.

Each element of this block gives rise to a branch where this element will
be chosen to be first in the discrete partition.

The minimum above is taken over permutations considered in the
backtracking tree that we have just defined (not over all possible
permutations); these permutations are determined by the graph structure
and not by any particular ordering of V.
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Backtracking for a certificate for general graphs

Algorithm for computing a certificate for general graphs

Algorithm 7.8: CerT1(G) external CANON1()
P —[{0,1,...,n}]
CANON1(G,P)  (Main algorithm: get Best for canonical adjacency matri
(Next steps: Convert matrix for Best into number (certificate) C":
C := Numpest(G) = min{ Num(G) : 7 € II(G)})
k—0,C<0
for j < n — 1 downto 1 do
for i < 7 — 1 downto 0 do
if { Best[i], Best[j]} € £(G) then C « x + 2F
k—k+1
return (C)
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Backtracking for a certificate for general graphs

Algorithm 7.7: CANONL1(G, P)
REFINE(n, G, P, Q)
Find the index I of the first block of @ with |Q[I]] > 1
Res < Belter
if BestExist then fori« 0tol—1do m[i] < g, where Q[i] = {¢;}
Res — COMPARE(G, 71, 1)
if @ has n blocks then
if not BestExist then
BestExist < true; for i < 0 ton — 1 do Bestli] < ¢;, where Q[i] = {¢;}
else if Res = Better then Best «— m;
else if Res # Worse then
ChoicesLeft — Q[l]; AllChoices — Q[I] (branch on refinement of Q[I])
for j < 0tol—1do R[j] — Q[j]
for j «— 141 to size(Q) do R[j + 1] «— Q[4]
while ChoicesLeft # () do
u «— any element of ChoicesLeft
R[l] — {u}; R[l 4+ 1] « AliChoices \ {u}
CANON1(G, R)
ChoicesLeft «— ChoicesLeft\ {u}

external REFINE(), COMPARE()
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Backtracking for a certificate for general graphs

This algorithm compares the first [ numbers of permutations 7 and Best,

to decide whether m may lead to lexicographical smaller number than
Best.

Algorithm 7.6: COMPARE(G, 7,1)
forj«—1tol—1do
fori—0toj—1do
x «— Ag|Bestli], Best[j]]
y — Ag[n[i], m[j]]
if z < y then return (Worse)

if © > y then return (Better)
return (Equal)
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Backtracking for a certificate for general graphs

0124156(7/13  1]3]567]024 3]1(567]024 5/13]02(67]4 6|13]04]57|2 7|13|24]56]0

INVINEYY

Overview of the state space tree that results from running Algorithm 7.7 on the graph in Example 7.7.
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Backtracking for a certificate for general graphs

0]24]56]713
//_\
0]2|4]5/6/7|13 0]4/2(65|7|13
[]!2\4\516\7\1\3 0|2\4\516\7\3|1 Ol4|2\615\7\1\3 0]4]2/6]5]7|3|1
First : Equal Equal Equal
7w = 02456713
Num, = 5667952
1|3]567]024
113]5(67]02/4 113/6/57]042 1/317[56/24]0
/\ /\
1]3]5}6‘7}0]2{4 1\3}5}7}6}2\0{4 1’3[6[517\0}4[2 1{3]6\7]5\4\0\2 1f3l7[516y2[/1[0 1\3\7\615}4}2[0
B :Bfégg;oﬂ Equal Equal Fqual Fqual Equal
Num, = 5192304
2/04(57/6]13 3]1]567]024
200}4}3/7/6]13 2Hjol73l6l13 3/1[5/67/02/4 3]116]57]04]2 3]117)56/24]0
/\ /\

Waorse Worse SILISIG|TIOf2H4. 31I5/7[oi204 3{16ls|7l0f4j2 3J6l7]slal0l2 31175

6]2|4|0 3[1]7\6[5\4\2\0
Equal Equal Equal Equal Equal Fqual

FIGURE 7.2 (continued)
Subtrees with roots 0[24]56|7|13, 1/3|567|024, 2/04|57/13 and 3/1/367(024.
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Backtracking for a certificate for general graphs

402(67/5/13 5[13]02/67]4
T~
40216715013 41200[7/6l5/13 m w
Worse Worse S[1[310[216/7]4 5[113{2{ol7Io}4 Bf3[1iof2l6l7l4 sis]12pi7io
Worse Worse Worse Worse
6/13]04/57)2 7/13]2456/0
6/1(3(04|57|2 6/3]1]04|572 7/1(3|2456/0 7/3]1[24/56]0

6[1[3(0[15/712 6[1[3(4{0[7I5]2 6l3ILI0]4i3(712 6l3(114pol7Is}2 I3l2]isislo Thipsslo TIslni2]isiolo TI3iiapIelslo

Worse Worse Worse Worse Worse Worse Worse Worse

|G| = 12, Certificate = 5192304, and NODES =

FIGURE 7.2 (continued)
Subtrees with roots 4]02|67|5/13, 5/13|02|67|4, 6/13|0457|2 and 7|13|24|560.
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Pruning with Automorphisms

Let G = (V, E) and w € Sym(V'), a permutation on V.
Recall that 7 is an automorphism of G if it is an isomorphism from G to
itself.

Let A be the adjacency matrix of G and let A, the the adjacency matrix
of G with respect to a permutation 7, that is, Ax[i, j] = A[r[i], 7[j]], for
all 4, 7. Then, 7 is an automorphism of G if and only if A, = A.

Theorem
If Numy, (G) = Num,,(G) then m = miu~" is an automorphism of G. J

PROOF. Aﬂ'z[i:j] Aﬂl,uﬁl[i:j]

= Al i), mp )]
— A a0 ) = Al )
= Alpp i), pu 4] = Al 4]
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Backtracking for a certificate for general graphs

How to prune with automorphisms?

@ When algorithm Compare returns “equal”, we record one more
automorphism.

@ When branching on the backtracking tree, use known automorphisms
for further pruning.
Example:
Node Ng: 1135671024
Children:
Ni: 113151671024
Ny: 113161571024
N3: 113171561024
If g1 = (24)(56) and g2 = (04)(57) are automorphisms, then
prune Ny, since g1(N1) = Ny and
prune N3, since ga(N1) = Ns.
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Backtracking for a certificate for general graphs

What do we need to compute efficiently in order to prune
with automorphisms?

@ Store/update information on the automorphisms found so far:
if g1, 92, ..., gk have been found, store the subgroup S of Aut(G)

generated by g1,92,..., gk.

@ Quickly determine if partitions
R = qolql---|g-1[ulQ] —u]---[ and
R = qlq1| - |g—1 |/ |Q[l] — | - - - | are equivalent, that is,
determine if there exists g € S such that g(R) = R'.
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Backtracking for a certificate for general graphs

Reviewing some group theory
Definition
A group is a set G with operation * such that
@ there exists an identity I € G such that g« [ = g for all g € G, and
@ for all g € G there exists an inverse g~! € G such that g~}
A subgroup S of G is a subset S C G that is a group.

xg=1.

Theorem (Lagrange)

Let G be a finite group. If H is a subgroup of G then
© G can be written as G = g1H U goH U ... U g, H for some
91,92, --.,9r € G (where the unions are disjoint)
Q |H| divides |G|.

We say that T = {g1,92,---,9r} is a system of left coset

representatives or a left transversal of H in G.
Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard]
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Backtracking for a certificate for general graphs

Permutation groups and automorphism group

Theorem

Sym(X), the set of all permutations on X, is a group under the operation
of composition of functions.

v

Theorem

Aut(G), the set of automorphisms of a graph G, is a group under the
operation of composition of functions.
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Schreier-Syms representation of a permutation group
Let G be a permutation group on X ={0,1,...,n — 1}, and let

Go = {g9€G:g(0)=0}
G1 = {gGGoig(l):l}

Gno1 = {9€Gpao:g(n—1)=n—-1}=1

GDOGy2G1 2Gy -+ DGy =1 are subgroups.

For all i € {0,1,2,...,n — 1} (taking G_1 = G),

let orb(i) ={g(i) : g € Gi=1} = {®wi1, xi2,...,Tipn,} and

U, = {hi71, hi72, ceey hi,ni} such that h@j(’i) = i ;.

THEOREM. U; is a left transversal of G; in G;_1.

The data structure: [Up, Uy, ...,U,—_1] is called the Schreier-Syms
representation of the group G.

Any g € G can be uniquely written as g = ho i, * R,y % - - % hp=14, =, -

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard]
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Useful algorithms from Chapter 6

PROCEDURE ENTER(n, g, [Uy, U1, ..., Up—1])

INPUT: n, PERMUTATION ¢, AND [Uy, Uy, ...,Up_1],
THE SCHREIER-SYMS REPRESENTATION OF G.

Ourput: [Uy,Uf,...,U] ], THE SCHREIER-SYMS

REPRESENTATION OF (', THE GROUP GENERATED
BY G AND g.

Changing the base: modify the Schreier-Syms representation to work on a
base permutation .

Redefine G; = {g € Gi_1: g(ﬂ(z)) = ,3(7,)}
(3, [Uo, Ui, ..., Up—-1]] is the (modified) Schreier-Syms representation.

PROCEDURE CHANGEBASE(n, [3,[Uo,U,...,Uy-1]], 5')
INPUT: n, [8,[Uo,Ux,...,Un—1]], NEW Basis 3
Ourut: [, U U, ..., U _4]]
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Algorithm 7.10: CerT2(G,G) external CANON2()
Comment: Set G to the identity group with base I.
for j <~ 0ton —1do U I,
é — (I; [Z/[o,ul, ce ,Un_l]
P —[{0,1,2,...,n — 1}]
CANONZ(Q,é, P) (Main algorithm: get Best for canonical adjacency matri
(Next steps: Convert matrix for Best into number (certificate) C:
C := Numpes(G) = min{ Num,(G) : # € II(G)})
k—0,C—0
for j «— n — 1 downto 1 do
for i «— 7 — 1 downto 0 do
if { Best|i], Best[j]} € £(G) then C « z + 2F
k—k+1
return (C)
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Algorithm 7.9: CaNoN2(G, G, P) external REFINE(), COMPARE(), ENTER2()
REFINE(n, G, P, Q)
Find the index [ of the first block of @ with |Q[I]| > 1
Res < Better
if BestExist then fori«— 0tol—1do m[i] < g, where Q[i] = {¢;}
Res +— COMPARE(G, 71, 1)

if @ has n blocks then

if not BestExist then

BestEzist < true; for i < 0 ton —1 do Best[i] — ¢;, where Q[i] = {¢}
else if Res = Better then Best «— m;
else if Res = Fqual then for i < 0 to n — 1 do ma[m[i]] « Best][i]
ENTER2 (73, G)
else if Res # Worse then...
(continue in the next page)

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard] Lucia Moura



Computing Certificates

0000000000000 000e00

Backtracking for a certificate for general graphs

(continuing CANON2())

else if Res # Worse then
ChoicesLeft — Q[l]; AllChoices — Ql]
for j — 0tol—1do R[j] — Q[j]
for j «— 141 to size(Q) do R[j + 1] «— Q[j]
while ChoicesLeft # () do
u «— any element of ChoicesLeft
R[l] < {u}; R[l + 1] < AllChoices \ {u}
CANON2(G, G, R)
for j «— 0 to [ do
B'lj] — r, where R[j] = {r}
for each y & {8'[0], B'[1], ..., '[l]} do
Je—=J+1
glil=y
CHANGEBASE(n, G, 3)
for each g € U; do
ChoicesLeft «— ChoicesLeft \ {g(u)}
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01234567
0]24/56|7/13 1]3|567|024 2|04[57|6/13  5|13|02|67]4
0[2]4]5/6|7|13 0]4]2|6]5]7|13 1/3]5/67(02[4 2\0\4\5!?16]13 5/1|3]02|67]4
Worse
0\2\4{5‘6{7\1‘3 0\2\415]6|7\3\10\4\2\6l5\7\1|3 1|315|6|7|0|2|4 1\3\5\7[&2\0\4 5\1\3\0{2\6\7\4
First : Enter : Enter : Better : Enter : Worse
T = 02456713 (1,3) (2,4)(5,6) 7 = 13567024 (0,2)(6,7)
Num, = 5667952 Num, = 5192304

|G| = 12, Certificate = 5192304, and NODES = 16.

FIGURE 7.3 . .
The state space tree that results from running Algorithm 7.9 on the Graph in Example 7.7.
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Using known automorphisms

If we know some or all automorphisms of G we can input the
Schreier-Syms representation of the group generated by these
automorphisms to the algorithm Canon2.

For the previous example, if we input Aut(G), the backtracking tree would
have only 10 nodes instead of 16 (see page 273).
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Combinatorial Objects as Coloured Graphs

Representing other combinatorial objects as coloured
graphs

A coloured graph is a graph G plus an ordered partition P of the vertex
set. For an ordered partition P = [P[1], P[2],..., P[l]] of V(G), we write
P(v) for the index of the block of P that vertex v occurs, i. e. P(z) =1 if
x € Pi].

Isomorphism of graphs naturally extends to isomorphism of coloured
graphs: an isomorphism of coloured graphs must map vertices of each
colour onto vertices of the same colour.

Definition
Two graphs coloured graphs (G1, P1) and (Ga, P) are isomorphic if there

is an isomorphism f : V(G1) — V(G2) of G1 and G3 such that
Pi(u) = Py(f(u)) for all u € V(G).
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Combinatorial Objects as Coloured Graphs

Isomorphism of set systems

Let (V, B) be a set system (also called incidence structures or hypergraphs)
Define a bipartite graph Gy 5 with vertex set V' U B and with an edge
connecting z € V to B e Bifand only if x € B.

This is usually called the point-block incidence graph.

Example 7.9 A set system and its corresponding graph

The set system. The graph.

By ={0,1,2}
By ={0,1,3}
By ={0,2,4}
By ={0,3,5}
By =1{0,4,5}
Bs = {1,2,5}
Be ={1,3,4}
B; = {1,4,5}
Bs = {2,3,4}
By ={2,3,5}

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard] Lucia Moura
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Combinatorial Objects as Coloured Graphs

Isomorphism of set systems (continued)

Then, (V1,B1) ~ (Va, Bg) if and only if Gy, 5, ~ Gv, B, with respect to
initial partitions P; = [V4, B1] and P, = [Va, By], respectively.

We can extract the automorphism group of (V, B) from the automorphism
group of Gy . The automorphism group of (V, B) is the automorphism
group of Gy restricted to V.

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard]
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Combinatorial Objects as Coloured Graphs

Isomorphism of codes

Definition
A g-ary code C of length n is a nonempty subset of Z7; i.e. C'is a set of
vectors/words x of length n with components z; € Z,.

Example: C' = {0000,0011,0201,0110} C Z§ is a ternary code with 4
words of length 4.

Coding theory is essential for many engineering and computer science
applications as well as a topic of purely mathematical interest.

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard] Lucia Moura
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Combinatorial Objects as Coloured Graphs

Codes as coloured graphs (see Ostergard, Disc. Appl. Math 120 (2002))
For a g-ary code C' C Z defined coloured graph CG(C):
e vertex set: CU{1,2,...,n} x Z,,

e edge set: {{z,(i,z;)} :x € C,i € {1,2,...,n}}U{{(4,0a), (4, b)}:
je{l,2,...,n},a,b € Z,},

e vertex colouring: (C,{1,2,...,n} x Z,)

Example: what is the code this graph corresponds to?

Fig. 3.9. Transforming an unrestricted code into a colored graph

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard] Lucia Moura
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Combinatorial Objects as Coloured Graphs

Other combinatorial objects
See Kaski & Ostergard book (2007) transforming other combinatorial
objects into different coloured graphs:
@ set systems/incidence structures using incidence (bipartite) graphs as
seen before;
@ Steiner triple systems using block intersection graphs (for v > 15, the
systems is reconstructible from this graph);
@ hadamard matrices,
@ other types of codes.
The advantage of using coloured graphs for isomorphism of other
structures is to use the power of available tools for graph isomorphism
such as “partition refinement+backtracking” algorithms in general (such
as CERT1 and CERT2), and nauty software specifically.
However, in some situations, a tailored approach that works directly with
the object can be more efficient.

Computing Isomorphism [Ch.7, Kreher & Stinson] [Ch.3, Kaski & Ostergard] Lucia Moura
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