Initials

University of Ottawa
Faculty of Engineering,
School of Information
Technology and Engineering

Université d’Ottawa

Faculté de Génie,

Ecole d'Ingénierie et des
Technologies de I'Information

ELG 3120

Signal and System Analysis

Midterm

Thursday, 28 October 2004

17:30 - 19:00

Professor: Jianping Yao

e No textbook and notes (close-book exam)
e Initial on the top of each page.

Last name:

First name:

Student number:




Initials

Question 1: /4
Determine if the following systems are: causal or non-causal, stable or instable, time invariant or time
variant, and linear or nonlinear. Justify your answers.

1) y(t)=[sin(at)]x(t)
Solution:

(a) It is causal, since the output depends on the input at the same time.

(b) It is stable. Assume |x(t)| <M, M is a finite number, |y(t)|=|[sin(4t)]x(t)| <[x(t)| < M , that is, if
the input is bounded, the output is also bounded. The system is stable.

(c) The system is not time invariant. Assume input is experienced a time delay of t,, the new output
should be y'(t) = [sin(4t)x(t —t,)]. While y(t—t,) =[sin(4(t—t,))x(t—t,). Since y'(t) = y(t—t,),
the system is not time invariant.

(d) The system is linear. Assume we have two different inputs, x,(t) and x,(t), the corresponding
outputs are vy, (t) =sin(4t)x,(t) and vy, (t) =sin(4t)x,(t) . If a new input ax, (t) + bx, (t), the new output
is y'(t) = [sin(4t) Jax, (t) + bx, (t)] = asin(4t)x, (t) + bsin(4t)x, (t) = ay, (t) + By,(t). The system is
linear.
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(2) y[n]= x[n = 2]+ x[-n + 2]
Solution:

(@) It is not causal, since the output depends on the future input. For example, when n = 0,
y[0] = x[- 2]+ x[2], it is clearly seen at n =0, the output depends on the future input at n = 2.

(b) It is stable. Assume |x(t)| <M , M is a finite number, |y(t) <2M , that is, if the input is bounded,
the output is also bounded. The system is stable.

(c) The system is not time invariant. Assume input is experienced a time delay of n,, the new output
should  be  y'[n]=x[(n=2)-n, ]+ x[(=n+2)-n,]=x[(n=n,)-2]+ x[-(n+n,)+2].  While
y[n—n,]=x[(n=n,)—2]+ x[- (n—n,) +2]. Since y'(t) = y(t —t,), the system is not time invariant.

(d) The system is linear. Assume we have two different inputs, x,(t) and x,(t), the corresponding
outputs are y,[n]=x[n-2]+x[-n+2] and vy,[n]=x[n-2]+x,[-n+2]. If a new input
ax, (t) + bx, (t), the new output is
y'[n]=afx [n—2]+ x,[- n+ 2]} + b{x,[n - 2]+ x,[- n + 2]} = ay,[n]+ by, [n]. The system is linear.
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Question 2: 13
Consider an LTI system whose response to the signal x, (t) in Fig. 1 (a) is the signal y, (t) shown in
Fig. 1 (b).

(1) Express x2(t) using x1(t).
(2) Sketch the response of the system to the input deposit in Figure (c).
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(1) %, (t) = 2%, (t) + 4x,(t - 2)
(2) Since the system is LTI system, so the output is y,(t) =2y, (t) +4y,(t - 2) .
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Question 3: /5

Find the output response of the LTI system. The impulse responses of the system is
h(t) = e'u(t) + 3(t — 2), the input to the system is x(t) = u(t —2) —u(t -5).

Solution:

h(t) = e™u(t) + 8(t — 2) = h,(t) + h,(t), where h,(t) = e *u(t) and h,(t) = 8(t-2)
The output is

y(t) = x(t) *h(t) = x(t) * [hl(t) +h, (t)] = X(t) *h (t) + x(t) *h, (t) = y, (1) + Y, (t)

y,(t):
0, for t<?2 X(T)
y,(t) = Ltl-e’s‘”)dr, for 2<t<5
jsl 73(t7r)d f
, -e T, or t>5
L1
0 2 5 T
0, for t<2 .
e hl(t 1)
=173 (e3t—e6), for 2<t<5
=3t
° _(e®—e°) for t>5 % T
3 t 0
y,():

y,(t) =8(t—2) xe*u(t) =e > 2u(t-2)
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Question 4: /5
Consider a causal LTI system whose input x[n] and output y[n] are related by the difference equation

1
yInl- 2 yln-1]= xf
(1) Find the impulse response of the system (without using any transform).

(2) Determine y[n] using convolution if x[n]z(%j u(n).

Solution:

(1) when x[n]=8[n], y[n]=h|n], so we have

h[n]—%h[n ~1]=38[n] or h[n]= %h[n ~1]+8[n]

n=0, h[O]z%h[—l]+6[O]=%x0+1:1

(at n = -1, no input is applied, so the output is zero or h[-1]=0)

n:1,h[1]:%h[0]+6[1]:%x1+o:%

n= 2,h[2]=%h[1]+6[2]:%><%+0 B GJZ

N 3,h[3]=%h[2]+ 3[3]= @JZ «Lio0= (gJa

2

Therefore, the impulse response is h[n]:(%j u[n]

hlk]
2
(2) 1
0, for n<0 I 1%2 14 48
0 1V 1) 2 1 o0 1 2 3
Z(Ej (5) Cfor n>0
k=0 x[n—k]
1
1/3
0, for n<0 Lz T
- ? —e —=o K
3 n+l n-1 n
2|:(Ej —1}, forn>0
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Question 5:

/4
Calculate the Fourier series coefficient of the function shown below.

X(t)
A
1

A ./

t
3 2 -1 o [ 2 3

\ 4

Solution 1: using the definition directly (note thatjxeaxdx _¢ 5-(ax—1) from the formula sheet)
a

2
_ 1 — Jkoopt _ 1 1 . — jkogt 1 3 . — jkogt
ak_Wij(t)eJ dt_ﬁﬁ e dt+WJ-lle‘ dt

The periodis T =4, @, = 2% =T

_iKE 2 2
zl lte sztdt+ij3 e 2 :1 e—z (_ jkzt_]_j L& 7
41 N 1 4 T 2




dx(t)
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Solution 2: Using the differentiation property: x(t) <> a, , < jko,a,
dx(t)/dt
11\
| | |
-3 -2 -1 0 1 2 3
-1 -
v 2 - 4

Let g(t) =dx(t)/dt,and g(t) <> b, +cC,, where b, is the Fourier series of the square wave and C, is the Fourier

series of the impulse train function.

sink =~
bkzsmkmo-rl = 2 fork %0
kmt kmt
1. _jkgt e—jkgt ; e—jkgt
6=", LS(t—l)e dt == j_la(t—l)dt =
. T LT
smkE o Jot
b, +¢, = +
kmt 4
. T LT
sink— -kt
akz_i(b,ﬁc):_ 2,8 , for k #0
Jkay, 7 jkog | km

When k =0, a, =%xarea within one period :%x (-2) = —%
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Question 6: /4
Suppose we are given the following information about a signal x[n]

1. x[n] is real and even
2. x|n] has a period N =8 and Fourier series coefficients a,
3. a,=4

1
4. =3 |x[n]| =32

8 n=0
Show that x[n]= Acos(Bn + C), and specify the numerical values for the A, B and C.
Solution:

From Condition 3, a, =a,, =a, =4
From condition 1, x[n] is even, a, is also even, sowe have a, =a_,,s0 a_, =4

2 2
From Condition 4, %i|x[n]| =l | =lauf +lag] +..+]a,] =42 +[a;| +4% +...+]ag| =32
n=0

n=-1

Soa,=a,=a,=a,=a,=a,=0

~iZn iZn ~iZn iZn T
Therefore x[n]=a e * +ae* =4e 4 +4e* :SCOS(an

A=8B=—,C=0.

T
4 )



Summations:

a=1l

Convolutions :

y() =x®)*h(t) =" x(0)h(t-r)dz

yln]=xn]*hln]= 3 x[khin k]

k=—c0
Continuous-time Fourier Series:

<. _jk
x()= > agel @t

K=—00
21 — jkapt
ak _?J‘T x(t)e dt
1 2r
ap :?JT x(t)dt ®Q =7

o0

X(t)=ag +2 Y A cos(kapt + ) ,
k=1

a =Aelok k=1

Discrete-time Fourier Series:

10
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JkG)n
x[n]= Sake N
k=<N>
. 2T
— k(")
ak _L > x[nle N
n=<N>
Other:
jxeaxdx= ez (ax-1)
a



TABLE 3.1 PROPERTIES OF CONTINUOUS-TIME FOURIER SERIES
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Property Section Periodic Signal Fourier Series Coefficients
x(r) | Periodic with period T and aj
y(#) | fundamental frequency wy = 27/T by
Linearity 35.1 Ax(t) + By(n) Aay + Bb,
Time Shifting 352 x(t — 1) age ko = g, e Tk
Frequency Shifting eModl = GIMORTITY y(p) Aypy
Conjugation 35.6 x'(t) a-;
Time Reversal 3.5.3 x(—1) a_y
Time Scaling 354 x(at), @ > 0 (periodic with period T/a) a
Periodic Convolution J x(r)y(t — )dr Ta.b,
T
b
Multiplication 355 x(0)y(2) Z aby
[=—2
: - da(t . e
Differentiation -d(r ) Jkwoay = ;k%a,‘
. ! (finite valued and 1 1
In ti d - ={=
egration [ —o &) rpel‘il:ldic only if a, = 0) ( Jkeg )a* ( jk(Z'JTJ"T))ak
ay = a' k
Refar} = Refa_i}
Conjugate Symmetry for 356 x(#) real Imia,} = —Imia_}
Real Signals lail = la-4l
da, = —4a_y
Real and Even Signals 3.56 x(#) real and even a; real and even
Real and Odd Signals 356 x(#) real and odd a, purely imaginary and odd
Even-Odd Decomposition {x,(!) = &v{x(f)} [x(t) real] Rela}
of Redl Signals xt) = Od{x(}  [x(0) real] jomiai}

Parseval’s Relation for Periodic Signals

1 2 S
fL lx()fde = > laif

P
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TABLE 3.2 PROPERTIES OF DISCRETE-TIME FOURIER SERIES
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Property Periodic Signal Fourier Series Coefficients

x[r] | Periodic with period ¥ and ay ] Periodic with

¥[n} ] fundamental frequency wy = 27/N b, ) period N
Linearity Ax{n] + By[n] Aay + Bb,
Time Shifting x[n — my) e RN
Frequency Shifting e/METNIR [ 1] %
Conjugation x'[n] a
Time Reversal x[~n] a_g

) . x[n/m], if nis a multiple of m 1 viewed as periodic
Time Scaling Ximln] = e R —ag] . .
0, if 1 is not a multiple of m m  \with period mN
(periodic with period mA)

Peniodic Convolution z xirlyin - r] Nab,

r—{N}
Mulsiplication xin]yln] > aby

1={N)
First Difference x[n] — x[n— 1] (1 — g #MzmiNng,
. = finite valued and periodic only 1
Running Sum ka x[k] (if @ =0 mm)a‘
a, = a_;
Gefai} = Refa i}

Conjugate Symmetry for x[n] real Irmefai} = —9mla .}

Real Signals

Real and Even Signals

Real and Odd Signals

Even-Odd Decomposition
of Real Signals

x[n] real and even

x[n] real and odd

[x.[n] = &v{x[nl} [x[n] real]
Xolnl = Od{x[n]} [x[n] real]

las| = la_|

Lay = —da k
a, real and even
d, purely imaginary and odd
Refai}

Parseval’s Relation for Periodic Signals

& Sl = S fauf
k=(N)

= {N)
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