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Question 1            /32
 
a) ( /8) Calculate the Fourier transform of the signal given by 
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b) ( /8) )( ωjX  is the Fourier transform of )(tx , [ ])()( txFjX =ω . Prove the duality property of the Fourier 

transform: [ ])(
2
1)( tXFx
π

=ω− .  

(Hint: Using the equation of the inverse Fourier transform, exchange the variables of time and frequency, 
and manipulate the result to get an equation of the same form as the Fourier transform.) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(c)  ( /7)   Find the total energy  (i.e. ∫
∞

−∞=t

dttx 2)( )  of the signal:  
t

ttx
π

)10sin()( = . 

(Hint: using the Parseval’s relation)
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d) ( 9/) For a causal LTI system with an input signal )()( 2 tuetx t−=  , the output signal is 
3 4( ) ( ) ( )t ty t e u t e u t− −= − . Determine the impulse response )(th  of the system. 
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Question 2            /20 
a) ( /9) An LTI system is characterized by the difference equation [ ] [ ] [ ]1−−= nxnxny ,  

i) ( /2) If the system is causal or not? Justify your answer. 
ii) ( 3/) Find the impulse response [ ]nh  of the system. 
ii) ( /4) Give the expressions of its magnitude  )( ωjeX  and phase )( ω∠ jeX . 
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b) ( /11) Consider a system consisting of the two cascaded LTI systems with frequency responses  
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i) ( /4) Find the difference equation of the overall system.  
ii) ( /4) Determine the impulse response of the over system. 

iii) ( /3) If an input signal [ ] [ ] [ ]1
2
1

−−= nnnx δδ  is applied to the input of the system, what is the output 

response [ ]ny .  
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Question 3            /8 
A system is shown in the figure below. The input signal has a Fourier transform )( ωjX  shown also in the 
figure. Sketch the spectra at the points A, B, C and D.  
 

x

-5W -3W 5W3W

x

3W-3W

)(ty)(tx

)5cos( Wt )3cos( Wt

1 1

)( ωjX

2W-2W
ω

1

A B C D
)(1 ωjH )(2 ωjH

 



  

 Page 8 / 18 

Question 4           /7 
The following system can be modeled as a second-order LTI system with the standard form: 
i) ( /3) Write the differential equation that characterizes the system (using R, L, C, with no numerical 

values) 
ii) ( /2) Write the frequency response of the system (using R, L, C, with no numerical values) 
iii) ( /1) Determine if the system is under or over damped. 
iv) ( /1) Determine the impulse response )(th  of the system contains oscillations or not (note: it is not 

necessary to calculate )(th ) 
 

x(t) 

R=1 k L=1mH  

C=100 nF 

 
Note: x(t) is the input voltage (in Volts), and y(t) is the output voltage over the capacitor (in Volts).  
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Question 5            /11 
 
An LTI system has the following transfer function: 
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In the figure below, draw the Bode plot of the amplitude response )( ωjH  (in dB). Use straight line 
approximation. Explain how you got the plot. 
 
 

 
 
 
  
 
 
 
 
 



  

 Page 10 / 18 

Question 6           /11  
 
A signal )(tx  has a Fourier transform given by ( )])([)( 0ωωωωω −−= uujX .  
 
(a) i) ( /2) Plot )( ωjX . 
 

 
 
 
 
ii) ( /3) Show that the signal can be sampled using an impulse train )(tp  with a sampling period of 

T =
03

4
ω
π , without spectral aliasing. Plot the spectrum of the sampled signal )( ωjX P . 

 
 
 
 
 
 
 
 

 
 

iii) ( /3) Plot the frequency response of a filter to reconstruct )( ωjX  from )( ωjX P .  
 
 
 
 
 
 
 
 
 
 
(b) ( /3) Can the signal ( ) ( ), 0ats t te u t a−= >  be perfectly reconstructed after being sampled by an impulse 
train? Explain why. 



  

 Page 11 / 18 

Question 7           /11  
A continuous-time causal LTI system has a transfer function given below : 

 
1012
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(a) ( /2) Find the poles and the zeros. 
 
 
 
 
 
(b) ( /2) Indicate the poles and the zeros on the s-plane. Indicate the region of convergence (ROC). 
 
 
 
 
 
 
 
(c) ( /2) Write the differential equation of the system.  
 
 
 
 
 
(d) ( /2) Prove that the gain of the system at dc is unity (or the gain is 1 at dc). 
 
 
 
 
 
 
(e) ( /2) If the system described by )(sH  is stable ? Explain. 
 
 
 
 
 
 
(f) ( /1) For the system descried by )(sH , if the Fourier transform )( ωjH  exists? Explain why. 
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Table of formulas 
Convolutions: 
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Continuous-time Fourier Series: 
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Discrete-time Fourier Series 
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Continuous-time Fourier transform and inverse Fourier 
transform 
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Discrete-time Fourier transform and inverse Fourier 
transform 
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Fourier Transform of periodic signal: 
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Continuous-time first and second order lowpass 
systems in standard form: 
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Impulse-train sampling: 
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Bilateral Laplace transform 
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Unilateral Laplace transform 
 

∫
∞
−

−+ =
0

)()( dtetxs stχ           

 
 
Summations: 

a
a

k

k

−
=∑

∞

= 1
1

0
            

a
aa

n

nk

k

−
=∑

∞

= 1

1

1

               | a | 

< 1 

a
aa

nn

k

k

−
−

=
+

=
∑ 1

1 111

0
      

a
aaa

nnn

nk

k

−
−

=
+

=
∑ 1

1212

1

     a  

≠ 1  
 
Other: 

∫ −= )1(2 ax
a
edxxe

ax
ax  



  

 Page 13 / 18 

 Duality:   if     )()(
..
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Properties of bilateral Laplace transform 

 Properties of unilateral Laplace transform 

If )()( stx ULT +χ⎯⎯ →←    then     )0()()( −+ −χ⎯⎯→← xss
dt

tdx ULT        and    )0()0()()( 2
2

2
−−+ ′−−χ⎯⎯ →← xsxss

dt
txd ULT .  
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 Bilateral Laplace transform: )()( sXtx LT⎯→←    

 
Unilateral Laplace transform: )()( ... sXtx ULT +⎯⎯⎯ →←    

 
If )(tx  is causal ( 0)( =tx , for 0<t ) , the unilateral Laplace transform  )(sX +  of a signal is identical to 

)(sX  in the  table above. 


