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Question 1 132

a) (/8) Calculate the Fourier transform of the signal given by
1

X(t) = e 2 cos(10t + %)u(t)
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b) (/8) X (jw) is the Fourier transform of x(t), X (jo) = F[x(t)]. Prove the duality property of the Fourier
transform: x(-o) = Zi FX()].
T

(Hint: Using the equation of the inverse Fourier transform, exchange the variables of time and frequency,
and manipulate the result to get an equation of the same form as the Fourier transform.)

(c) (/7) Find the total energy (i.e. I|X(t)|2dt) of the signal: x(t) = sm(ltOt)'
T

t=—c0

(Hint: using the Parseval’s relation)
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d) (9/) For a causal LTI system with an input signal x(t) =e“'u(t) , the output signal is
y(t) =eu(t) —e*u(t) . Determine the impulse response h(t) of the system.
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Question 2
a) (/9) An LTI system is characterized by the difference equation y[n]= x[n]- x[n 1],

1) (/2) If the system is causal or not? Justify your answer.
ii) (3/) Find the impulse response h[n] of the system.

ii) (/4) Give the expressions of its magnitude X (e') and phase /X (e').
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b) (/11) Consider a system consisting of the two cascaded LTI systems with frequency responses

. 2—e . 1
Hi(jo) = ————and H,(jo)= 1
1+>e l1-e o+ =e%
2 4

1) (/4) Find the difference equation of the overall system.
ii) (/4) Determine the impulse response of the over system.

iii) (/3) If an input signal x[n]= 5[n]—%5[n —1] is applied to the input of the system, what is the output

response y[n].
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Question 3

/8

A system is shown in the figure below. The input signal has a Fourier transform X ( jo) shown also in the
figure. Sketch the spectra at the points A, B, C and D.

H;(jo)
A
X(t) ’—‘ 1 ’—‘
cos(5Wt) BW 3W  3W 5W
X(jw)
1
»
2W 2w
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Question 4 17
The following system can be modeled as a second-order LTI system with the standard form:

1) (/3) Write the differential equation that characterizes the system (using R, L, C, with no numerical
values)

i) (/2) Write the frequency response of the system (using R, L, C, with no numerical values)
iii)( /1) Determine if the system is under or over damped.

iv) (/1) Determine the impulse response h(t) of the system contains oscillations or not (note: it is not
necessary to calculate h(t))

R=1 k() L=1mH

A — T .

-

X(t) C=100 nF == y(r)

oy

Note: x(t) is the input voltage (in Volts), and y(t) is the output voltage over the capacitor (in Volts).
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Question 5 /11

An LTI system has the following transfer function:

10" (jw +100)

nie)= (j@+1000) (( jw)? +9000( jew) +10°)

In the figure below, draw the Bode plot of the amplitude response |H(ja))| (in dB). Use straight line
approximation. Explain how you got the plot.

60

magnitude (dB)

- M (43 I n
Lo} (] (] L) Lo}
T T T T T
| | | | |

<

220 . | . L . L
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Question 6 /11
A signal x(t) has a Fourier transform given by X (jo) = o [u(w) — u(a) -, )].

@ i) (/2)Plot X(jo).

ii) (/3) Show that the signal can be sampled using an impulse train p(t) with a sampling period of

T:47r
3

, without spectral aliasing. Plot the spectrum of the sampled signal X, (j).
20

iii) (/3) Plot the frequency response of a filter to reconstruct X (jw) from X, (jw).

(b) (/3) Can the signal s(t) =te ™u(t), a >0 be perfectly reconstructed after being sampled by an impulse
train? Explain why.
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Question 7 /11
A continuous-time causal LTI system has a transfer function given below :

101 ¢ 10y - ji0)

H(s) = 100

s? +2s+101

(@) (/2) Find the poles and the zeros.

(b) (/2) Indicate the poles and the zeros on the s-plane. Indicate the region of convergence (ROC).

(c) (/2) Write the differential equation of the system.

(d) (/2) Prove that the gain of the system at dc is unity (or the gain is 1 at dc).

(e) (/2) If the system described by H(s) is stable ? Explain.

(F) (/1) For the system descried by H(s), if the Fourier transform H(jw) exists? Explain why.
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Table of formulas
Continuous-time first and second order lowpass

Convolutions:
y(t) = X(t) *h(t) = f; X(D)h(t - 7)dz

y[n]=x[n]*h[n]:kiwx[k]h[n—k]

Continuous-time Fourier Series:

xt) = Y a, e’ 0t =a; +2> A coskoyt+6,)
k=1

a, = Ael% k>1

k = -0
27
T

_ 1 - Jkaxt _ 1
a == jT x(e ' dt ag=— jT x(t)dt

2

Discrete-time Fourier Series

ey 1
D ae B =

.27
Sl <"

n=<N>

x[n]= k

=<N>

Continuous-time Fourier transform and inverse Fourier
transform

X (jw) = f:x(t)e—l'w‘dt

X(t) :if:x (jow)e'”'dw

Discrete-time Fourier transform and inverse Fourier
transform

o0

X(ej“’)z > x[nje 1"

N=—

x[n] = = j X (e/)el"dew
27 o

Fourier Transform of periodic signal:

X(jw) = iZﬂ a,0(w—kay)

k=—00

X)) = 2z ak5(a)—k%”) (period 27 )

k=—00
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systems in standard form:

H(jo) =

1+ jor

2

Wy

(jo) + 2o, (jo) + @,

H(jw) =

Impulse-train sampling:

Xp(0) = x(®)x p(t)  %y[n]=x(nT)

. 1 & . 2r
X,(jo) == Y X(j(o—kay)  og="
T.& T

X4(e7) = X, (joF) = X, (joIT)
Bilateral Laplace transform

X(s)=]" x(t)edt
Unilateral Laplace transform

7H(s) = j:’ x(t)e 'dt
Summations:

00 0 np

Zak =L Zak _4a

k=0 —a k=m 1-a
<1

m ) 1 an1+1 no ) an1 _an2+l

k=0 1-a k=nq 1-a
#1
Other

ax
Ixeaxdx =—(ax-1)
a



TABLE 4.1 PROPERTIES OF THE FOURIER TRANSFORM
Section Property Aperiodic signal Fourier transform
x(t) X(jw)
y(1) Y(jow)
4.3.1 Linearity ax(t) + by(r) aX(jw) + bY(jw)
4.3.2 Time Shifting x(t — ty) e X (jw)
43.6 Frequency Shifting /90" x(t) X(j(w — wq))
433 Conjugation x"(t) X' (—jw)
4.3.5 Time Reversal x(—8) X(— jw)
4335 Time and Frequency x(at) |—1—|X (ﬂ)
Scaling a “
4.4 Convolution x(1) * y(¥) X(jw)Y(jw)
+ oo
4.5 Multiplication x(D)y() 2%'] X(OHY((w — 6)do
43.4 Differentiation in Time % x(t) JeoX(jw)
434 Integration J x(t)dt }%;X (Jw) + mX(0)6(w)
43.6 Differentiation in tx(f) i X(jw)
F dw
requency
X(jw) = X'(— jw)
Re{X(jw)t = Re{lX(— jw)}
433 Conjugate Symmetry x(r) real { In{X(jw)} = —Im{X(— jw)}
for Real Signals X(jw)| = |X(— jw)|
| $X(jw) = —4X(~ jo)
433 Symmetry for Real and  x(¢) real and even X(jw) real and even
Even Signals
433 Symmetry for Real and  x(z) real and odd X(jow) purely imaginary and odd
QOdd Signals
433 Even-Odd Decompo- xe(t) = gv{x(t)} Lx(z) reall (,];Q{X(’f")}
sition for Real Sig- x0(8) = Od{x(r)} [x(¢) real] JSrm{X(jew)}
nals
4.3.7 Parseval’s Relation for Aperiodic Signals
+co 5 _ i I +oo . 2
[ worar = o[ 1xGorPdo
FT. __FIT.
Duality: if X(t) & X(jo) then X (jt) 27 x(—w)
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TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS

Fourier series coefficients

Signal Fourier transform (if periodic)
+oo ) +o
Z a e’k 2ar Z a,6(w — kwg) ag
=—00 k=—o
elwor 278 (w — wo) a =1 ,
ay = 0, otherwise
_ — 1
cos wor 78w — wo) + S +w)] T4 T2
ay, = 0, otherwise
- — = L
sin wgt 3[3(01 — wg) — 8w + wq)] 4 a4 2
J a, = 0, otherwise
a =1, ar =0, k70
x(H) =1 27 6(w)

this is the Fourier series representation for
any choiceof T > 0

Periodic square wave
e} < T

1’
__ 450 N .
x(1) {0’ T, < |f] = g Z 2 sin kwo T 5w — kwo) woT sinc (kngl ) _ sin kwoT,
- k T kmr
and k= —o
x(t+T) = x(0)
= 2 <= 2wk 1
n;mﬁ(t—nT) - ZmS(w— —T—) ap = Tforallk
x(r){ L <1 2sinwTy -
0, [f|>T @

sin Wt ] 1, jwl<W

N —

Tt 0, |lwl>=WwW

&() 1 —_—
w(®) L L as —

I @
8t — to) e —
e "u(t), Relat > 0 _r —_

’ a—+ jo
te “u(t), Relal > 0 1 —
’ (a + jw)?
o e ulo), I S _
Refal > 0 {a + jw)"
_at - T ) _ jo+a
e~ sin(w,t)u(t) «—— 0 e~ cos(@t)u(t) s I a>0, w,>0

(jo+a)%+w,’
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TABLE 5.1 PROPERTIES OF THE DISCRETE-TIME FOURIER TRANSFORM
Section Property Aperiodic Signal Fourier Transform
x[n] X(e’”)| peniodic with
yln] Y(e""”_)} period 27
532 Linearity ax[n] + by[n] aX (&) + bY(&'®)
533 Time Shifting x[n — nol e /“m X (e/?)
533 Frequency Shifting e/ x[n] X(e/w0)
534 T Conjugation x*[n] X*(e /)
5.3.6 Time Reversal x[—n] X(e /®)
. ) x[n/k], if n = multiple of &k "
37 T = X(e!™
53 tme Expansion Xln] [ 0 if 5 » multiple of k (&%)
54 Convolution x[n] * y[n] X(e/)Y(e™)
55 Multiplication x[n]y[n] % [ X(e’)Y (e’ ®)de
27
5.3.5 Differencing in Time x[n] — x[n — 1] (1 — e ")X(e’)
. < 1 -
535 Accumulation k;ﬁ x[k] pp— X(e’)
+mX(e®) D 8w — 27k)
k= —x
538 Differentiation in Frequency  nx[n] 'd)‘;zw)
[ X(e/®) = X*(e7/*)
Re{X(e/*)} = Be{X (e /*)}
534 Conjugate Symmetry for x[n] real { Im{X(ei*)) = —Im{X(e )}
Real Signals 1X(e7)| = |X(e )|
| <X(e/*) = —<LX(e™/)
534 Symmetry for Real, Even x[n] real an even X(e/?) real and even
Signals
534 Symmetry for Real, Odd x[n] real and odd X(e’?) purely imaginary and
Signals odd
534 Even-odd Decomposition x.[n] = &{x[n]} [x[n] real] Rel{X(e™)}
of Real Signals %o[n] = Od{x{n]} [x[n] real] jImiX(e')}
539 Parseval’s Relation for Aperiodic Signals

> |xlnlP

n=—=

1
2ar

= — J 1X(e/*)*dew
27

F.T. i . F.S.
Duality: if x[n] & X (&) then X(e") o x[-k].
. F.S. F.S. 1
if x[n] - a, then a, < N x[- k]

Page 15/18



TABLE 5.2 BASIC DISCRETE-TIME FOURIER TRANSFORM PAIRS

Signal Fourier Transform Fourier Series Coefficients (if periodic)
oo
z a, el KEniNm 29 Z apd (w 2;:,—k) a;
k={N} k=—=
_ 2
(a) wp = T~
. Jo 1 = += N, += 2N, ...
elwon 2ar Z 8(w — wg — 27) ay -k . - ’
f=—= 0, otherwise
(b) 23& irrational = The signal is aperiodic
2
(a) wo = F~
s 1 = 4 m + +m +
cos mon T Z{a(w—wg—2w1)+8(w+w0—'27ﬂ)} wy ap _ 3 k *m, Etm N, tm=* 2N, ...
P — 0, otherwise
(b) 5, irrational > The signal is aperiodic
(a) wp = 2—::
oo 2'., kEk=rr+*Nr=*2N, ...
ar J
sinwon = > {8w — wy — 27l) — 8(w + wp — 27D} ap =4-1 k= —p—r+N-r+2n,...
_,' f_ - 2; » L} El r
_ 0, otherwise
(b) ;'—’? irrational = The signal is aperiodic
o= 1 k=0 =N, 2N, .
x[n] = 1 2 Y‘ dlw — 2 ay; =
== 0, otherwise

f=—=

Periodic square wave

il NS . sin[(27K/NYN; + D] o’ O =N, 22N
x[n] = = a; = - R L, £V, = e
0, Ny <|n = N/2 27 > a;jj(w — %) K N sin[27k/2N]
and e ap= 2l o aN 2N,
x[n + N1 = x[n] N
4o 271_ G 21]_,{ 1 )
;mslf;. — kN] 2 k;ﬁa(m - ) ap =  forall k
a’uln], la <1 ! -
' 1 — ae 1o
(] 1. || = N sinfw(N, + 1]
xn _— .
0, |nl >N, sin(w/2)
j 1, 0=l =W
sin Wn W Wn
TS = —sine (—— X =
T = 5 sinc (%2) @) {q W<w| < —

O<W <7

X(w) periodic with period 27
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Alnl 1 -
+
u[n) % + > 78w — 2wk) I
I =emie ==
8ln — ngl e Jony J—
n - ] —_—
(n+ 1)a"uln], |al <1 = aeToy?
n+r—11 - 1 o
TG nr Ul ld =1 ey
H jo j2w jo
i rsin(m,)e e’ —r cos(w,)e
r" sin[wonJu[n]«—1— — (@p)e™ ~ 1" cos[wpnun]« 1o — (@) >
el°? —2rcos(wy)e’” +r el —2rcos(wy)e’” +r
0<r<l, O0<@y<n7m 0<r<1, O0=<w@y<n7m



Properties of bilateral Laplace transform

TABLE 9.1 PROPERTIES OF THE LAPLACE TRANSFORM
Laplace
Section Property Signal Transform ROC
x(t) X(s5) R
x1(t) Xy (s) R,
xZ(t) XZ(S) Ry
95.1 Linearity ax(1}+ bxy(1) | aXi(s) + bX,(s) | Atleast R, N R,
952 Time shifting x(t — ty) e "0 X(s) R
9.5.3 Shifting in the s-Domain e x(1) X(s — 50) Shifted version of R (i.e., 5 iS
in the ROC if s — 57 is in R)
9.54 | Time scaling x(af) ilx(f) Scaled ROC (i.e., s is in the
ol \a ROC if s/a isin R)
955 Conjugation x() X'(s") R
9.5.6 Convolution xi(t) * x,(t) X,(5)X,(5) Atleast Ry N R,
9.5.7 Differentiation in the dix(t) sX(s5) At least R
Time Domatn f
958 Differentiation in the —tx(1) g—X(s) R
s-Domain §
t
959 Integration in the Time [ x(t)d(7) lX () At least R N {Refs} > 0}
Domatn - d
Initial- and Final-Value Theorems
9.5.10 If x(f) = 0 for ¢ < 0 and x(f) contains no impulses or higher-order singularities at t = Q, then

x(0%) = hm sX(s)

If x(1) = 0 for t < 0 and x(¢) has a finite lm'ul as t—) o, then
lim x(f) = lim sX(s)
e T 5 b

Properties of unilateral Laplace transform

If x(t)«LL—>y*(s) then

d()

LT Syt (s)—x(07)

2
and d“x(t)

ULT
7

dt?
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Bilateral Laplace transform: X(t) «—— X (s)

TABLE 9.2 LAPLACE TRANSFORMS OF ELEMENTARY FUNCTIONS

Transform
pair Signal Transform ROC
1 8() 1 All s
2 u(r) % Rel{s} =0
3 —u(—1) é— Re{s} < O
4 L:,.g(t) 1 Re{s} >0
(n— 1)! sn
s - L.u(——t) 1 Refs} < O
(n — 1)! s
—at 1 _
6 e “u() T o Relst > —a
1
—_— —oet —_— J—
7 e “u(—1 T o Re{s} < —a
8 —i’l—e“" €3] 1 Re{s} > —«
n—nic “ s + a)"
tn—l ot _ 1 _
9 — me u( t) m (R.’:Q{S} . [24
10 8(t —T) e T All s
5
11 [COS G)Ot]u(t) m G:l‘e{S} =0
. wq
12 [sin worlu(r) T+l Rel{s} >0
et s+ o B
13 [e * cos wotlu(r) Gray+ ol Rels} > —a
—axt o3 @o —_
14 {e™ sinwotlu(?) GCray v ol Rels} > —a
15 () = LD 5" All 5
16 u_,() = \u(t) # - ok u(t)) sl" Re{s} >0
n ti}rnes
Unilateral Laplace transform: x(t) PRE TN (s)

If x(t) is causal (x(t) =0, for t <0), the unilateral Laplace transform X *(s) of a signal is identical to
X (s) inthe table above.
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