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1. Find the frequency response H (jw) of the circuit below. Determine what type of filter it is.
R1

+ +
X(t) L R2 y()
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2. A periodic signal x(t) with period T =10 sec has the following coefficients a:
— 2 Y
akx =k“tan(k-—).
K (k)

Thesignal x(t) isfiltered by afilter with frequency response H(jw) :

What is the analytical expression of the signal y(t) at the output? Y ou should first find the
frequencies w for different k, then determine the value of k that will be eliminated by the filter,
and finally construct the output signal y(t) based on ay that successfully pass the filter.






3. Giventhat e/"" %,¥3® H(eIW)e"", provethat the following refation is valic:
sin(wn)%%&@‘H(eiW)‘gn(Wn+DH(ejw))_

To do this, express sin(wn) as asum of two complex exponentials, and use the property

H@eW)=H" (e W) (which supposesthat the LTI system has areal response h[n]).
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4. Find the Fourier transform X(ejW) of the signal:

[r] :gg”u[n]- N[ n-1]
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5. Sketch the amplitude Bode plot of the following function :

100 +5jw

> . Indicate the values on the axes.
10(jw)“ +20jw +40

H(jw) =

14
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. +¥
sin(ot) issampled by an impulsetrain p(t) = éd(t- nT),
n=-¥

Zy

xp(t) =X(t)" p(t), whereT isthe sampling period, and wg = T is the sampling (angular)

6. A signal x(t) =

frequency (rad/sec).

a) if anideal low passfilter isto be used to reproduce exactly the original signal x(t) from the
sampled signal xp(t) , what is the minimum sampling (angular) frequency wg required ?
b) if wg =25 rad/sec, draw the Fourier transform X p(jw) of the sampled signal xp(t) :
c) if wg =15 rad/sec, draw the Fourier transform X p(jw) of the sampled signal xp(t) .
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7. Theinput and output of a stable and causal LTI system are related by the differential equation

d?y(t) +6dy(t)
dt? dt

+5y(t) = $+2x(t)

(@) Find the impulse response of the system.
(b) What is the response of this system if x(t) =te *u(t) ?
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8. A causal and stable LTI system has the property that

20 yn)® nZ2 u(n)
€5g €5g

(a) Determine frequency response H (e™) for the system.
(b) Determine the difference equation relating any inputs x[n| and the corresponding output
yln].

-13-

16



9. Consider an LTI system for which the system function H(s) isgiven

s-1

H(S)=52+3s+2’

(@) Indicate all possible ROCsin the s-plane.
(b) If the system is stable and causal, find the impul se response.

(c) If aninput signal x(t) = e *u(t) isapplied to the system, find the system output response.
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Table of Formulas

Convolutions;

y(t) = x(t) * h(t) = (‘)¥¥ X(t )h(t - t )t

el =l bl = A x[dhin- K]
k=-¥

Continuous-time Fourier series:;
¥ .
x(t)= 4 ael "
k=-¥
1 - jkwt
= A JKWq
ay T Q x(t)e dt

Q x(t)dt Wq = %

=~

a'O:

Discrete-time Fourier series:
. k®)n 1 o .-
nj]= dae N a == §xne
k=<N> n=<N>

2p

(W)n

Orthogonal function decomposition:

LoD
vih=aaf®

j=1

<V(@).fit) > <v(@).f;t)>
a; = =

o jofa <010>

<V(O).F j(1)>= G V(O j @t

Continuous-time Fourier transform and inverse
Fourier transform:

X (jw) = Qj x(t)e Wit

1 +¥ ) i
xt) =—@a_ X(jw)e!Vaw
(t) » Oy (jw)
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Periodic signals:
+¥
X(jw)= a 2p adWw - kwp)
k=-¥

Continuous-time first and second order
lowpass systems in standard form:

. 1
H(jw) =
(W) 1+ jwt
2
. w
H(jw) =————" 5
(jw)™ +2zwp (jw) +wn

Discrete-time Fourier transform and inverse
Fourier transform

X(ejw): g xnje” W1
n=-¥

1 OX (ejW )eJWHdW

xn] =
2 5

Impul se-train sampling:
Xp(t) = X(t)" p(t)

¥
Xp(W)=2 & X(jw- k), we =
k=-¥

Laplace transform

¥

X(s) = O, X(t)e" St



TABLE 4.1  PROPERTIES OF THE FOURIER TRANSFORM

Section Property Aperiodic signal Fourier transform
x(1) X(jw)
y(®) Y(jw)
43.1 Linearity ax(t) + by(r) aX(jw) + bY(jw)
432 Time Shifting x{(t — 1) e X(jw)
43.6 Frequency Shifting e x() X(j{w — wo))
433 Conjugation x5 X' (—jw)
4.3.5 Time Reversal x(—1) X(— jw)
435 Time and Frequency x{at) |—1-|X (B)
Scaling a “
4.4 Convolution x(2) * y(&) X(jw)Y(jo)
T . = .
45 Multiplication *()y() = I X(O)Y(j(w — §)d6
434 Differentiation in Time %x(t) JjoX(jow)
434 Integration J x(ndt j—i}—X( jw) + 7X(0)6(w)
4.3.6 Differentiation in tx(t) j di X(jw)
Frequency @

X(jo) = X'(- jw)
RefX(jw)} = RelX(— jw)}

433 Conjugate Symmetry x(r) real Im{X(jw)} = —Im{X(— jw)}
for Real Signals X(jo)| = |X(— jw)
X(jw) = —LX(~ jw)
43.3 Symmetry for Realand  x(¢) real and even X(jw) real and even
Even Signals
433 Symmetry for Realand  x(z) real and odd X(jw) purely imaginary and odd
Odd Signals

x() = &{x(t)} [x(yreall  RefX(jow)}

433 Even-Odd Decompo- xo®) = Od{x(®} (KO real]l  jImX(jeo)}

sition for Real Sig-

nals
437 Parseval’s Relation for Aperiodic Signals
+00 1 +w
240 & RN
[ opar = o[ xGapdo
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Sec. 4.6 Tables of Fourier Properties and of Basic Fourier Transform Pairs 329
TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS
Fourier series coefficients
Signal Fourier transform (if periodic)
+o ) +o
Z agelkeot 2 Z a;5(w — kwg) a
— k=—e
efoot 2m8(w — wo) G
a, = 0, otherwise
= = l
coswot a8 —wo) + 8@ +wg)] 1 41T
a; = 0, otherwise
1
5 o a = —a-) = 5
—[8(w — wp) — 8(w + 2
sinwgt j[ (w — wg) — 8(w + wo)] 4 =0, otherwise
a=1 a=0k#0
x(t) =1 27 é(w) this is the Fourier series representation for
any choiceof T >0

Periodic square wave

(L H<T
x(#) = 0, T|<|I|S§

and
x¢+T) = x(t)

o
> Zmn—ionl 8w — kwo)

=—00

sin k(l)(] Tl
kw

w0T1 SN (kng] ) _
m m

= 27 = 27k 1
';wa(t—nr) - Ma(w——T-) a =  forall k
x(t){ 1, |4<T 2sinwT, e

0 |{>T, ®
sin Wt . 1, lwl<W
X(jw) = { o —
at 0, lw>W
() 1 —
1
u(t) -— + 776((0) —_
jo
8@t — to) e i —
e "u(t), Refa} > 0 ! —
’ a+ jo
te “u(t), Refa} > 0 B —
’ (a+ jo)?

(,’:)! e~ u(r), 1 -

Refa} >0 (a + jo)y
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TABLE 5.1  PROPERTIES OF THE DISCRETE-TIME FOURIER TRANSFORM
Section Property Aperiodic Signal Fourier Transform
x{n] X(e’”)] periodic with
yln] Y(e )} period 27
532 Linearity ax(n] + by[n] aX(e’”) + bY(e!*)
533 Time Shifting x[n — ngl e Iom X (/)
533 Frequency Shifting 0" x[n] X(e/@ w0y
§.34 T Conjugation x*[n] X*(e )
53.6 Time Reversal x[—n] X(e )
. ) _ [ x[n/k],  if n = multiple of k it
5.3.7 Time Expansion xpln] = [ 0, if n » multiple of k X (/)
5.4 Convolution x[n] * y[n] X(e™)Y (e!)
55 Multiplication x[nly(nl % J X(e’)Y(e/“ )de
Pl
535 Differencing in Time x[n] — x[n — 1] (1 — e /)X(e/*)
. z 1 -
535 Accumulation ;w x(k] Tpp— X(e’)
+mX(e) > 8w — 2mk)
k= -
5.38 Differentiation in Frequency  nx[n] 'd)il(z:w)
X(e®) = X*(e )
Re{X(e/)} = RefX(e )}
534 Conjugate Symmetry for x[n] real Im{X(e?)} = —Im{X(e )}
Real Signals |X(ejw)| — |X(e_j"’)|
LX(e/?) = —LX(e )
5§34 Symmetry for Real, Even x[n] real an even X(e’®) real and even
Signals
534 Symmetry for Real, Odd x[n] real and odd X(e/*) purely imaginary and
Signals odd
534 Even-odd Decomposition x.[n] = &{x[n]} [x[n] real] Re{X (')}
of Real Signals x,[n] = Od{x[n]} [x[n] real] jIm{X (e )}
539 Parseval’s Relation for Aperiodic Signals

4o

> |xnlP

n=—x

1 .
— Jwy|2
3 Lv |X(e/*)*dw

ar

-18-



TABLE 5.2 BASIC DISCRETE-TIME FOURIER TRANSFORM PAIRS

Signal Fourier Transform Fourier Series Coefficients (if periodic)
+o0
z ag el KN 2m Z a;d (a) = 2;—") N
k=N =-e
@ wy =2
. s 1 = =N, m=*2N,...
edwon S 8w — wo —2l) S e
I=— 0, otherwise
(b) ;’7‘: irrational = The signal is aperiodic
2am
. (@ wp = Tl
cos won T Z{B(m—mo —2ml) + 8(w + wg — 2ml)} “o g =17 k=xmzmEN tm22N,
1= 0, otherwise
(b) o irrational > The signal is aperiodic
@ wy =3
oo % k=rr*Nr=x2N,...
sinwgn E_2{6(01—wo—ZWl)—B(w+w0—27rl)} ag =4 -1 k=—r—r+N—-rx2N ..
i~ 7 g g g
0, otherwise
(b) ;’7‘: irrational > The signal is aperiodic
= 1, k=0%N, *2N,...
x[n] =1 27 8w — 2wl ap =
,Zx ( ) k 0, otherwise
Periodic square wave
1, |n| =N, sin{2@K/NY(N; + 3)]
il = . ap = TR ¥ 900 k20, +N, 22N, ...
Ll 0, Mi<ln=nN2 | 200> 48 (a) = #) x N sin[27k/2N]
and k=-w 2N + 1
a; = , k=0, =N, 2N, ...
x[n+ N = xln] N
i 2 35 2wk 1
k;@&[n - kN] v k;wa<w - T) ay = o forallk
a'uln], |a| <1 S — —
’ 1 —aeJe
1, |nl =N sinfo(V; + )]
x[n] s —
0, |a| >N, sin(w/2)
I, 0<|w =W
dnWn — ¥ sinc (?) X(w) = ol
0, W<lw|=mw =
O<W<m X(w) periodic with period 27
Slnl 1 -
1 L
uln) ——t > 8w —2mk) —
1—ejw Pral
8[n — ngl e o e
(n+ Da"uln], l|a|<1 ; —
(1 — ge—jw)?
(n+r—-1 , 1 .
i = @ uln) lal <1 (—ae joy
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TABLE 9.1 PROPERTIES OF THE LAPLACE TRANSFORM

Laplace
Section Property Signal Transform ROC
x(?) X(s) R
x1(0) Xi(s) Ry
x() Xo(s) R,
9.5.1 Linearity ax () + bx,(@) | aXi(s) + bX>(s) | Atleast Ry N R,
952 Time shifting x(t — to) e 0 X(s) R
95.3 Shifting in the s-Domain e x(t) X(s — 59) Shifted version of R (i.e., 5 is
in the ROC if s — 5 is in R)
954 Time scaling x(at) %X (f) Scaled ROC (i.e., s is in the
@ \4 ROC if s/a is in R)
9.55 Conjugation x*(t) X*(s") R
9.5.6 Convolution x3(2) * x3(8) X, ($)X2(s) At least Ry N R,
9.5.7 Differentiation in the dix(t) sX(s) At least R
Time Domain !
958 Differentiation in the —tx(1) g—X(s) R
s-Domain §
t
9.59 Integration in the Time J x()d() 1X (s) At least R N {Rels}t > 0}
Domain o §

Initial- and Final-Value Theorems
9.5.10 If x(¢) = O for t < 0 and x(f) contains no impulses or higher-order singularities at ¢ = 0, then

x(0%) = lim sX(5)
s§—yoo
If x(#) = O for t < 0 and x(¢) has a finite limit as t — o, then
lim x(¢) = lim sX(s)
1= A 1)
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