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What is an HMM?
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» Graphical Model

» Circles indicate states

» Arrows indicate probabilistic dependencies
between states




What is an HMM?
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» Green circles are hidden states
» Dependent only on the previous state

» “The past is independent of the future given the
present.”

What is an HMM?
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* Purple nodes are observed states

» Dependent only on their corresponding hidden
state




HMM Formalism

 {SKTII A, B}

e S:{s;...sy}are the values for the hidden states
« K:{k;...ky } are the values for the observations

HMM Formalism
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{S,K,I1, A, B}

IT= {r,} are the initial state probabilities

A = {q;} are the state transition probabilities

B = {b, } are the observation state probabilities




Inference in an HMM
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Compute the probability of a given observation
sequence

Given an observation sequence, compute the most
likely hidden state sequence

Given an observation sequence and set of possible
models, which model most closely fits the data?

Decoding
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Given an observation sequence and a model,

compute the probability of the observation sequence

0 =(0,.-0;), 4 =(AB,TI)
Compute P(O| u)




Decoding
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PO|X,u)=b_b__.b

X101 = X0, X707

Decoding
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P(O|X,u)=b,,b

P(X|u)=r,a

X T XXy axzxs aXT—le




Decoding
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P(O[X, 1) =b,,b,,,--b,
P(x | ,U) 7Zx axlx2 ax2x3 "'axT_le

PO, X | 1) =P(O[ X, )P(X | 1)

Decoding
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PO X, u)=by, b0, o
P(X |:u) ﬂ-x axlxzax2x3"'axT,1xT

PO, X [ 1) =P(O] X, )P(X | 1)

P(O]u) =Y P(O|X,)P(X | x)
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Decoding
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P(O | M ) = Zﬂ-xl bX101 H aXtXt+l bxt+10t+1

{Xl"'XT} t:].

Forward Procedure
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 Special structure gives us an efficient solution
using dynamic programming.

* Intuition: Probability of the first t observations is
the same for all possible t+1 length state
sequences.

e Define:

a;(t) = P(0,..0,, X, = 1| 1)




Forward Procedure
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t+1

a;(t+1)
=P(0,..00,1, Xy = J)
= P00 [ Xy = DP (X = 1)
= P(Ol 0 | Xt+1 = -)P(Oul | Xt+1 = -)P(XHl = J)
= P(Ol 0 Xt+l J)P(ot+l | xt+1 J)

Forward Procedure
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a;(t+1)
= P(Ol o Xt = J)
= P(0,-.001 | Xy = 1)P(Xey = J)
= P(Ol 0, | Xy = )P(0t+1 | X = )P(Xt+1 = J)
= P(Ol 0 Xt+l - J)P(0t+l | Xt+1 J)




Forward Procedure
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t+1

a;(t+1)
=P(0,...044: X1 = ])
=P(0,..0 1 | Xy = )P (X = J)
=P (0.0, | X,y = POy | X = NP Xy = 1)
= P(Ol 0 Xt+l J)P(ot+l | xt+1 J)

Forward Procedure

a

——>

a;(t+1)
= P(Ol a1y Ky = J)
= P(Ol t+1 | Xt+1 J)P(Xt+l )
= P(Ol 0 | Xt+l )P(0t+1 | Xt+1 .)P(Xt+1 = J)
= P(Ol O Xy = J) P(Ot+l | X = J)




Forward Procedure

t t+1
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= ZP(Ol'"Ot’X iy X = j)P(Ot+1|Xt+1 J)

i=1...N

i=1..N

i=1..N

D a(agb,, |

i=1..N

Z P(Ol"'ot’ Xt+1 = J | Xt = I)P(Xt = i)P(0t+l | Xt+1 = J)

Z P(Ol...Ot, X = i)P(Xt+1 =j X = i)P(Ot+1 | Xiyp = )]

Forward Procedure

Z P(Ol"'ot’ Xt t+l J)P(OHl | Xt+1 )

i=1..N

= z P(0,..0,, X,y = J | X =1)P(X, =1)P(0; [ X,y =

i=1...N

)

i=1..N

D a;(Hayb,,

i=1..N

Z P(Ol"'ot’ Xt = I)P(Xt+1 = J | Xt = i)P(0t+l | Xt+1 =

)
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Forward Procedure

a

t t+1

i=1..N

i=1..N

Z P(Ol"'ot’ X I Xt+1 J)P(Ot+1 | Xt+1 )

Z P(Ol"'ot’ Xt+1 = J | Xt = I)P(Xt = i)P(0t+l | Xt+1 = J)

= z P(ol'"ot’ Xy = i)P(Xt+1 =]l Xy = P (o, | Xy = )]

i=1...N

i=1..N

D a(agb,, |

Forward Procedure

a

i=1..N

i=1..N

i=1..N

Z P(Ol"'ot’ Xt t+l J)P(Ot+l | Xt+l )
Z P(O 0 Xt+l | I)P(X - I)P(Ot+l | Xt+1

Z P(Ol"'ot’ Xt = I)P(Xt+1 = J | Xt = i)P(0t+l | Xt+1 =

i)
)

= ZOZ (t)au 001

i=1...N
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Backward Procedure

Probability of the rest
of the states given the
first state

.
R

Decoding Solution

12



Best State Sequence
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* Find the state sequence that best explains the observations

* Viterbi algorithm

* argmax P(X |0O)

Viterbi Algorithm
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51' (t)= méx P(X,..X, 1,000 4, X% = ],0;)

Xl"' t—1

The state sequence which maximizes the
probability of seeing the observations to time
t-1, landing in state j, and seeing the
observation at time t
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Viterbi Algorithm
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o;(t) = max P(x,...x,_;,0;...

XX

tl’X_JO)

o;(t+1)= max5 (Ha.b

ij ™~ jory

y,;(t+1)=arg max5 (t)a.b

Recursive
Computation

Ij jO

Viterbi Algorithm

I{ﬁmm .
&)

X+ =argmaxd;(T)

~

X, :l//)ﬂ( 1(t+1)

P()Z)zarg max 6;(T)

Compute the most
likely state sequence
by working
backwards
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Parameter Estimation
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» Given an observation sequence, find the model
that is most likely to produce that sequence.

* No analytic method

» Given a model and observation sequence, update
the model parameters to better fit the observations.

Parameter Estimation
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p(i, j) = % U3b,, f;t+1) Probability of
D a, ()4, (1) traversing an arc
m=1...N
yit)= > p, ) Probability of
j=1..N being in state i
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Parameter Estimation
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T =@
T a G
5 D P ) Now we can
i T T compute the new
Z:t=17/ ' estimates of the
~ Z{t:ot:k} 7. (1) model parameters.
ik = T
zt=17i (t)
HMM Applications
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» Generating parameters for n-gram models

» Tagging speech
 Speech recognition




The Most Important Thing
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I E.J B B B
() G (0 Gy (0

We can use the special structure of this
model to do a lot of neat math and solve
problems that are otherwise not solvable.
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